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Abstract:
The aim of this work is to introduce new definition of fuzzy pre-Hilbert space
(fuzzy inner product space) and discussed the relation between fuzzy pre-
Hilbert space and ordinary pre-Hilbert space.
Much attention is paid to the concepts of convergence of sequence (for example
Cauchy sequence of fuzzy point) and the concept of boundness of these
sequences.
Introduction:
In 1965 Zadeh [8 ] mathematically formulated the fuzzy subset concept. He
defined fuzzy subset of a non-empty set as a collection of objects with grade of
membership in a continuum, with each object being assigned a value between 0
and 1 by a membership function.
J.R. Kider was introduced new definition of fuzzy normed space [ 4 ], which are
using in section two of this paper.
The aim of section one is to cover the basic concepts of fuzzy sets.
In section two we introduced the definition of fuzzy pre-Hilbert space and
discusse properties of this space ,also we prove every fuzzy
pre- Hilbert space (P,(.|);) is afuzzy normed space by defining

1
”xlx”f = (2| 2)2

The convergences of sequences of fuzzy point are discusse in section three.
S1:Basic concepts aboute fuzzy sets
Definition 1.1: [ 81,/ 9]

Let X be any set of element.A fuzzy set AinX is characterized by a

membership function, uz(x):X — I,wherel is the closed unit interval
[0,1]. Then we can write a fuzzy set 4 as:
A={(xtpuz CNIx €X,0 < pg(x) = 13,

i.e afuzzy set A is written as aset of pairs (x, &z (x)).
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Where x is an element of universal set X and the value p;(x) is the degree of

membership of element x in afuzzy set A.

Definition 1.2] 2 ]:
Afuzzy set A is called normal if there is at least one point x € X with

pa(x)=1,
Remark 1.3: [ 1]
Each ordinary set A4 is a fuzzy set with a membership function defined by:

(x) = {1, x €A
Ha 0, otherwise

For each x € X.

Remarks 1.4: [11],[ 6]
Following, some fundamental concept related to the basic operations and
concepts of fuzzy subsets of X.

Let Aand Bbe two fuzzy subsets of X with membership function

iz and pg respectively

1-AC B if andonly if uz(x) < pg(x), VxeX

2-A =B if and only if puz(x) = pug(x), ¥x € X.

3- The complement of A (denoted by A®) is also a fuzzy set which has the
membership function gz (x) = 1 — g (x).

4-A =0 if and only if pz(x) = 0,Vx € X ,where 0 is the empty

fuzzy set.

5- The height of fuzzy set is the supremum value of pz(x)over all x € X. If the
height is 1, then A is normal, otherwise it is subnormal.

6- The support of 4 is the set of all elements x in X at which
0 < pg(x) < 1and is denoted by supp (4).

7- A point x € X is said to be crossover point of A if pz(x) = 0.5 .

8-C = An B is a fuzzy set with membership function
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9- D = AU B is a fuzzy set with membership function
pp(x) = max,ex {1z (x), us (0 }.

10- If pang(x) = 0,Vx € X, then Aand B are said to be separated fuzzy sets.

11- The product of 4 andB (denoted by AB ) is also fuzzy set which have a
membership function p;z(x) = i (xX)ug (x).

12- The n-th power of A(denoted by A™ ) is also a fuzzy set which have a
membership function u = [w;(x)]" where n is a positive integer and

consequently
A €4d" foralln=m=0.

Definition 1.5: [ 7]
A fuzzy point p in X is a fuzzy set with membership function.

SO

, otherwise

For all yin X where 0 < a < 1.P is said to have support x and value a@. (X is
fixed point).We denote this fuzzy point byx, or (x, «).
Two fuzzy points xand y; are said to be distinct if and only if x # y.

Remark 1.6[ 31:
Two fuzzy points x,andy, are said to be equal if and only if

x =yanda = f§,where a,f € (0,1].

Definition 1.7[ 4]:
Let X be avector space over field K ( k= R or K= C ). Let
X — [0,00)be a function which assigns to each point x, in X, x€

(0,1] anonnegative real number ||:lr:g[||J1r such that

(FN1)
||xa||f =0ifandonlyifx =0
(FN2) [12x ]| = Il[Ixel| for allr €K
-l % 101 % Aol Ay AT A Kd T
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(FN3) ||:vr:,5r —l—yﬁ”f < “xallf + |mf

(FN4) if
“xallf < rwherer > 0 thenthereexists0 <o <=a <

1 such that ||:Jr:ﬂ[||J1r < 7.

Then
||. ||jr is called fuzzy normand (X, ||. ||f) is called fuzzy normed space.

S2: Fuzzy pre-Hilbert space

Definition 2.1:[ 5]

Apre- Hilbert space is acomplex vector space P. For each pair of

Vectors x , y of P there is determined acomplex number called the

Scalar product of x and y,denoted (x|y).scalar products are assumed to obey these rules:
(p1) (y|x)=(xl¥)" denoted the conjugate of complex number)(*

(p2) (x+yl2)=(x[2)*+(yl2)

(p3) (Ax]y)= Mxly)

(p4) (x|x) >0 when x= 0

Definition 2.2:
Let P be avector space over field F (F =R or F=C) , let (.|.)-f : P = [0,%2) be
afunction which assigns to every pair vectors %-and Y in P , ©,B €0.1] thereis

associated ascalar (x-=iv_B)_f such that:

(FIPL) (£ +zoly B)f =(xooyB)(f)+ @ oy B)f where Z.€P .0 €(0]
(FIP2) (cxehv B)f  =clxewiy g)f where ceF

(FIP3) (¥oelyB)f =y Bl_w) (=) (= denoted the conjugate of complex number)

(FIP4) (¥olx_)f = 0 and (wix_ ) f=0 < x= 0

(FIP5) If (seix_e ) f <1 where r= 0 then there exists 0 <o = [ =1 such that

(B B)f <r then (|)f iscalled fuzzy Pre-Hilbert and (P,(.|.)-f} is called fuzzy Pre-
Hilbert space.

Proposition 2.3

1
Let {P-(.1.)) be an ordinary Pre-Hilbert space. Define (= ve), = 5 @) for every
%¥g €F wherea.p €(0.1] and* = min{e. B} then (P.(.|.)¢) is a fuzzy Pre —Hilbert
Space.
Proof:
Let ¥« -¥g.Ze €F wherew,B.c €(0,1] andceF then:
(FIP1) Ga+zeo4|yB)f = E+ziy)f®

:% (x+z|y)
1Y) + (2ly))
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S
_ i LK|}’} + E 'z|}’]

= I:XE:|YE}I- + I z-:h"ﬁ:}[:
Fipa) (E5) = ext) )

(FIP3) (X=e); = (x)eh)
= 1/Axl y)
_5 ()
:':Ygfxx}f
1
xl%) =0 so— (x[x) =0 thus (x |x)f = 0 also(x |x )¢ = 0

(FIP4) Since(

1, .
= ;L}dx} = (xx)=0 <x=0

(FIP5) If (%x|%x )¢ < rwherer = 0 then for g € (0,1l witha = Bwhere

(xlx)  (x[x)
=
B
Example 2.4:
Let P = L* [the space of all complex (real) sequence]
is an Pre-Hilbert space with Pre-Hilbert defined by L*

< r thatis ':XE|XE}F <r

(xly) = ij?j Vx= {xj}; y = {yj};l hence (L2, (.].)¢)
=1 is fuzzy Pre-Hilbert Space with

fuzzy Pre —Hilbert defined by *=¥e); = % (xly) 2=min{a,p} a.f €(01] vxuyp EL*
The prove of the following proposition is clear ,hence is omitted.

Proposition2.5:

If (P.(.].)e) is a fuzzy Pre-Hilbert Space then (P,(.|.)) is an ordinary Pre-Hilbert Space
with ,xl¥) = ((x1)|(y, 1)) .¥ x,y EP

Theorem?2.6:

In afuzzy Pre-Hilbert Space (P. . |.)¢)

@) (xx|3,rg + ZG}E = %y |}rﬁ}f +(%g|Zg)f  VXx Vg Zg €P

(b) [xx|c§,rﬂ}f = C*':Xc:h'rﬁjf vCceF
c) (8lve); = xalO) =0

Gk
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(d) (e —yBlzo) f=(alze) -] Blz0)f

(e)if elzo) f=[WIF|ze) f foralze necessarily x a =¥p

Proof @
By using (FIP1) and (FIP3)

(X:|}f|g + ZG}F =(vg + zs|x:}:
Z[(v B lx o) f+ (zZeo|xa) f]"*
= (velxa); + (zolxa;

_ (RabB), + (alzo)e

(b)- Using (FIP2) and (FIP3)
elevs), = (evelsa);

) =
= [CI:-YE|XE=}F]
— C"I:J.rﬁ|.ta};
_ C"I:;t:xhrﬁ}f
(c) (8lve); = (0+0lyp), = (Olyg), +(0lyg)chence (0lyg), = 0

Similarly (%|8)f =0
(d)- (F= ~Yelze)e = (e = (=wp)lze),

_ telzoy + (valeo),
=(%alza)y + ((~1)v|zs),
=(%alZa)f = (velzo);

(e)-Suppose (*=Z=)s = (velz); ¥25 € P hen

(
Xe — VelZode = (Xg|Zo)s — (¥ |z,3]-F = 0.inparticular ( x, — yg|x, — }rE:}F =0 hence x, —yg =0
by (FIP4)
Definition2.7:
In afuzzy Pre-Hilbert Space (P.(.|.)¢) the fuzzy norm of vector %zin? define by

%o TILE = @ e |2 o) 1y2)
Theorem?2.8: (Fuzzy Schwarz inequality)
In afuzzy Pre-Hilbert Space (P.(.|.J¢)

| (Ealy BI_fl =l allllfyBII1f

Proof:
If ¥« = 0 or yg = O0then{x|yg) = 0 znd the conclusion is clear.

Suppose, for instance ,that¥e * 0- Dividing through the desired inequality by |[v_8 TII1_f the
problem is to show that
| lz_o)_f| = [lx_a[[|I_f when|(|ze )] =1

For every complex number ¢ € F

¥a—[ez] e [|[If*2) = |lxa[||]f'2-c"* (xa|zea) f—clzea|xa) f+cc* |lz_e [||]_f'2

SaiiR
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= |xallllf*2 - (xa|ze) fc" = —c(x_a|ze ) "= +ect s

safl|lff2-xalze) f)Ealze) ff++(xalzo) f (xalzo)f-(Ealzo) fc"—cxalza)_f*++cc’+

=|jx e N2 - |xalze)l fl'2+[(xalzo)f-cl[xalz_e)—c]"-

T T - 2
[l || (e |20 )l 2 + T x| 2,00 —
| n particular
For ¢ = (%x|Z5)¢
0 = 1% —cozal [ = [Ixal [ = 1% ]z5)el?
Theorem 2.9:

Every fuzzy pre-Hilbert space!P. (* | Jglis afuzzy normed space by
defining | o DI1f = /((x_ o |x_oc)f)

Proof:
For each ¥z € P,wherea € (0,1]

1 1
=[x |2 )l = (x b )i =0 —xlx) =0 x =10
o

(N Pl =0
(FN2) I(lex_a [)|_f = :[{f-f_ﬂ| cx ) f]M1/2) veeF
1
=[ec* (x| % )62
1
, 1
_ Hc | (x:|xﬁ}F]z
) 1
= |C| [|~X|::|X|::}F]:

=|c| ||X,:| |F

(FN3) ||x: +:rg||; = (Xq + Vgl +}’E}f‘i"Xm}’E EP

(x| T +3p) 1 + (ve e +Yﬁ}f

= (ot ValRE + e+ valye);

= (%l + (v [%a)g + (xelve); + (valve);
= (e + (xalye) + (xelye); + (valve);

_ l7IE + 2R (xelya), + |l

el
=

. 2
o Ialle+2](ealye) ]+ e,
< D= oc DIIF2+ 2= o DT ELy BIIF + [(QyB DI_fF2
|| %o +Iy BIIE2 = [|(x_ = DIF+ Iy £ DIf1"2

d | i |Xx| +| |
Hence || = +¥_BII|1_f !¢ |YE|;

(FN4) If ||XG| |E = rwherer = 0 then fore € (0,1]witha = o

We have [[xe|x0)]_f1"(1/2) = [(xa | x_a)]*(1/2) < rthatis|(x_a )| f<r

Thus (P,IC-)1-f) is afuzzy normed sp 5
aala éé’ E‘105 g" Amiuily) Ay al) ALIS dlaa
T 2012 peedly uabad) amd)




Some results on Fuzzy Pre- Hilbert Space .............. Raghad Ibrahim Sabers

In the following theorem we will show that the fuzzy norm
1
_||;1:|x| | ;= [(%4|x%. )¢]? satisfies the fuzzy parallelogram equality

Theorem 2.10:

In any fuzzy pre-Hilbert space (P. (- | Jg)

[ 3«4y B2+ |(xa-y B2 =2|(xa )| 2 +2|(y B2 v xyBEP .aBe(0,]]
Proof:

One has

| DL +y BTILEZ = (% *Vel% +Ve),
= (Ix_ |x_ o) Lf + xa|y B)f+ v Blea)f+ v plyB)f

_ e+ Crly) + (vglec) el | m

Replacing (¥e)by (-vg)
[« -y Bllf2=(xa-yB|xa-yp)f
= (xal%ade = (xalve); - (valxa) + (valve),
_ “X“‘llg_I:Xxl}rﬁ}E_':yﬂlxc:}F+ ||}rE||; ................... (2)

By adding these two equation (1) and (2) we get
oo +Iv B II]F2 + |(Jx_a — y_BI_F°2 = 2 |(lx_a D_F 2+ Z|(|y_B D2

Theorem 2.11:
Let (P.i+| Jgibe afuzzy be afuzzy pre — Hilbert space ,then the fuzzy

1
norm Il l¢ = [(a % )¢]? satisfies the fuzzy triangle inequality

[+ velTly = e + ||l‘f’r3||f

Proof:
Applying the fuzzy Schwarz inequality
oo +Iy BIIIE*2 = |(Ja_ o DIF2+ 10y B D2 + (xa |y B)f+ x|y p)frs

= || % T2 +||1"’E||f+2R‘*':Xa|Yﬁ}f

ldl; + [l + 2| Csalye),|

el + [ivll, +2 izl |,

f z
(1t + [Ivel )

Thus & o +y BTILE = il + [l |f

S3: Converges ,Cauchy Fuzzy Seqguence

Definition 3.1:

A fuzzy sequence {(x-n % _n)} in afuzzy pre-Hilbert space (P,(-1:)-f) is said

to be fuzzy convergent if there is afuzzy vector %= in P such that

lim || T(xJ 5, 0¢0) — %ael |, = 0

n—+og €l [2
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—
Where I%elle = [(3x|%)e]?  and {ec, x; € (0,1][i € N}

Definition 3.2:

A fuzzy sequence {(¥-n < )} in afuzzy pre-Hilbert space (P,(-1:)-f) is said

to be fuzzy Cauchy sequence if for everyz = 0. thereis aninteger N = 0
Such that

xmx m)—{xne n)f|lf<s wvmn>=N
I( ) 1Il]

1
Where ||Kx| |f = [':Kx |Xlef]i
Definition 3.3:
A fuzzy sequence {(¥-m < _n}} in afuzzy pre-Hilbert space (P,(-1:)-f) is said

to be bounded if there is aconstant M = 0 Such that |Ixs, 0<ql | < M wn

Definition 3.4:

A fuzzy pre-Hilbert space (P,(--)-f) is said to be fuzzy complete if every fuzzy Cauchy
equence in P converges,that is,has afuzzy limit which is afuzzy vector of P.

Theorem 3.5:

Every convergent fuzzy sequence is Cauchy.

Proof:

Let {ixy,. 00, Jtbe afuzzy saquence of fuzzy point in P such that

lim | (], ) =3l = 0

1 ¥ 1
Where ||Kx| |F = [':K:x |X;x}|f']z Elﬂd{ o E I‘ﬂ11]|1 = N}
Then for everys = 0.there is an integer N > 0

Such that
(o m)—x o [IIF<( e )/2 vn >N

[[(<m, o _m) — [<Tm,oc_mTIITE < 1 Gm, o m) —x_ o +x_ o —(xn o< _n)|)|_f

< ||'Xm_.mm:]_x;x||f + ||X:x _I:Xn.lmn}”F
- g £

- -
< 2z 2

= £
This shows that {(*-m> _n)}  is afuzzy Cauchy sequence.
Proposition 3.6:

Let (P,(-I-)-f) be afuzzy pre-Hilbert space , if {(¥.= n)} is
Converge to %= and {(y,, B )}fuzzy sequnce converges to yg then

%|Ve)e

{(IixInec _m)| (v n. B m))_f} fuzzy sequence converges to (
Proof:

|(Ge_noc n) | ym, Bn))f— oo [y B)f) =

LG, oc )| (vom Bn))f = (Genooc ) |y BYIf + (nec n) |y g)f— (e o [y p)f)
< | { s 'xn:]|l:}rm E’n} - Yﬁ}F| + |I I:Km 'xn} - Kﬁ|}rﬂ}f|

By Cauchy Schwarz inequality

(<78, = Il (e ) |,
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| ':Xr:u D:n} - Xc:l

F+

||:3‘rm E’n} - YE |

Hence

o %|ye) e
{({Ix]nec m)|(v]n B_n))_f} converges to (

Lemma 3.7:
Every Cauchy fuzzy sequence is bounded.
Proof:
Let {%n. ®4)} be afuzzy Cauchy sequence in afuzzy pre-Hilbert space (P,(-1-)-f)
Let N be an index such that
[Tl nec n) —[x]lme _m)[|If=1 where m,n>N
If nz N
(o _m)I|11f = |l Gemoc _n) — (2 N.x N )+ (= Nx_N)|f
< N1, 0600 = (o, 20l + [ 122l |, By (FN3)

< 1+ (B |J1r

Thus if M is the largest of the number * ¥ vzl 1, cal

(2.2 2UILE oo [(IGeN = 1),x_ N~ 1)))L_f then one has|(|(xn.o n)Pf=M wn
Thus {{an. 250} is bounded.

Theorem 3.8:

If (%250} and {(¥a,Ba)} be Cauchy fuzzy sequences in (P,(-I-)-f) then
{(IlxIn.e _m)| (] n. B_m))_f} is cauchy fuzzy sequence.

Proof:

For all n we have

((anlxn:]l |:}"n, E’n}jf - l: I:Xm, L'.!ijl|l:}i'mJ E’m}}t’
=((xp. 0 ) — (%, %, ) (¥ Br) — (¥ Em:]:]f +
((Em e ) — xomo _m )|(vom, fom ) )_f + (om, o _m )| (y_n, Bn)—(ymp m))f
< ||':Xn1 'xn} - I:ij 'xm}l |f|| '::frm E’n} - '::frmi E’m}l |f + ||':Xn1 'xn} - I:ij 'xm}l |[:
ll(
1, ) — (e_m, 00 _m) Q1T 0|y, Bm ||1f 4 [0 TGTm o _m))|_f [(1(yn Bn) - (y_m, Bm)[)|_f
{fan. )} is bounded [by lemma 3.7] thus the right side—0 as m,n—%
Definition 3.9:
Afuzzy pre-Hilbert space (P,(:I-)-f] is said to be fuzzy Hilbert space if it is fuzzy

1
complete with respect to the fuzzy normed 1%l = [(%x[%x)¢]? where x5 € P
Proposition 3.10:

If (¥nl}is asequence in the ordinary Hilbert space (P, (] -}}cnﬂverge

to X then fix,. %, )} is asequence of fuzzy peints in the fuzzy Hilbert space

(P,(-1:2-f)  converge to %= where %1.%2... €(0,1]
Proof:
X, = xinP ,then nli—ﬂllxn —x|| =0.

1
e (0, 1]converge to o [this is possible o ,=| 1— —) Dc]
Take sequence voon
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Hence L%y, %, )] is afuzzy sequence in (P, (- | ).

Now since lim-—(n — ) [|lxn—xH |_f(4) = [lim~(n - ) 1/A|] [xn—=x[|II_f =0] 1 where
A=min

{eocn} thus {lan 250} is fuzzy sequence in the fuzzy Hilbert space!P. (- | J¢.

Proposition 3.11:

If {3, }is cauchy sequence of fuzzy points in an ordinary Hilbert space

(P,(.].)) then {xq. =4} is acauchy sequence of afuzzy point in the fuzzy Hilbert space
(P ),

Proof:

is Cauchy sequence in P.{xn}

je ¥2=0,3M = 0such that

||x_m—.1:_n | ==& Vmn=M

Take ®, be asequence where oc € (0,1] which is cauchy sequence

Where [* n = (1—1/n) ]

Hence [(%n,0¢,)}isafuzzy sequence in(P.(-] ).

Since |llxm—xn|]f ) =1/A|(jxm-xn|) <=

ie [(x, 0, )}isafuzzy sequence ina fuzzy Hilbertspace(P,(-|-)¢).
Theorem 3.12:

If (P.(-]))isan ordinary Hilbert space then(P, (- | )¢) is afuzzy Hilbert space by defining

1 ) )

(=lve), =5 xly) A=minfx,B)ape(01]

Proof:

(P,(.|)-B) is afuzzy pre-Hilbert space by proposition (2.2)

Since (P,]. || ) is complete normed space where |jx|| =((x|%)s) so (P.1[|-||]_f) is

1

A fuzzy complete normed space where Bl = 1] Ve e P
Thus 'B.(: | Jglis a fuzzy Hilbert space.

Example 3.13:
The space L?[a, blis a Hilbert space with pre — Hilbert defined by
b

(xxlifra ), = | xoyo d where x(£), y(t) € L2[a, b]

Hence (L"2 [a.B] ,( | _f) is fuzzy Hilbert space with fuzzy pre — Hilbert

. 1
Defined by '™ ve), =3 ).
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