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Abstract  
 

   Let U denote the unit  ball in the complex plane, the Hardy space 2H  is the set of functions 







0n

n^ z)n(f)z(f  holomorphic on U such that 




2

0n

^ )n(f  with )n(f ^  denotes then the 

Taylor coefficient of  f . 

   Let  be a holomorphic self-map of U, the composition operator
C induced by  is defined 

on 2H  by the equation  

)Hf(ffC 2   

 In this paper we have studied the compactness of the composition operator induced by the 

bijective map  and discussed the adjoint the compactness of the composition operator of the map  

.We give some theorems on compactness of the composition operators. We have look also at some 

known properties on composition operators and tried to see the analogue properties in order to show 

how the results are changed by changing the map   in U. 

 In order to make the work accessible to the reader, we have included some known results 

with the details of the proofs for some cases and proofs for the properties .  
 

 Introduction 
 

            This paper consists of two sections . In section one ,we are going to study the map  and 

properties of   , and also discuss  as an inner map .          

             In section two, we are going to study the Composition Operator
C induced by the map  

and properties of 
C , and also discuss the adjoint of Composition Operator

C induced by the 

map  and also discuss 
C as a compact operator . 

 

 

Section One 
 

Definition(1.1) : [4]  

          Let U = }1z:Cz{   is a unit ball in complex plane C and U = }1z:Cz{  is a boundary 

of  U  
  
Definition (1.2):   

          For ,U define 





2z2

2z2
)z(   Uz  . Since the denominator equal zero only at 

z ,then the map   is  holomorphic on the ball }z{  . Since ,U then this ball contain 

U . Hence  :U U be holomorphic map on U .  
 

Proposition (1.3) :  
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Proposition (1.4) : 

            If ,U  then  take U  into U . 

Proof :   

         Let Uz  , then 1z  , hence 1z
2
 . By (1.3)   01z

2

 , therefore   1z
2

 , 

hence   1z  , hence   Uz  , hence  take U  into U . 

 

Definition(1.5): [7]  

            Let  : U U be holomorphic map on U,  is called an inner map if   1z  .  

Proposition (1.6):   

            as an inner map .  

Proof :   

          From (1.4)  take U  into U ., hence   1z  . By (1.5)  as an inner map . 

 

Remark(1.10) :   

           For U , we have    
2

2

2

2

4

1
,

1
0









  .  

   

Section Two   
 

Definition(2.1): [4]  

           Let U denote the unit ball in the complex plane, the Hardy space 2H  is the set of functions  

   





0n

nznfzf holomorphic on U  such that   






2

0n

nf  where  nf   denotes the 

Taylor coefficient of  f .  
 

Remark (2.2) :[1]  

          We can define an inner product of the Hardy space functions as follows:  

f(z) =       n

0n

n

0n

zngzgandznf 









   , then the inner product of  f and g is: 

   zgnfg,f
0n
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Definition (2.3) :[11] 

          Let    Uz
z1

1
zKdefineandU 


 

. Since   U then ,1 hence the 

geometric series 





0n

n2 is convergent and thus 2HK 
 and     n

0n

n
zzK 




  .  

 

Definition(2.4) : [4]   

        Let UU:   be holomorphic map on U, the composition operator C  induced by   is 

defined on 2H  as follows   2HfffC     

 

 
 

Definition(2.5) : [2]  

            Let T be a bounded operator on a Hilbert space H, then the norm of an operator  T is defined 

by   1f,Hf:TfsupT  .  

 

Theorem (2.6) : [12]   

           If UU:   is holomorphic map on U , then 2Hf  and 

 

 
f

01

01
f




   for every 2Hf  .  

The goal of this theorem 22 HH:C 
.  

 

Definition(2.7) :  

         The composition operator 
C  induced by   is defined on 2H  as follows   ffC    

                    

Proposition(2.8) :  

         Let   U, for each 2Hf   then 
 

 
f

01

01
fandHf 2




     

Proof :    

         Since UU:   is holomorphic map on U, then by (2.6) 

 

 
f

01

01
fandHf 2




   , hence  

C : 22 HH    

 

Remark ( 2.9) : [4]  

     1) One can easily show that 
  CCC  and  hence 

  CCCCn       

         = 
n

CC    

     2) C  is the identity operator on 
2H  if and only if   is identity map from U into  

           U and holomorphic on U.  

     3) It is simple to prove that  
  CC  if and only if   .  

 

Definition(2.12): [3] 
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          Let T be an operator on a Hilbert space H , The operator T is the adjoint of T if 

yT,xy,Tx   for each Hy,x  .   

 
 

Theorem (2.13) : [5]  

         
U

K
  forms a dense subset of 2H .  

 

Theorem (2.14) : [11]  

           If UU:   is holomorphic map on U, then for all U  

 



  KKC   

 

Definition(2.15): [12]  

              Let H  be the set of all bounded holomorphic maps on U .  
 

Definition(2.16): [6]  

           Let Hg , the Toeplits operator 
gT  is the operator on 2H  given by :  

          Uz,HfzfzgzfT 2

g    

 

Theorem (2.17) : [6]  

                If UU:   is holomorphic map on U, then )Hg(CTTC gg



  
  

         

Remark ( 2.18) : [8]  

          For each 2Hf  , it is well- know that ,fTfT
hh  such that 

Hh .  

 

Proposition(2.19) :  

        If  U , then 

C  = ,TCT hg 
where      

z

1
zg,zzh


 ,  

z

1z
z




    

Proof :   

         By (2-16), fTfT
hh   for each 2Hf  . Hence for all U ,   

                       )12(KT,fK,fTK,fT
hhh  





   

On the other hand , 

                        )22(Kh,fKT,fK,fT hh  

   

From (2-1)and (2-2) one can see that   

  KhKT
h

. Hence   

  KhKTh
.  

Calculation give : 

                             zKC 




   zK   =  

   








22

z22
1

1

z1

1  

                                                     =  

   2z2z22

22

22

z2z222

1
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                                                     =  




















z

1z
1

1

z

1   

                                                      =           zkhTzkTh gg  
   

                                                         zkChTg   =    zkhCTg        

                                                       =  zkTCT hg 




 , therefore    

                              zkC 



    UzzkTCT hg  




 .  

                   But   2
U

HK 
 , then 

C 

 hg TCT  

 

Definition (2.20) : [13] 

             Let T be an operator on a Hilbert space H , T is called compact if every sequence nx in H is 

weakly converges to x in H , then
nTx is strongly converges to Tx .Moreover ( xx W

n   if 

Hu,u,xu,xn   and xx S

n   if .0xxn  ) 

 

Theorem (2.21) : [11] 

             If UU:   is holomorphic map on U, then C is not compact if and only if  

take U into U  
 

Proposition(2.22) :  

           If  U , then 
C is not compact composition operator  

Proof :  

           From (1.4)   take U into U . By (2.21) 
C is not compact composition operator . 

 

Theorem (2.23) : 

        If UU:   is holomorphic map on U, then 

CC  is compact if and only if 
CC  is 

compact , where 

C 

 hg TCT ,  
z

1z
z




  

 

 

Proof:  

           Suppose that
CC  is compact . Note that  

                

CC = 

 hg TCTC    (since 

C 

 hg TCT  by (2.19)) 

                            = 

 hg
TCCT


  (since 

  CTTC
gg 

 by (2.17)). 

Since
CC  is compact operator , 

 hg
TandT


 are bounded operators then 

CC  is compact  

           Conversely , suppose that 

CC  is compact . Note that  

                       
CC =  

 CC =  

 hg TCTC  = 

 gh TCTC     

                               = 

 gh
TCCT


  (since 

  CTTC
hh 

  by (2.17)). 

Since 

CC  is compact operator , 

 gh
TandT


 are bounded operators then

CC  is compact . 
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Corollary (2.24) :  

           If UU:   is holomorphic map on U, then 

CC  is not compact if and only if there exist 

points 21 z,z U such that    21 zz   . 

Proof:  

          By (2.23) 

CC  is not compact if and only if 
 


CCC  is not compact . Since 

UU:   and UU:   are holomorphics on U , then also   . Thus by (2.21) 
 

C  is not 

compact if and only if    take U into U . So, there exist points 21 z,z U such 

that    21 zz   .  

 

Theorem (2.25) :  

            If UU:  is holomorphic on U, then




CC  is compact if and only if 
CC is compact , 

where 

C 

 hg TCT ,  
z

1z
z




  

Proof:  

            Suppose that
CC is compact . Note that  

                




CC = 




 CTCT hg
  (since 

C 

 hg TCT  by (2.19)) 

                            = 
 CTCT

hg
 (by (2.18))  

                             = 


CCTT
hg 

 (since 
  CTTC

hh 
 by (2.17)). 

Since
CC  is compact operator , 

hg TandT  are bounded operators then




CC  is compact  

              Conversely ,Suppose that




CC  is compact . Note that  

                          
CC =   



 CC  

                                       =   




 CTCT hg
   (since 

C 

 hg TCT ) 

                                        = 




 CTCT gh
  

Note that , by ( 2.13) it is enough to prove the compactness on the family 
U

K


. Hence for each 

Uz  we have                     

                  zKCC 
 =  zKCTCT gh 




  

                                           =   zKTCT gh 




 

                                           =     zKgCTh  




      (since   

  KgKTg
)   

                                           =  g   zKCTh 




  

                                          =  g  zKCCTh 




 

  Since 




CC  is compact , 
gT is bounded and Hg , then

CC  is compact .  

 

Corollary (2.26) :   

           If UU:  is holomorphic map on U, then




CC  is not compact if and only if there exist 

points 21 z,z U such that    21 zz   .  

Proof:  
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          By (2.25) 




CC  is not compact if and only if 
 


CCC  is not compact . Since 

UU:   and UU:   are holomorphics on U , then also   . Thus by (2.21)
 

C  is not 

compact if and only if    take U into U . So, there exist points 21 z,z U such 

that    21 zz   .  
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  Cالمؤثر التركيبيحول تراص 

 من قبل 

 عقيل محمد حسين 

 قسم الرياضيات 

 كلية التربية

 جامعة القادسية 
 المستخلص

هو مجموعة كل الدوال  2H رمز إلى كرة الوحدة في المستوى العقدي، إن فضاء هارديي  Uليكن                

n

0n

^ z)n(f)z(f 




   التحليلية علىU   بحيث أن




2

0n

^ )n(f و)n(f              fيرمز إلى معاملات تيلر للدالة  ^

:UUلتكن               على تحليلية دالة U  المؤثر التركيبي المحتث من ،  2يعرف على فضاء هارديH :بواسطة 

).Hf(ffC 2  

ؤثر التركيبي الغير حيث ناقشنا المؤثر المرافق للم   المؤثر التركيبي المحتث من الدالة تراص درسنا في هذا البحث  

ض ظرنا إلى بعن. وأعطينا بعض المبرهنات على تراص المؤثرات التركيبية . بالإضافة إلى ذلك  مرصوص المحتث من الدالة  

 .  التحليلية لدالةا النتائج المعروفة وحاولنا الحصول على نتائج مناظرة لنتمكن من ملاحظة كيفية تغير النتائج عندما تتغير

راهين ومن أجل جعل مهمة القارئ أكثرر سرهولة، عرضرنا بعرض النترائج المعروفرة عرن المرؤثرات التركيبيرة وعرضرنا بر   

 مفصلة وكذلك برهنا بعض النتائج .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


