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Abstract :

We obtain generalization of best approximation for contractive
condition of integral type and we next consider two results on invariant
approximation also analyze the existence the application of fixed point

and extend some known results of Habinik [7] ,Sahab [10], Kumar [5]

Branciari [1], Singh [12].

1. Introduction and preliminaries

The purpose of this paper 1s to study and analogous the invariant
best approximation 1in the setting contractive condition of integral
inequality in metric space and analyze the existence the application of
fixed poimnt. The generalization of applications on best approximation
obtaining fixed point also common fixed point. Recently Sahab [10] have

obtained some results on approximation theory in the setting contraction
mapping without integral type. We prove the results on best
approximation theory for mappings satisfying a general contractive
condition of integral type. These results unify and extend some results in

Habiniak [7], Sahab [10] , Kumar [5] Branciari [1].

The following definition and results will be needed :

Let C be anonempty subset of a metric space <& A mapping
T: C~ C is acompact mapping [4] if for every bounded subset «f ¢ TiK:
(closure of Ti:: 1s compact. The restriction Tie - & X where
T:%~% | A mapping 7%~ {s called contraction mapping [3] if
alfn. vy S ad{nyl for allxy s€: % €003 If »=1 then T is called non
expansive mapping.Let T.f:% <L be a mappmng T is called f
contraction[6] , [11] if 47w Tyl waiss £ forall wy e 0
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2 E 01N , then T is called f-nonexpansive mapping. If Ti: & £ then

Cis called a T— mvariant subset of X .
Definition 1.1 : [8] , [4]
Let C be a subset of a metrrc space 5.4 for any % £ ¥ we denote

1 - &%
- If any ¥ €<yl =
approximation to ¥ by % .
i-Foixi = iy & O 4.y = 4981 such that %223 is called the set of all best
approximation of = from C .

iiii- If for each = £4& | F:ixi is nonempty, then C is called proximinal.
¥.ix} is bounded subset of % also if C is closed then #.ix} is closed .
Definition 1.2 : [8]

Let { and T be two self maps on a set X. mapps f and T are said to
be commuting if Tx = ¥ forall = # &
If &= =T for some % X then# 1s called concidence point of ¥ and T.
Definition 1.3 : [13]

Let ¢X.8: be a metric space and ©# X and #1:€ — £ be a mappings ,
then :
i- T and £ are called compatible if . Ta. ¢ for all n and

T 3 3 L oo o8
TR PR bR
LA IR T A..::.-.-» :

e li :

=

£X 15 called vy

4o fE e 4T

iz € £ where =

whenever - 15 a sequence such that:

' My ® LATYE =
PO 3’;“5:!;-%'?;5\{ * for some t in C.

i1- ¥ and ¥ are called weakly compatible if they commute at there
coincidence points (1. e.) T = £ whenever ¥x = £
Remark 1.4 : [2]

1- Every compatible 1s weakly compatible but the converse 1s not
true.

11- Every commute mappings is compatible mapping but the converse
15 not true.

Definition 1.5 : [9]

Let € be a subset of metric space ©<.¢: and &= 34 ¢€ a family of
functions from [0,1] into C such that #:74: = = for each #%« . The family
4 1s said to be contractive 1f whenever there exists a function
Bir- {843 such that for all = @2 and &8, Liwshave

i R g-;;ﬁfﬂ. EER

e

& A

e
SR IREAN.

The famrly 15 sa1d to be jointly continuous if s = sz 30 {81} and @ =~ % in C
imply that £.ie} = feietint
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Hence property (w) on contractive jointly continuous family # can now
be defined as :

Definition 1.6 : [9]

Let T be a self map of the set C having a family of function
0 as defined above then T is said to satisfy the property (w) if
s f iyl ,forall xe€endas? 1L

Definitiozn 1.7 : [1]

Let i%.4: be a metric space, T:X~X is called general contractive
mequality of 1ntegral type if there exist a real number ¢ < {2 i such that
ETE ;A
for each = £ X we have s L
where @8+ @t [+ %} i5 a Lebesgue integrable mapping which is
summble on each compact subset of 1% +==} nonnegative and such that
for ecach & 8 | éﬂ > Y

The generahzatlon of deﬁn1t10n 1.5 by

‘5 -:

o~ ‘:‘:1'1_-:'51 _.!::- ;

.;:;__-" Cobd e w5 e
; B bR T TS

The following result would also be used mn the sequel :
Theorem 1.8 : [5]
Let ¥ and ¥ be compatible self maps of a complete metric space

x4} satisfying the following conditions: T&: = f(X), f is continuous

:-‘;'{ G R E ; {\ i :L' . . . 3T LR P T - e
S Ja for each x¥ =X 3 £[& 1} where @8 ~&
1s a Lebesgue — integrable function, which 1s summable on each compact
subset of £~ non-negtive , and such that for each

% . Then ¥ and f have a unique commeon fixed point.
2- Main Results

In this section we introduce two results best approximation and one
result of fixed point we need the result fixed point the following.
Theorem 2.1
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Let ¥ and ¥ be weakly compatible self maps of a subset X of
metric space ‘& £: satisfying the followmg cond1t10n &

Tirrer X0 15 complete, /=
ZY & X, 3 §f 1: Where

2

function which is summable on each compact subset £

. for each
L =i+ 18 a Lebesgue-integrable
{h=wt non-negative,

and such that for each ~
Then ¥ and £ have a unique common fixed point
Proof:

Since Ti i ms £ X SU.Ch that £
In general ¥» = fper = Ty =345 5.
Now

ft

GHEHE - i _

Therefore 2 . as B = % hence 41X, F¥y 0= &
We now to show that % 1S a Cauchy sequence suppose that
1s not Cauchy sequence then there exist an > & and a sub sequence

A 7 and ¥9%7 such that for each positive integer p ; #%% is
mmlmal n the sense that

2.t
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o
AT @ g TH Wit
Ry

Which is contradiction thus ; °

e e T
B Pty TN

g
Which is contradiction thus ©¥x.: 1is a Cauchy sequence. By definition of
f2,.+3 18 also Cauchy sequence. Since £Xi=r7iXi is complete suppose
that % and by definition of =

= 155 then v £% such that @ = Tw

i+ obtain

Bpse ~w Sinceu g

ST g

As 711} 15 weakly compatible and ¥z = £ then
?F‘ o ';f'v' p f'}"z oon 'c":ki‘

:?
Then Fa
Thus Tu =« = fu
If %2¢ such that & =

{
Then

There for the unique common fixed point.
Theorem 2.2 :
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Let ¢

X=X with fixed point & £3

, foreach =¥ #X .38 in 1}
Sl S ST Lebesgue-mtegrable funetion which
, nonnegative, and such that

satisfying Ey
where &
assumable on eaeh compact subset of % -

i
S l:f ] S
for each %
the restriction tic
1S nonempty.

.
i
L.

If € closed ¥ invariant subset of X, further
* 18 a compact, then the set F.{u: of best a pproximation

Proof:

Let € # then there exist a minimizing sequence 3¢ in
£ such that ;’3\,
Since ¥ 1s bounded sequence. Since Tio 15 eompaet

Then ¥#:¢ 1s a eompaet subset of & and so “¥#s; has a convergent sub
sequence {F¥y; “Fu ¥ % where x in C
Now :

§
Such that &= & then

Suppose that soxi =i then

5"'-;9( G .
AR Pitidt w r I
Therefore § hence #.

Thus #wst = e= 440! then ®  1s best approximation to # by C
Therefore £.{xiis nonempty.
Theorem 2.3 :
Let 5.4 be a metric space, * has family Zzsc¥.g - X - X be two
mappings and © £ % such that © be a T-invariant subset of & |
e BT F gL Let £ satisfies property (W) ,Tg=gT on & =Fi
nonempty and U= # and T.¢ satisfying
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for each =% ¢ & T Where St i3, #or — fi 400} g
a chsguc—mtcgrablc function which 1s summable, nonnegative and such

= ; J—f_f pitvde s 0
that for cach ; thcn
i- It T 1s compact and T is continuous and &&= 2.  I*is closed
then ¥4 = §

If D is compact and 2 1is continuous also the range of %« 1s
contained n g(D) then 0 s Fimh s
iii- If Ti04s conmpacs

Dok
Proof :
Let ¥€% then % # since & , Further# =< and then Tya ¢

since % be T-mmvariant subset of X

"w {Fa 1" » iR

lct
NOW either oz

D Benes i, T

Therefore
Hence %y =i
Such that
For all x= #n oand TLABIED
Now T commutes w1th ¢ and £ satisfying property(w) then

T8 — 5 Choose i & iik i}

, then dcﬁnc fy as &
FEE #’m: of ran frors D énto B for eack

=gt i

Thus Tog =T« forall®s¥ and forall x¢B , therefore

2i ke
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Thus -+
Since #. commutes with &
‘2% 1s compact on D | . P
Toilr = 5= gt also D 1s closed Tt 2% thus
i? then by theorem (2.1)%: and & have common fixed point,
. forall #e¥ and #x 8

1S compact then the sequence fx.: has a subsequence
iT,: b converging t0
then¥ = 2 where v #

=
Hence %
Therefore Tv=gv.  tan
Hence ¥ =7Ty=gy.  inen : £
If (i) (D is compact and £ 1s continuous and range of fz is contained
g B then Toild s o0
Since . commute w1th 2 then ©%:-# are compatible then by theorem
(1.8) then Hy = M, = g,
Where x, = & but D 1s compact then
converging to yeb
Now :#aem Wi ni
Since £ 1s continuous #s4 %y = % then % ~ gy but £ ~ ¢
then gv =¥ | also

has a subsequence !
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froilim Ty
-y then Tv=v thus Ty=gy=y ¢ D

i1-1:8 1s compact and D is closed also 2 = ¥ | & is continuous, then by

prove part (i) if Ti¥is compact we have
Gt T lmies T FRe Y QST

Since £ 18 contlnuous then &% — &5 also % — ¥ and % — ¥

Hence zy=y, also

Therefore

o~ T T

[ FNL o D N )

R then T%.. — ¥ ag @ -~ @
Now

Sae  Taslie & Fro B = Frelli = Ty a3 1 =

Thus s = ¥¥  thenTy = v = gy and y€ghi=D

Corollary 2.4:
Let 5.8 be a metric spaee X having family =, let T: % ~X 1g
contlnuous “% % such that Tii e € and % # ¥ if D nonempty, compact
j e t‘“‘h =k ::‘ ‘;\ 5 "j'—‘}'(—'k"
and gu Eu  forall

¥ & D= puint, where # -#%{s Lebsgue—integrable function

. . . % 4F g
which is summble, nonnegative and
DAFTi=g

Proof :
If 2 isidentity mapping in theorem (2.3) then & Fi¥i =2
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