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Abstract

The main aim of this search isto find the complete solution for special kinds of
nonlinear second order partial differential equations with three independent variables
, Which have the general form
AZy+BZy+CZy+DZy+EZy +FZy+GZ,+HZ +1Z;+J Z =0,

where A,B,C,D,E,F,G,H,land J are functionsof x ,y,t,2,Z,,Z2, ,2,
ZZyy Zyg Zp Zy and Zy . ANd Z,Z,,Z,,Zy, Zyy  Zyy 2yt 1 Z o,

Z,, and Zy in these functions are of first degree and not multiplied with together.

1. Introduction

The differential equations play important role in plenty of the fields of the sciences
as Physics, Chemistry and other sciences, and therefore the plenty of the scientists
were studying this subject and they are trying to find modern methods for getting rid
up the difficulties that facing them in the solving of some of these equations.

The researcher Kudaer [4],2006 studied the linear second order ordinary
differential equations ,which have the form y”"+P(x) y'+Q(x) y =0, and used the

assumption y(x) =el 200 16 find the general solution of it , and the solution
depends on the forms of P(x) and Q(x) .
The researcher Abd Al-Sada [2], 2006 studied the linear second order partial
differential equations with constant coefficients and which have the form
AZy+BZy+CZ, +DZ,+EZ,+FZ =0,
where A, B, C, D, E and F are arbitrary constants , and used the assumption
Z(x,y) =e/V O FHIV Y 4 find the complete solution of it.
The researcher Hani [3],2008, studied the linear second order partial differential
equations, which have three independent variables , and its general form
AZy+BZy+CZy+DZy+EZy +FZy+GZ,+HZy+12;+JZ=0,
where 4,B,C,....I and J are arbitrary constants , and used the assumption
Z(x, y,t) = el UV WO 4 fing the complete solution of it .
The researcher Hanoon [5], 2009, studied the linear second order partial
differential equations, with variable coefficients which have the form



A%, Y) Zyx +B(X,¥) Zyy +C(X,¥) Zy, + D(X,y) Zy + E(X,Y) Zy + F(X,y) Z =0,

where A, B, C, D, E and F are functions of x or y or both x and y. To solve this
kind of equations , she used the assumptions

() u(x) v(y)
u(x) Ju(x) ax+ ]2 dy U0 gy YD
Z(X,y) — ef X dx + Jv(y) dy’ Z(X,y) —e y and Z(X,y) —e X y

these assumptions represent the complete solution of the above last equation .

The researcher Mohsin [1], 2010, studied the nonlinear second order partial
differential equations, of homogeneous degree which have the general form
AZXx+Bny+CZyy+DZX+EZy+FZ=O,
where A, B, C, D, E and F are linear functions of dependent variable Z and its

partial derivatives with respect to the independent variables x andy, she using the
following assumptions

u() 4 4 Tudx+ [ XY gy
Z(x,y) = el u()dx+[v(y)dy L Z(x,y) = eI " X+[v(y)dy Z(xy)=e y
deﬂmdy
and Z(xy)=e X Y" " to find the complete solutions of the above last kind

equation.

In our work, we will solve the nonlinear second order partial differential equations ,
which have the general form

AZ,+BZy+CZy+DZy+EZy+FZy+GZ,+HZ +12,+JZ=0,
by using the assumptions

w(t)
[u(x)dx+[v(y)dy+| ——dt
Z(x,y,1) = e/ SOSHIwA 7 = |
19O g (YO gy fwtyet U090 g YO gy W) o
Z(x,y,t)=e X y Z(x,y,t)y=e X y t ,

and
where A,B,C,D,E,F,G,H,land J arefunctionsof x ,y,Z2,2Z,,2,,Z2,
Zix  Zyy  Zug  Zyp Zyy and Zy AN Z,Z, 2y 2 Zyx i 2y 2y 1 Lt

Z,y and Zy in these functions are of first degree and not multiplied with together.

And by the above last assumptions we will get the complete solutions of the above
last equation.

2. The Suggested method for getting the Complete Solution of some
Nonlinear second order partial differential equations with Three
Independent Variables

Let us consider the general form of nonlinear second order partial differential equation

with three independent variables:-
AZy+BZy+CZy+DZy+EZy +FZy+GZy+HZy+12;+JZ =0,

where A,B,C,D,E,F,G,H,land J arefunctionsof x,y,Z,Z,,Z,,Z;,



Zix  Zyy Lyt Zyp Zyy and Zy AND Z,Z,,Zy 2y Zox s Zyy 2yt 1 2t
Z,, and Zy inthese functions are of first degree and not multiplied with together.

So, for this purpose we will search about functions u(x) , v(y) and w¢) such that
the assumptions

w(t)
Ju(x)dx+[v(y)dy+|——dt
Z(x, y’t):eju(x)dx+jv(y)dy+_[w(t)dt Z(xyit)=e I c

u(x) v(y) u(x) v(y) w(t)
d dy+ [ w(t)dt U gy, (YO gy WO g
| X+] y y+ [ w(t) [ X+| » y+| t

— A X
Z(x,y,t)=e X and Z(x,y,t)=¢e

give the complete solution to the above equation and to do this we will classify the
above equation to the following cases ( the cases have so much big numbers):-

ase(1) :
A1Z Zy +A; Zy Zy +ALZ4 +A,Z 2y, =0.

:

ase(?) :
2
AtZ Zg+PpZ Zy +AZ Zy +A 2 7y =0.

’

ase(3) :
Ay ZZy+Ay ¥PZZy +AXPZE 1A, yzzf,:o.

.

ase(4) :
2,2 2 2252
AL xTy® Z Ly +Ast yZtht+A3x tzxt+A4xyZZXy:0.

E

Where A;, Az, A; and A, are real constants.
Now we will find the complete solution of these cases as follows :

Case(1) : By using the assumption

fu()dx+[v(y)dy+ [ w(t)dt

Z(x,y,t)=e , We get

Z, =u(x) o UOdHv()dy+ [w(nyt

=27 =(U'(x)+u’(x) ol UOOOX[V(y)dy+ [w(t)et

ny —u(x) V(y)eju(x)dx+jv(y)dy+jw(t)dt

Zy —v(y) eIU(X)dX+IV(Y)dy+jw(t)dt

= Zyy =(V(y)+ v2(x)) ef u(dx-+]v(y)dy+[w(t)dt



2, =w(t) ¢/ IV fuDet

= 7, =(W(t) + w? (1)) ¢ OO O

So, the equation
A Zt Zy +A, Zy ZXy +ASZ Zy +A4 ZXZyy =0.
Transforms to the form
' 2 2
AL (W) U(x)+u(x))+ A, (v (y) u(x)) + 2LfuC0bce )iy [wioa] _

AL (W) + w2 () + A, (u(x) V' (y) +vE(Y))

0,

Since  2liud=]v(d=[wdd] _,

So,
A, W) ((x) +U® (X)) + A, (V2 (y) u(x)) + A (W(E) + W (1)) + A, (u(x)(V'(y) +vZ(y)) =0

Here we cant separate the variables, so we suppose that u(x)= A, where A1 is an
arbitrary constant, and the last equation becomes :

ALZW(E) + A, & VE(Y) + AL (W) + WP (1) + AL ((V(Y) +VE(y) =0 .(D
This equation is variables separable equation [6], we can solve it as follows :

AL (W(E) + W2 (1) + AWt = —[A A (V(Y) +VE(Y) + A, A vE(y) =22

b A2 A2 _
So w(t)+w*(t))+—Lw(t)-—2=0; A,isconstant , A, #0
Ay Ay
AL? —22
Let B, -—L1 and B,-—% ,
A 2 A
3 3
then the last equation becomes
w/(t) + w3 (t) + Bw(t) + B, =0 (2
A, : A
Also ———V'(y)+Vv +—=——=0;A,=#-A,and 4, #0
A +A V) (A +A N 2 4 1
2 s 2 T
A
Let C, - i and C,- 2 , then the last equation becomes
A2 +A4 \/(A2+A4)>\’1
CIv(y)+V2(y)) +C2 =0 ..(3)



The equation (2) is variables separable [6], we can solve it as follows:

dw +dt=0

[W(t) + E;l) —d?

2
i) If By # B, ,then by integrating both sides of last equation we get

B Bl
1 w(t) + —2 W(t)"‘?
~~tanh | ——2 | —p -t (-1< (d—) <1)
1

1 1

= w(t)=d;tanh (dyt—dsb,) - 71

2
i) If % _B, . then
1 B,

-1
— B %2 R ey
W(t)+71 2

Also, equation(3) is variables separable [6], we can solve it as follows :

C?dv c? 21 v(y)
ﬁ+dy:0 =S C—ltan - =C-y ;CisconstantandC,, # 0
ve(y)+C 2 2
Cn G
= v(y)=Cytan| =C-—=y
2 2
!

So, the complete solution of equation (1), is given by :

BZ
i)If =L =B, ,weget
4

Co
jxldxﬂcz tan (Cf

Z(x,y,t)=e

c-S2y lay+[d, tanh(d,t-d,b Bld
—712)/ y+_[( ltan (1t' 1 1)_7)':

A x+C¥ Incos [Cﬁc—cﬁyJ + Incosh (dlt-dlbl)—%ug
=e 1 1

2l e, e )
{cos(—%C——g y)J cosh(d;t —d;b;)
1 1



As

X—it )\,Zm XZ\/AZ +A4 A2+A4
cos( X C- y)
4

=Ke?! 2
" Agry

2~ 4 2 24 4 2
Al Ay oy, |Ai 22, 1Ay Ag g 0

cosh (
anl A; N 4A2 A
Aq
2 ox -2 AJAL +A X\/A +A AytA,
Z(X,y,t):el 2 (chos#y_kKZS'n#y
A Al

K ,cosh i\/Afx;‘ +AMZA, t+K,sinh i\/Afx;‘ +FANA, t
2A 2A,

3

A, +A, A, +A,
A ?» A, +A, A x /A +A,
Where K =K 4 K =K 4 o
4r 4\/~
O +ANA, K4 = I +ANA,
A and A, are arbitrary constants.
B2
ii)If =L =B, -Weget
C,n G By
jxldx+jC2 tan —ZC—C—zy dy+J'(t_ —?)dt
Z(x,y,t)=e i 1 2
C C B
) x1x+Cf Incos[CgC—ngJ +1In (t-bz)—71t+g
=e
B, cf
A X——=t
=Ke?! 2 (t—b,)|cos C—%C—C—gy . K=¢9
C1 C1
Aq

Bi,
AoJA, + A AorJAS +A A, +A
4y+KzsinMyj 2 , Ag, M =0

A X—
=e! 2 (t-b )(chos
4J_ Aghy

A, +A
2 4 2 4
A x A, +A, ‘e C P Sinxz /A2+A4C

Where K, =K 4 4r , 5 A4\/?Tl

Ay and A, are arbitrary constants.

Case(2) : By using the assumption



ju(x)dx+jv(y)dy+j'@dt

2loy=e , we get

u(x) w(t) IU(X)dx+jv(y)dy+jmdt
7 =2 g t

Y t
Iu(x)dxﬂv(y)d)’ﬂmdt

Z, _w() t

t

tw'(t) + w2 (t) — w(t) ju(x)dx+jv(y)dy+jwdt
= Ztt =( e t

2

t

Andbyusing Z ,Z ,Z ,Z_ andZ_ fromthe case(1), then the equation
X" Ty " Ty xy

2
AtZ, 24 +Ar 2,2, +ALZ 2, +A, P2 7y =0.

Transforms to the form

At (IOWO, o vyyugo +

t . e2[IU(X)dXHV(Y)derj.W(t)dt] -0,

AL+ + AP vy D)
t

Since 92[_:u(_r)ci‘c—_f ‘”(ljm__[ w(i )] =0
So,

A, V(Y) U() W(E) + AV (Y) U(x) + AWV (Y) + V2 (y) + @

A u(x) v(y)(tw'(t) + w? (1) - w(t)) =0

Here we cant separate the variables, so we suppose that w(t)=2; where A; is an
arbitrary constant, and the last equation becomes :

AL A V(Y U(X) +ALV(Y) u(x) + AL h (VI(Y) +VE(Y) + A, (AF =1 )u(x) v(y) =0

This equation is variables separable [6], we can solve it as follows :

Ak (VI(Y) +VE(Y))
2 _ 3™ 2
[A1 A A, +A4(kl —xl)] u(x) =— ) =15
3.2
Therefore  u(x) = 2 AL FA,FA, M —X) =0
AL +A +A (M2-1)
I R B T |
32
' 2 2 _ .
Also, V'(y)+vV (y)+mv(y)—0 ,/11 and A, =0

This equation is similar to Bernoulli equation [7], then the solution of it is given by :



2
- y
Ash
e
v(y) = ;
*)
- y
A L
31
[e dy
So, the complete solution of equation (4), is given by :
2
o
2 AL
A 3™ A
[ 2 dx + [ — dy + [ Lt
AL +A +A 0.2-n) A2 t
11 2 41 1 -——y
AL
31
Z(x,y,t)=e e dy
"
- y
% A L
2 x+In(fe 31 dy)+xllnt+g;t>0
AL +A +A A2 -2)
—e 11 2 41 1
7»2
2
2
o Ak +A +A (xz—x)x Y
—Ktte 171 T2 a1 ([ Azl dy) - K=g9
xi
X 7»%

2 _ - y
:Ktxl eA17”1+A2+A40”1 ) (_A3_2}”19 Az g +d)

2
%i
2 X 7»% y
A AL +A A (S -1) -
=tte tt 2 41 T (Ke Ash +K,) A3 #0

Where K; =-K A32}”1 , K, =Kd , A and A, are arbitrary constants.
I8

2

Case(3) : By using the assumption

140 g YOV gy ey
Z(x,y,t)=e X y , We get
u(x) v(y)
. u(x) edex+dey+_[w(t)dt
XX
u®) g4, V)
. :v(y) ej 5 dx+] » dy+ [ w(t)dt
Yoy



y V'(y) + V2 (y) = v(y) R L Ok
Zyy = e x oY

y2

And using Ztt from the case(1), then the equation

=

Ay ZZy+Ay ¥PZZy +AXPZ2 +A, yzzi =0.

Transforms to the form

AL WO+ W)+ A V()4 V() = V) + | 20 s Doy fuan
e =

A, u2(x)+A4v2(y)

2 [jMdX+IL;/)dy+jw(t)dt]

Since e X #0

S0, A, W/(t) + WA (1) + A, (y VI(y) + V2 (y) — V(Y) + A, u?(X) + A,V (y) =0 ..

This equation is variables separable [6], we can solve it as follows :
Let A (WO +W2 () =22 , A (yV(y)+V2(y)-v(y) +A,V2(y) =25,

2
Therefore, A_12(0=-(2+12) = u() =7 |12
b3 TV T2 - A
3
22
Also W'(t)+w2(t)—A—1=0 ‘A, %0
1
A ;é
And Yy V(y)+ (- +DVE(Y) - v(y) -5 =0 A, #0
A A
2 2
A, , A, x%
= A YV V) - ) - =0 A, %A
A+Ay(y) (y)A+A (y)A+A , = A,
2 2 27"
A ;%
letB, -——2— and B_ - then the last equation becomes
1 A2+A 2 L+

B,y V'(y)+Vv?(y)-Bv(y)-B, =0
The equation(6) is variables separable [6], we can solve it as follows :

JA A
W g0 = -V a2 ) =t
o S
wo(t) ———
®) A,
A X A
= W) =—=tanh(-—==t-—==¢)
VAl VAl Al

Also , equation(7) is variables separable [6], we can solve it as follows :

9

.(5)

(7

..(6)



i) If B, ;t—Tl , we get

Bl Bl
B ! V(y)—7 v(y) - —
—Fltanh' — =—In(cy) ; y 2/<1 andcy>0

d B
= vl)=dtanh(=—Incy)+-=2
B, 2

B2
i) If B, :—Tl , We get

—-B dv dy -B
L +2=0 — —18=—Incy ;cy>0

B y
_ 152 __1
(v(y) i ) (v(y) i )

= V()= B—1+ﬁ
Incy 2

Then the complete solution of the equation(5), is given by :
2
1)If B, ;«t—% , We get

2
A
_ 1 +}\'2 .
+ .1 d B
A dtanh(B—Incy)+7l
| 3 ax+f 1

A A Iy
dy+[ = tanh (==t -
X y /Al /Al /Al
Z(x,y,t)=e
T }‘lZT:}‘%iInx+Bllncosh(B%Incy)+%lny+|ncosh(\/}:71t—\/%c)+g

22 i A A2

c)dt

=€

A 2(A_ +A ) 4(A +A N2 + A2 A +A
2471 cosh (A A+, hey| 2 *
4A?

(Flcosh M t+F23inh M t)

VAl VAl
A . A
Where F —e%cosh—=_-c ,F -e%sinh—=-c, :A A Aandc=0
1 /Al 2 /Al 1 2 3

M,A, and c are arbitrary constants.

Y.
i) If B, :_Tl , We get

10




L2
/\3 I
| dx+ )dy+ tanh ( c)dt
X ylncy
Z(x,y,t)=¢e F F r
x1+x2 B, M M
e A, iln x+BlIn(Incy)+7In y+|ncosh(mt—mc)+g
A+ A
T 2 i
=Fx "3 y 2 (Incy)® cosh(—= M M c) ; F=¢f
\/Al \/Al
2 2
A+ 3A
gl 2 2
A 2 (/\ +A ) A . by
=X 3y (F, cosh L t+F, sinh L_t) ALAand A =0
\/Al \/Al
A A
2 2

A +A A A _
Where Flec 2 4 cosh—==2=c ,FZ:Fc 2 4ginh—==c ,
VAl

A,A, and c are arbitrary constants.

Case(4) : By using the assumption
jgilldx+jy£X2dy+jyzgldt

Z(x,y,t)=e X y t , we get
U( ) V(Y) W(t)
X U(X) + U2 (x) = v(x), S der Ty
Zyy =( ; )e

X

u(x) g V) g WO
. _U(X)W(t) ej 5 dx+] y dy+I . dt

vv(t)
_wvy) e et
Xy Xy

And by using Zy, Zyy Z, from the above cases, then the equation
AL xPy? Z 2+ A, YZ,Zy +A, X 1222 + A, x yzz, =0.
Transforms to the form
' 2(x) = ! 20v) — U0 4o YD 4, WO
AL (xu'(x) +u” (x) —u(x))(yv'(y) + v (y) = v(y)) + 217 S [ Py [ ]
e
A, V(Y)(W(1) + W (1) - w)) + Au® ()w? (1) + A, u(x)v(y)

21 {400 g YO gy 120 g
Since e X y to#0

11



o AL U0+ U0 U)W () + V() ~ V() +

A, V(y)OW/() + W (1) - w)) + A’ ()W’ (1) + A, u(x)v(y) =0

Here we cant separate the variables, so we suppose that v(y)=A; and w(t)= 1,
where A; and A, are arbitrary constants, and the last equation becomes :

AL (=1 )(xu'(x) + u? (x) —u(x)) + A, & (A2 =) +

A, kguz(x)+A4x1u(x)=0
= AL (A2 =0 )xu'(x) + (A, (A2 =2 Ju?(x) —u(x)) + A, A (A2 —1,)+
A, kguz(x)+A4klu(x):O

So A (xf —h ) xu'(x) + (A (klz —h) A, xz)uz(x)+

2 2 _
(A —A (A2 =2 NUE)+A 2 (A2-2)=0

A (A2-1) A L -A (A%2-21)
LetB = 171 B =41 171 "1
LA (0220 )+A 22 2A (M2 )+A 22
1 1 1 3 2 1 1 1 3 2
A L (A2-1)
and B 2 1 2 2 AL (M =0) +A A2 0,

A (M2=r)+A A2
1 1 1 3 2

then the last equation becomes

B, xu’(x)+u2(x)+B2 u(x))+B3:O ...(9)
This equation is variables separable [6], we can solve it as follows :
B, du 2
L + &g . d2=By- 22
B, \? X 4
(u(x) + 22] +d?

Y.
i) If BS;&TZ , we get

B
B u(x)+—=
—Lign?

——<% | =—In(cx); cx>0
i 5 (cx)

B
= u(x):—dtan(ilncx)——2 B, #0
B, 2
2

i) If By :% , We get

12

..(8)



Bl du dx -B

5, 2+7:o = —182 =—Incx;cx>0
u(x)+— ufx) + —=
(u(x)+—2) (uex)+—2)
B
= u(x)= —= _B
Incx 2
Then the complete solution of the equation(8), is given by :

Y.
i) If 837&72 , we get

B

d
—dtan(—lncx)——2
Bl A }‘2
| dx+[—Ldy+[—=dt
Z(x,y,t)=e X y t
Bllncos(—lncx)——ln x+l Iny+7» Int+g
=€ ;e x,yand t >0
B
__2
=Fx 2 1t2(cos(B In ¢ X)) % ;ergandBl;tO
2
AL -1)-A 0
Loa 2A (A2 —a)+2A a2
:Fy 1ty 171 1 3 2
2
AL 1)
2 2
2 2 2 2 ALy R e A
C0S| ——————— J4A (A2=1)+A D) (A L (W21 )= (A ) —A (A2 -2)) [Incx
2(A, (xz 1)
: Al,As,c;tO

Where F,X;,A, and c are arbitrary constants.

B2
i) If B3:T2 , we get
By
Z(xyt)—e xIncx 2x

B, In Incx—7ln X+>\, In y+X Int+g

) X+ | 1dy+j—dt

=€ e, x,yand t >0
-2 B
=Fx 2ylt2(lncx)* . F=eY
2 2
A (A -1 )-A A AL (] -2
M) AN ( )
2 2 2
Aoh 2R (A <)+ 2A R A(x S )AL
=Fyttzyx 11 3 2 (Incx) 1 3 2 ; ALA and c#0

Where F,X;,A, and c are arbitrary constants.

13
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Ablalatl) C¥alaall e dala 1Y JalSI Jall sla) 58 Canall 138 (e ot l) Cagl)
Lalall Lginpa 5 <l e GO <l Al A0 1) (e Apdad SN 4 3l

AZy+BZy+CZy+DZy+EZy +FZy+GZ,+HZ +12Z,+JZ =0,

s

[WEELN

Ztt ,Zyy ,Zyt ;th;zxy 1ZXX 1Zt lZyl ZX! Z 1t 1y1 X d d\JJ J 1| 1H 1G1 F1 E 1D 1C 1B 1A
Ztt ,Zyy ,Zyt ,th ,ny ,Zxx 1Zt ,Zy,ZX,Z O\}
L Ay pima 5 A5 Anall (e & Jlsall 53¢
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