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Abstract:

We give a new map named (Rabinovich-Fabrvikant equations) and find five fixed points we

study only one fixed point x,(0,0,0), and all general properties of them We prove that the contracting
and expanding area of this point , thought the study of the chaotic of the point by use the Wiggins
defined and we proof that the lyapunov exponent of the point xo (0,0,0) is positive .We use matlab
program to show sensitive dependence on the initial conditions and transitivity of (R-F).
Keywords: The Rabinovich-Fabrvikant equations, fixed point, Jacobin of Rabinovich-Fabrvikant
equations, sensitive dependends on intial condition ,transitivity, Lyapunov exponents of the
Rabinovich-Fabrvikant equations Lyapunov dimension , topological entropy of Rabinovich-Fabrvikant
equations
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1.Introduction
Rabinovich -Fabrikant[1979] Recently, we look more closely into the
Rabinovich-Fabrikant system, after a decade of the study in [Danca & Chen,2004],
discovering some new characteristics such as cycling chaos, Tollmien-Schlichting
waves in hydrodynamic ows, wind waves onwater, concentration waves during
chemical reactions in a medium where diusion occur, Langmuir waves in plasma,
etc[Michal et al., 2015]. the Rabinovich — Fabrikant equaction is three dimensions and
two parameterst and a and the system is chaotic :-
zy —y +yx?+tx
3xz+x—x3+ty
—2za — 2zxy

Definition and Notations:-

h(x,y,z)
three dimensions if only

p
Pair (g) such that f( )
h

fx,y,2)
Let F:R3® » R® suchthat F ( ) = g(x,y,z) | be a map. We called fixed point of

p p
g) =g and h( ) =h .then fixed point is
h h

p X
attracting if and only ifF" ( ) —><g ) n — oo for every (y) in the disk
h z
p
centered of (g )
h

F  is called diffeomorphism provided if F is one —to —one ,onto , inverse and
® The mixed k' partial derivatives exist and one continuous is called ¢®
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Assume that the first partials of the coordinate maps f;, f; and f3 of F exists at vy.
We find Jacobin of F at vy by the determined of DF (vo) and its denoted by
J =|det(DF (Vy))|F is called area contracting at vo if |[det(DF (Vy))| < 1, and F is

area expanding at vo if |det(DF (V,))| > 1.

Definition (2.1):- (Kolyada and Snoha, 1997):-

The f: X — X is said to be sensitive dependence on initial conditions if there
exists €> Osuch that for any x, € X and any open set UcC X containing x,there
exist y, € U and  n € Z*such that d(f™(x,), f*(y,)) >€ that is 3 €>
0,Vx,V6 > 0,3y € B (x),3:d(f™(x0), [ (vy)) =€

Definition (2.2)( Fotion, 2005):-
Let f: X — X be a continuous map and X be a metric space. Then the map f is
said to be chaotic according to Wiggins or W-chaotic if :
1- f is topologically transitive.
2- f is exhibits sensitive dependent on initial condition.

Definition (2.3)(Sturman, 2006):-
The map f:R™—>R™ will have n Lyapunov exponent, say

Li(x,v), L (x,v), ...... , Ln (x,v) for a system of n variable . then the Lyapunov
exponent is the maximum n Lyapunov exponent that 1s
L; (x,v) = max{L; (x,v),L,(x,v), ... Ly, (x,v)} . Where v = (vq,v,, ..., ).

Proposition(2.4):-
Ift# 1 then the Rabinovich - Fabrikant equation has five fixed points Py(0,0,0)

_ bR1+2b 4b-3a aR1+R2
p12 - (i 'i b ) )’
4b-3a Ry +2 ' (4b—3a)R, +8b—6a
( bR1 —2b 4b 3a aR1
bz = 3a—4b == 2-R; ' (4b— 3a)R1 —8b+6a

and we study only one fixed points Py(0,0,0) .

Proof:-

zZy—y+yxi+tx=x ... (1)
3xz+x—x3+ty=y............. (2)
—2za —2z2xy =27 ........ 3)

Since

—2za—2zxy—z=0 , z(—2a — 2xy — 1) = 0 therefore z =0 ..... 4)
We put (4) in (2) we get

x—x3+ty—y=0hancey=xt__x ............ (5)

We put (S)and (4) in (1)

( )x +tx—x=0 ,
x*+t? - Zt) =0

If x=0theny = 0and z = 0 then py(0,0,0)
Or

The other four points by[5]

o bR, +2b 4b 3a aRy + R,
X12 = (£ 4b —3a ’ R1 +2 ’'(4b—-3a)R, +8b—6a
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PN bR, — 2b 4 b4b—3a aR; — R,
X34 = (% 3a—4bh ' 2—R, '(4b—3a)R, —8b + 6a

Where R; = V3a? —4ab +4 and R, 4ab? — 7a*b + 3a® + 2a

Proposition (2.5):-

If t#1 and 0#0 the Jacobain of the Rabinovich —Fabrikant equation is
2a(—1—t?)
Proof:-

The differential matrix of Rabinovich —Fabrikant equation of
af(vo) afz(v0) 9f(vo)

ox ady 0z £ -1 0
F) F) F)
DRg (vo) =222 fazy(") T then, DRy (PO) =1 ¢ 0
af2(vo) 8f2(wo)  af(w) 0 0 —2a
ox ady 0z

Therefore  J=det DR, (Po) =-2a det |§ _tl| = —2a(t?*+1)=2a(-1 - t?)m

Proposition(2.6):-

1. If|tl < 1and |a| < (2(_1;%2)
area contracting at po .

2. Iflt] > 1 and |a| > T then since t#1 Rabinovich —Fabrikant equation is
area expanding at Py .

Proof :-

1. If |a| < ﬁ such that t < 1 then the absolute value of Jacobain of
Rabinovich —Fabrikant equation is least than 1 that is R, , is area contracting
map.

2. If t > 1since || = |det (DRye (Py))| = 12a(-1-t?)| > 1

By hypotheses |a| > z(Tl-tZ) then R, is area expanding m

since t #1 then Rabinovich —Fabrikant equation is

Remark (2.7):-
The R, ; 1s on to and is not one to one then R, ; is not diffemorephism.
Proposition (2.8):-
Then R, ¢ is ¢®
Proof :-
9R1 _ 9Ry _ _ 2,2 ORs_ _
X 2xy +t ’ax_32+1 3x ax = 2zy
dR? oy oR; ox oR; 0
0X? BN Loox?
ORy _ R _ _ ORs _ ORY _
e =0 o = 0 =il USIEEPPRPRE ogn =0 »  Vne

OR} . o . .
N and a% =0 Vn €N  and these partial derivatives are exist and continous then
Rytisc®m
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Proposition (2.9):-
11'2=tii ,l3=—20(.
Proof :-
t—1 -1 0
Det (DRy; (v)- Al)=det| 1 t—A7 0 = 0 then

0 0 —2a—21
(t- 2)* (-20- 1) + 1 = 0 hance (t- 1)* (-2a- ) = —1 then if (-20-
A) =0 therefore —2a = A
Or (t-A)>=-1 ,Then A =t +i therefore Mo =txiand 13=-20<0 Vt €
R is the eigenvalues of DRo,t (Po)m

Proposition (2.10):-

1.If a<0 and t>0 then Py is repelling fixed point .

2. If t<0 and o>0 then Py is saddle fixed point .

Proof:-

1. Sinced;, =t+i, A3=—-2aanda <0 ,t > 0thentherealpartof A, is
positive they by [1] thenPy IS repelling fixed point.

2. Since Ay, =t+i, A3=—-2aandt <O0,a > 0 thereal part of A;, is
negative so by [1] Py is saddle fixed point m

Proposition(2.11):-

The set of fixed points of Rabinovich —Fabrikant is closed.
Proof:-

Let A be the set of fixed points of Rabinovich —Fabrikant then

X X X X
A={<y>: Ry¢ (y) and R, ¢ (y) = (y)}, A R3 To show that A is closed set
Z z z z

X X X
Let (y) € A° then R, (y) * (y) and since A= R3 we have three distinct
z z z

x
elements in R’then there exist two disjoint open set M,N = R’ such that (y) €
z

x x
M and R, (y) € N , hence (y) EM N (R;})(N) since N open subset in R and
z z

x
Ry¢ (y) is continuous map we have (R;})(N) is open subset in R

Z
u

LetM N (R;})(N =U , we chain that U= A€ to show this , let (T ) € U then

s
u
(r) EM
s
u u u u
and (r) € (Rxt(N)) so (r) € M,R,; (r) € MR, ; (r) € N but since MN N =
s s s s

u u
® then (r) # Ryt (r)
s s
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u u
Hence (T ) € A€ , that is our claim is true , Hance for each (r> € A° we could find
s s

the open set U such that U= A€ so A® is open then A is closedm

3. Properties chaotic of the Rabinovich —Fabrikant:-
Proposition (3.1):-

If |t|>1 then Rabinovich —Fabrikant is sensitive dependent on initial condition .
Proof:-

If la| > 1,|t] > 1 then

X1 zy —y+yx?+tx
Letx = (Y1 |beapointinR®,R,, <| 3xz+x —x3+ty | then
Z —2za — 2zxy
Case(1):-
If |x| < 1 by hypothesis and by definition
—2zaty — ty —2za?"t3ny — t3ny
Ryr(x) < t2y ,thatis Ry ,(x) < t2"y
4za’ (2n)za®®
Thus if|la|>1 and |t| > 1 then n — o
X1 Xy —2zaty — ty
let x;=(Y1]€ R¥,x;=(Y2] 3 Rye(x1) < t2y and R, (x;) <
21 22 4za?
—2zaty —ty
t2y
4za?

that dim(Rg ; (x1), Re c (x2)) = / (—2zaty — ty)? + (t2y)? + (4za?)?
= \/(—22aty —ty)™ + (t2y)" + (4za®)"

If lal>1,]¢l > 1and n — oo , d(RE,(x),RE,(y)) = oo

Hence R, . has sensitive dependent on initial condition

If |x| > 1 form of the Rabinovich —Fabrikant equation . they are diverge on the

iterates of this map . thus it has sensitive dependent on initial condition

We get pictures satisfy the sensitive dependence on initial conditions to the
Rabinovich —Fabrikant in different parameters
by use the Matlab program .

oor 002 oy 0

o om om0 0

m;= -0.3, my,= -0.4 t1,2=0 with initial m;= -0.1, my,= -0.2 t1:0.05 ,t220.04
points with initial points
(0.01,0.02,0.03) and (0.02,0.03,0.04) (0.01,0.02,0.03) and (0.02,0.03,0.04)
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m;=-0.1, my= -0.2 t,=0.01,t,=0.02
with initial points
(0.01.0.02.0.03) and (0.02.0.03.0.04)

initial points
(0.01,0.02,0.03) and (0.02,0.03,0.04)

mi= 01, myp= 0.2 t1:-0.1, t2=-0.2 with

We get pictures satisfy the transitive

parameters by use the Matlab program:-

m=0.5,t= 0 withinitial points
(0.1,0.2,0.3)
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T e

m;=-0.3, my= -0.4 t;,=0 with initial
points
(0.01,0.02,0.03) and (0.02,0.03,0.04)

mi= -0.1, myp= -0.2, t1:O.6 ,t220.7
with initial points
(0.01,0.02,0.03) and (0.02,0.03,0.04)

to the Rabinovich —Fabrikant in different

m=0.02,t=0  with initial points
(0.1,0.2,0.3)
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0.0

a=-0.05,b=-0.1 with initial points m=0.1, t=0.1 with initial points
(0.01,0.02,0.03) (0.1,0.2,0.3)

m=-0.5 t=-0.1 with initial points t,=-0.002, m;=0 with initial points
(0.1,0.2,0.3) (0.01,0.02,0.03)

t=-0,4,m=-0.0001  with initial m=0.5,t=-0.1  with initial points
points (0.1,0.2,0.3) (0.01,0.02,0.03)
Definition (3.2):-

The Rabinovich —Fabrikant is strange attractor if Lyapunovdimension.

Definition(3.3)[Gulick ,1992]:-

Let V be a subset of R% and suppose that F: V—R? has continuous partial
derivatives. Assume also that vy is in V, with orbit {v, };,—o.For each n=1,2,...... we
define D, F(vy) by the formulaD,, F(vy) = [DF(vy_1 )][DF(Vp_3)] .....[DF(vy) ]
where DF(vy ) denotes the 2x2 matrix identified with the differential of F at vi . Then
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D, F(vy) is 2x2 matrix (depending on n). If D, F(v,) has nonzero real eigenvalues,
we denote their absolute values of the eigenvalues by d,; (v, )andd,,(v,). For
convenience we will assume that d,; (vy) = d,,2(vy ). The Lyapunov numbers r;(vo)

1 1

and 1(vo) of V at vp-r1(vo) =lim,_ . [dn; (Vo)]n , ra(ve) =limp_[dps (Vo)]m
provided that the limits exist

proposition (3.4):-
let Ry, : R®* - R*® be the R-F equation the lyapunov exponents of R, . is positive .

proof:-
By properties (2-9)
Ift<1 and & < 1 by proposition |1, ,| = |t +i| , Ift<1 since

X
DRy (3’) y V1,2
A

X
DRa,t <y>,173
Z

X, = rnax{xli(x, vl),xzi(x, vz),xf(x, 173),} then x,, > 0 so in the same way we can
prove if t>1 and ¢ > 1 then L(v)>0

x
X12 = (3’>,V1,2 = hmn—)oo% <0, But ifa<1 then x3=

Z

X
) 1
<y>,173 = llrnn_,oo;

Z

>0 SO

Proposition (3.5):-
If |a] < 0 and t<0 then R, , has a stranger attractor then either
Dim Ap=1-22% ot Dim Ap=1-—212
in |t+i] in|-2al
Proof:-

Casel:- Since |a| < 0 and t<0 then |t + i| < —2a by definition (3.3)
Dn;= max eigenvalues of DyR ;.

Dn=min eigenvalues of DyR ;..

Then

ri=lim,_,(dn,) = lim,,_,,(—2a)

= lim,,_,. (dn,) = lim,_, . (t + i)

. In|-
then dim Afr=1 - | 2?'
In|t+i]

case (2):-If |a| >0 and t > 0, then we can prove by the same way : dim Ar =1 -
In|t+i|

In|-2a|

we recall the theorem (3.35) in [3]by

proposition(3.6):-

The upper estimate of topological entropy of

h R <
t"p( “'t) ~ 2logt +loga

loga

Proof:-
By theorem(3.35) on [3] we get
htop(Ra,t) < lo g max,egn max L € Tyegn [det(DR, (x)|L)]
< logmax,cgnmaxL € Tyepn |2a(—(1 + t2)]
2loga loga
< <
4logt +2loga ~ 2logt + loga
We find estimate of topological entropy of Rabinovich —Fabrikant equation

59



Journal of Babylon University/Pure and Applied Sciences/ Vol.(26), No.(3),2018

We recall the theorem (3.25) on [4] by
Proposition (3.7):-
1. Ifa < O0then|—-2al| > |t + i| therefore
Reop (Ra,t) > log|—2a|
2. Ift>0,a>0then|t+i| >|-2a|then
hiop(Ra) = loglt + il
proof:-
case (1) :-
by proposition (2.9 ) and by hypothesis then
Reop (Ra,t) > log|—2a|
By using the same way, we can prove this case
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