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Abstract

Two techniques for solving n™ order boundary value problem using
continuous Legendre wavelets on the interval [0, 1] are presented. The first
algorithm solves the boundary value problem BVP directly use the operational
matrix of derivative of Legendre wavelets while the second algorithm converts
the BVP into a system of Volterra integral equations then using the operational
matrix of integration for Legendre wavelets, the system of integral equations is
reduced to solve a set of linear algebraic equations, some examples are
presented to illustrate the ability of the algorithms.
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1. Introduction

Wavelets theory is a relatively new and emerging area in mathematical
research. As a powerful tool, wavelets have been extensively used in signal
processing, numerical analysis and many other areas. Wavelets permit the
accurate representation of variety of functions and operator [16]. In recent years
interest in the solution of integral and differential equations, such as Fredholm,
Volterra and integro- differential equations have greatly increased by wavelets
method [5-9]. Many researchers have tried various problems using Legendre
wavelets. System of Fredholm integral equation of the second kind has been
solved using Legendre wavelets [9], a new operational matrix for Legendre
wavelets and its application for solving fractional order boundary values
problem has been introduced [16], the extended Legendre wavelets is achieved
and it's properties by XiAO for solving differential equations[3]. S.A. Yousef
presented a new technique named Legendre multi-scaling Ritz method for
solving boundary value variation problems [1]. Many researchers employed
Legendre wavelets to find the numerical solution for integro- differential
equations [6]. In this paper we use Legendre wavelets function to approximate
the solution of the boundary value problem in the interval [0,1] using two
different algorithms.
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2. Legendre Wavelets and Their Properties
2.1 Wavelets and Legendre wavelets [11,14]

Wavelets have found their way into many different fields of science and
engineering. Wavelets constitute a family of signal functions constructed from
dilation and translation of a signal function called mother wavelets. When the
dilation parameters a and the translation parameters b vary continuously, we

have the following family of continuous wavelets
-1 t—b
Qap® =132 ol ] abera=o

...(1)
Legendre wavelets @mn't) = ¢’ k.M. U haye four arguments k=1,2,...
n=2n-1, n=1,2,....25* , mis the order of Legendre polynomials and t is the
normalized time. They are defined on the interval [0,1] by:-

1 k G — ;
oo m+=22 | e n lilt{.n+1
Pmn't! = 2 m - ok ='= Tk
0 otherwise ...(2)

Lm(t) are the well known Legendre polynomials of the order m, which are
orthogonal to the weight function w(t)=1 and satisfy the following recurrence
formula:-

2m + 1
Lot) = L Ly =¢ and Lyuq(t =;"j t Ly (£) — mn—ll L—1(t) .0
m=1,2,....M-1
The set of Legendre wavelets are orthogonal set [2, 7]
2.2 Function Approximation:-
A function fit) e L[0.1) may be expanded as:-
2 TMm—a1
2.2 Con®un @) =CT (1) ..(4)
n=1 m=0
where ©nm = ::f'tl l:-l:'-r:_rr1'-t:|:| (5)
(., .) denotes the inner product.
If the infinite series in equ.(4) are truncated to be written as:-
2571 M1
o~ Z Z Cnm@nm(t) = CTo(D)
n=1 m=0 (6)
where C and 't} are 2“*Mx1 matrices given by:-
C=[C10, C11, -..,C20, C21,---,02M-1,---,Czk_10,---, Czk-lm-l]T: [01’021---1C2k-1M]T .(7)

and
P(t) =L@ (). @11 )01 1 (), 05 (), 01 (1) 0 4 (L), (/72k—10(t)1(ﬂ2k—11(t) ----- Py, _1(t i
=[p(t).0,(t)...., Poam L(®)]

.(8)
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3. Operational Matrices of Integration [10,11, 16]

The integration of the vector ©© defined in equ.(8) can be obtained as.
T

f [¢(8])d8 = pel1)

o]

() k k

where p is the 2°7*M x2**M gperational matrix for integration. This matrix was
obtained as.

L F F F F
1 O L F - FF
P=E . . o . .
0 0 0 L F
0 0 O 0 L|
...(10)
where F and L are MxM matrices given by:-
2 0 --- 0
= |00 0
00 ---0
and
1
1 ﬁ 0 0 0 0
3 8
oL B 0 W 0 0 0
2 . B, B . . ..(11)
53 57
7
0 0 ﬁ 0o - 0 0
J2M -3
o 000 0 (M —3)\2M -1
—2M -1
©0 Y s °

The integfation of the product of two Legendre wavelets function vectors is
obtained as:-

~1
I= f (DT (Ddt
<0

..(12)
where I is an identity matrix
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4. Operational Matrices of Derivative [15]
In the following steps we introduce the method for deriving Legendre
wavelets operational matrix of derivative.
Theorem (1):-
Let @t represents the Legendre wavelets vector defined in equ.(8) the
derivative of the ®'t'can be expressed by

de(D) |
= Dot
a2 .(13)
where D is the 2“x(M+1) operational matrix of derivative defined thus:-
F 0 - 0
p=|? 7 0
0 0 0 F
..(14)

where F is (M+1) x(M+1) matrix and its (r,s)" element is thus:
_2&Jlar—1)(2s — 1)
" 1l o otherwise r=2,..,(M+1), s =1,...,r-1 and (r+s) odd
...(15)
so Dexs matrix will be construction using equ.(15) as follows
0 0 0 0 0 0]

23 0 0 0 0
0 215 0o 0 0
0
0

Dpgys = ...(16)

207 0 2435 0
0 227 0 2J63
12J11 0 255 0 299

Corollary (1):-
By theorem (1) the operational matrix for the n™ derivative can be derived as

d"e (D) |
=D“‘P(t) n th .
dt® where D™ is the n"" power of the matrix D.
[0 0 0 0 0 0]
0 0 0 00 0
dz‘@t;pz(pﬁxe.ﬂ: 126 0 0 00 0 .
dt ‘
0 2021 0 000 (17)
409 0 2845 0 0 0
136\77 56433 0 0 0 0]
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5. Power in Terms of Legendre Wavelets as Basis Functions
We will derive the powers in terms of Legendre wavelets which help us to
solve our problems. Let take M= 6 and m=0,1,..., 5. First, find six basis function
which given by
@ =1
@11 = [3(2t—1)

Py = /50682 —6t+ 1)
@13 = |7(20t3 —30t2 +12t— 1)
gL
@ 14 =/o(70t"4 — 140¢°3 [ + 90¢]°2 - 20t + |

@15 = |11{252t5 — 630t* + 560t% —210t2 +30t — 1}
N

t2 = (010 Py (012
203 65
£3 = (010 9, (Plz L4E
"0 a5 2047
£ ¢1o 2¢11 2¢12 ZE Pra
T5J3 745 1047 709
5 = @ 4 S 25(p1z 5(013 Pra Pis

14J§ 84J_ 3&/’ 84J_ 252411

In matrlx form, the powers of t can be rewritten as follows

A=TB

where

1 0 0 0 0 0 ]

1 1

2 28 0 0 0 0

1 1 1
e |3 a6 e 00T (18)
6x6

1 9 1 1 0 0

4 203 45 2047

12 2 1 1

5 53 7\/' 10J_ 70\/_

1 4 1

6

16 1443 84\/’ 36J’ @\/1_1—
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where

. o
%
t
. 11
A=l "2
t and B= 0
Y 13
X gl
- 95

6. Solution of Boundary Value Problem Using Legendre Wavelets

Method
Here, two cases of this problem will be studied

Case (1): In this case we will show the method of solving the boundary value
problem as a differential equation.

Consider the following n™ order boundary value problem
d].' dn—l},‘)
dx’ " dxn-1

yR(x) = f| %y,

...(19)

with boundary conditions

y¥(a) =rx, v¥(b)=p ...(20)
xe[ab]l and k=1,2,....n-1

( d}i' d!‘l—l}r)
o e R
Where \ ~dx’dx""') gng y(x) are assumed real and as many as times

differentiable as required for = & [a,b]
To solving this equation by Legendre wavelets method, unknown functions y(x)
are considered as a linear combination of these wavelets as follows.

k1M1

Yy (X) =22 Copnnm(X) .(21)

n=1 m=0

By substituting this approximation into eq(19) we get

AR XM 2 tm-1 d n-1 *tm-1

(22 Con P N =F (6,223 €, (X),%(z 2 Conhn (XD V= (22 Con P (X))

n=1l m=0 n=1l m=0 n=1 m=0 n=1l m=0

Rearranging the above equation into the following formula

;mz_;)cn,m (dci(_nnwn,m (X)—f (qpn,m (X)i(;j_an,m (X );---!dx_nnq)n,m (X)):f (X) (22)
* & 78 % T A A A AT
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Using the operational matrix of derivative D"¢, . (x)and rewriting f(x) in terms
of ¢, . (x)we have a linear system of algebraic equation of c, . .
By solving this system the vector function c,, ., can be obtained
The following algorithm shows the basic steps to find the approximate solution
of BVB using the first case.
Algorithm (1)
Inputs

n = (2! The fist index of ® and k=1,2,...)

m = ( The order of Legendre function and it’s the second index of ¢ )

M = (The value which determined the parameter m since m=M-1)

Output

cis (i=0,1, ..., m) ( The unknown coefficients of equ.(6).

Yam(t) ( The approximate solution of the boundary value problem)
Step 1: Write down the Legendre wavelets as a basis function

using equ.(2), ®nm'*) for n =1 and m =0,1,2,...,M-1

Step 2: Set Ynm'®) = cg@10x) + €111 (%) + -+ CyyP1m(%)

Step 3: Substitute ¥nm'*) into equ.(19)

Step 4: Determine the operational matrix of derivative D" ¢(x)
Step 5: Rewriting the function f(x) in terms of ®n.m'x)

Step 6: Rearrange the equ.(19) for the coefficients ¢;s i=0,1,....m
Step 7: Use the solve formula to determine the value of CiS
Step 8: Substitute the results of (step 7) into (step 2) so we find

the approximate solution y, n(X) for equ.(19)
Case (2): In this case the introduced method will be applied to solve BVP after
reducing it to a system of Volterra integral equation as follows

Vi =ao+ [y, )t
0

Y. :a1+J-y3(t)dt
0

Ys=a,+ [y, (t)dt
0

Vo= + [T Gy, Y, E)dt (23)
_ d}F B dz_}? _ dn_l}r B
where ¥ TV qx T Y2 ge2 TV ggnt T Y
=k 79 1 AT A A K A
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First we assume the unknowns functions Y, fori=1,2,...nre apprOX|matea in the
following forms

M-1
yi = Zci,mwl,m (X) (24)
m=0

Therefore we have
M -1

Z Clz,m (Dl,m (t )dt

=0

O Ly X

3

I
ch,m Prm (X)=a,+
m=0

M —

Z C13,m Prm (t)dt

m=

[0y

o'..x

M -1 )
ch,m ¢1,m (X) = al +
m=0

o

M -1 X M -1 M -1 M -1
chrjm ¢l,m (X ) = an—l + J‘f (t’ chl,m ¢1,m (t)’ chz,m ¢1,m (t) """ chrjr;lqol,m (t))dt (25)
m=0 0 m=0 m=0 m=0

Using t power (¢ ) and f(t) will be considered as a linear combination of
Legendre wavelets. To integrate ¢ . (t) in the right side the operational matrix
of integration equ.(10) will be used, the result will be a system of algebraic
equation for both ¢, (x)and c;,, and by equivalent the coefficients of ¢ (x) a
system of linear equations in terms of the entries c, , will be obtained and the
elements of vectors c; , will be found by solving this system.

The following algorithm shows the simple steps to find the vector c;, for the

approximate solution in case (2).

Algorithm (2)

Step 1:- Input (o; ) for (i=0,1,...,n-1)

Step 2:- Input (n,M)

Step 3:- Select the Legendre wavelets as a basis functions ®nm't
Step 4:- Put vy, :Cll,ogolo (X)+... +C1r,1m Pim (X)

&QS:- Put f (t) :¢10(X)+¢11(X)+---+¢1,m (X)

Step 6:- Integrate y, in step 4 using operational matrix of integration
Step 7:- If (i# n) then D = y; — the result in step 6 for (i+1)

Step 8:- If (i = n) then D =y; — the result in step 6 for (i=n)

Step 9:- Let /3;; = the coefficients of ©am'® instep (7 and 8)

Step 10:- Solve the equation £;; = iy and B, = f(t)+ anq for c;
Step 11:- Substitute the results of step 10 into step 4 to find the approximate
solution of the problem

7. Numerical Examples

=k & 80 % T A T A A
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In this section, to demonstrate the effectiveness of the proposed algorithms,
two examples are discussed.
Example 1:-
Consider the following boundary value problem y @ (t)-y (t)=5-t°
with the boundary condition y (0)=1,y'(0)=0,y"(0)=0 and
yM=2y'@®)=3y"1)=6
with the exact solution y (t) =t°+1
For solving this problem using first approach we apply the following steps
3
Assume Y (t)=y,t)=D c,o,(t)

m=0

So, Y(t)=y,(t)=c,+C,/3(2t —1)+c,/5(6t2 -6t +1)+c,/7(20t* 30t 2 +12t 1)
Substitute the above equation into the problem and using the operational matrix
of derivative we get :-

y @) =120V7 g, (t)c,
Also for f (t) =5—1>we use (t power ) the transforming will be

9
5_t3 :5¢10_((041|_0 4+ Pia Do P13 )

+ +
20/3 45 20J7

Hence

1) 9, O, @,
1207, (t)c. =5¢,, — (L2 + —HL 4 A2 78y, ¢ +C +C +C
@10( ) 3 Dio ( 4 2043 | aJ5 20 (—7) 0%io0 1P11 2P0 3Pi3

From the equivalent of the term ¢, , (t) in this equation we obtain four linear
equations for c,s as follows
y(t)=1+t3

—L:O then c, =

C
Y2043

9
203
c, —L:O then c, .

45 45

1 1
——=0 th =—
2047 oG 2047
The approximate solutionis Y (t) = y,(t) =1+t°

To solve the same example using second approach we following the steps
Transforming the differential equation into a system of four integral equations as
follows:-

C,—

dy d?y

y:yl’E:yz’dtz =Ys
So ; 3
=k & 81 % T A T A A
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T
y1:1+j-y2(x)dx
0

t

= [ ¥5(x)dx

(0]

:](S—X $)dx +jy1(x )dx

3 -
Assume that Y; = D _Cinern () for (i=1, 2, 3)
m=0

Substitute this function into the system the result is:-

zclmgolm(t) Pio +Izclm¢1m (X )dx

o m=0

chz,m ¢1,m (t) = I Zcfm ¢1,m (X )dX

chm¢lm(t) I(S x *)dx +Izclm¢1m(x)dx

o m=0
By using (t power) the Iast equation will be written as:-

§010 P P 2(”11 D3 Py

c t)=5 -= c x)dx ...(26
Zlmrplm() G+of) ( s B 0 7008 !n;)mcolm() .(26)
By solving the mtegratlon in the right side of each equation using operational
matrix of integration and gathering the terms which contain the coefficients

c,,, and equivalent with functions ¢, in the other side we get the following
system of linear equations

1C§+321 Clc§ Jg

Co——=>+——C; = - +——c;=0
0 > 6 - ' 1 Zﬁ 10\@ 2
g N NT e Ber o NTel
> 645 14f : CTP 1047 ' 1449
cg—c—°+ﬁcf:0 cl- Co V5 cs=0
2 6 23 10J§
ez x/§c3 J7 -0 Cz_\/_czzo N
SN 14\/_ ©a T 107 " 149
, B, 4 oo cs_, NG i 24
Tt e 9T Yoo2d3 1043 7 1043
éaln '% 82 > Al Ao Al ALlS 4l
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By using mathlab program to solve this system we get the results in table (1)

Table (1)
m Cr Co Cro
0 1/4 1 3
1 9/20V/3 3/2V/3 33
2 1/4+/5 1/2+/5 0
3 1/20V7 0 0
Y(t) Yi(t)=1+t | Y,(t)=3t° Y 5(t)=6t

Approximate values of y,(t) and C,,
Example (2):-
Consider the boundary value problem y () -y (t)+t*—-24=0
with the conditions y(0)=0 and yY(0)=0 for (j=1, 2, 3)
y@=1,y'M=4y'Q=12,y"1) =24
The exact solutionis y (t) =t*

Assume that y (t)=vy,({t) = Z4:Cm(p1’m (t)
m=0

So, Y(t)=y,(t)=Copp +Cio, +Co1, +Co015 +Cu0,

By substituting the value of y,(t) in the boundary equation and following the
steps in the first approach such as in the first example the approximate
coefficients value will be:-

° 5" 537 7y57° 1047t 210

So the approximate solution is

y(t);y4(t):1+%/_ﬁ(2t —1)+%\/E_>(6t2—6t )+ — 7 (20 ~3012 +12 —1)+2—10\/§(7Ot4—140t3+90t2—20t )Y

5 53 N3 1047
ield yt)=y,t)=t*

For solving this example using the second approach the same steps fulfilled in
the first example will be carryout in this example to solve a system of four
equations the result is showed in table (2).

Table(2)
m Cr Cr’ Cr Co’
0 1/5 1 4 12
2/5V/3 9/5v3 6/\/3 12/7/3
=k & 84 % T A T A A
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2 2/7V/5 11/5 2I\/5 0
3 1/10V7 1/5V7 0 0
4 1/210 0 0 0
Y(b) ys(b)=t* yo()=4t | ys(t)=12t° | yu(t)=24t
Approximate values of y,(t) and C,,
8. Conclusion

Legendre wavelets method has been used to derive approximate solutions
for n™ order boundary value problems. The obtained results show that the
method is very powerful and useful technique for finding the approximate
solution of such problems. Comparison of the approximate solutions and the
exact solutions show that the proposed method is more practical for solving n™
order BVP. Directly, that is when the proposed algorithm (1) was used.
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