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Sliding Mode Controller Design for Flexible

Joint Robot

Abstract- This paper suggests a flexible joint robot operated by brushed Direct
Current (DC) motor model. Due to complex high-order, nonlinear dynamical
system which operating under parameter’s uncertainty, sliding mode control (SMC)
used to solve this problem of control the flexible joint robot. The SMC method is
identified as one of the effective method to design robust control for the flexible
joint robot, which based on t using a Low Pass Filter (LPF) with suitable time
constant. The mathematical model is presented clearly and the simulations together
with their analysis are done using MATLAB software. Simulation results display the
efficacy of the designed robust control in stabilizing the system states and forcing
the link side angle to converge to the desired value with appropriate control effort.
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1. Introduction

By depending on their make, robot manipulators
classified as flexible and rigid. Rigid
manipulators have raised tensile strength with
more precision because of the material utilized.
However, the technology progression in material
has permitted low weight and cost, which
demands adaptive or robust control laws to deal
with trajectories [1]. Flexible manipulators
display numerous advantages over their
traditional rigid ones: their motors are smaller,
light weight, frugal production, and consume less
energy. As a result of these imperative highlights,
applications of flexible manipulators are
exceedingly created, and accomplished a critical
part in numerous science domains, for example,
operation of surgical [2,3], application in nuclear
[4], and structures of aerospace [5,6]. Joint
flexibility is an important factor to consider in the
controller design for robot manipulators if high
performance is expected. In the recent years,
significant research efforts have been made to
solve the flexible-joint robot control problem.
When there is a difference between that of the
driven link and the angular position of the driving
actuator joint flexibility occurs. It is known that
the joint flexibility can cause oscillations in robot
manipulators. Therefore, it is considered as a
problem [7]. Some approaches of control demand
numerous feedbacks or even a precise system
model [8]. The vast majority of the familiar
schemes about robot manipulators control
strategies are depended on one/both of these
simplified assumptions: Firstly, assumption is
neglecting dynamics of motor. Secondly,
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assumption is neglecting the flexibility of joint
[9]. Thus, like this system, mathematical and
dynamic modeling analysis is significant and
examined by authors as in [10] flexible
manipulators dynamical behavior was analyzed
depended on recursive lagrangian method.
Moreover, in [11] an approach of Newton-Euler
was suggested to robot flexible dynamical model.
Meghdari and Fahimi [12] utilized an analytically
method of elastic manipulators to decouple the
equations of dynamic. Besides, Korayem et al.
[13,14] supposed the flexible manipulator
systems dynamical modeling. Aziz and Igbal [15]
presented modeling and control of a robotic
flexible arm with single DOF where Euler-
Lagrange based method was derived for this
model. Jafari et al. [16] presented flexible
manipulator depended on method of finite
element. Chang and Yen [17] addressed the
motion tracking control for a category of flexible-
joint robotic. Izadbakhsh [8] addressed Lyapunov
design for flexible joint robots controller based
electrically driven as control - input to voltage.
Furthermore, because of uncertainty and
existence of the nonlinear components in its
dynamical model, SMC theory was used by many
authors as for the throttle valve angle control
system, by AL-Samarraie [18]. AL-Samarraie and
AL-Wardie [19] proposed a new SMC design for
the electromechanical system without neglecting
the inductance in the electrical part or
approximating the non-smooth perturbation but
by transforming the electrical part to a low-pass
filter by a primary control design. The uncertainty
in system model parameters is the problem for the
application of many control theories. The sliding
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mode control method can be solved this problem
[20]. Now, a great motion control amount is
accomplished utilizing electric motors, for this
reason, it will be our essential consideration. In
the design, motion control systems can be quite
complicated because various factors have to be
taken into account. The following issues should
ordinarily  be considered: disturbances,
attenuation and uncertainties, i.e. concise these
factors as the uncertainty in system model
parameters, non-smoothness in its model,
nonlinearity, and non-satisfying matching
condition [19]. In [21] to build a dynamic
structure, utilized the output and its derivatives
estimation and in [22], a SMC applied in crane
system to overcome uncertainties. The aim of this
study was to suggest a new method to design
controller for flexible joint robot. Firstly, the
controller designed to transform the electrical
system to LPF with a suitable small time
constant. Secondly, a control law derived for the
mechanical system utilizing theory of SMC, after
linearizing the mechanical system model, which it
is capable to force the mechanical state to the
desired reference in spite of the presence of
uncertainty system model.

2. Mathematical Model

The dynamic equation of the flexible joint single
link manipulator driven electrically as clarified in
Figure 1 can be modelled mathematically as the
following equations:
For the link, the mathematical model based on
Newton’s law is [9, 23];
16 = —mglsin(0) — K(6 — 6,,)

or (1)
6= %(—mgl sin(0) — K(6 — 6,,))
Generally, the torque resulted from a DC motor is
proportional to I,, and magnetic field strength.
Let's say constant magnetic field, T, proportional
to only I, by K,,as interpreted in the following
equation:
T = Knla

where the controller for armature-DC motor
system is the input voltage e,, e, is proportional
to the angular velocity of the shaft by a constant
factor Kj,.

e, = Kyw = K0, (t)

Vol. 36, Part A, No. 7,2018

I_h R L A
+ aFy K
L2y eyt 2
OadllibavA

I
Figure 1: Flexible joint single link manipulator
driven by brushed DC motor [9]

For motor, the mathematical model depending on
Newton's 2" law and Kirchhoff's voltage law for
Figure (1), the equations derived is as follows:

]ém =T (t) — Bém + T(t) = Knmlq —
B6,,(t) + K(6 — 6,,)
or
b = - (Kmla — B8 (6) + K(6 — 6))

(2)
And for armature circuit:
ea(t) - Rala - La% - eb(t) =0
which leads
. 1 .
I, = Z(_Kbgm(t) + ea(t) - Rala) (3)

According to the above equations, the state vector
includes angular position, angular velocity for
both link and motor and the current of motor is:

X, =60 ,% =0=x,%,=0

X3=9m
X3 =Xq =0 ;X4 =0y
Ia=x5

Therefore, the mathematical model in state space
form becomes;

fL=x2 @)
b = (mglsin(e) ~ K —x)
Xy = Xy
(6) )
Xy = 7(Km X5 — Bxy + K(xq — x3))
)

ds = 1 (~Kpxy + eq(t) = Roxs)

(8)

Where the mechanical system interpreted by
equations (4) - (7), while the electrical system
interpreted by the equation (8). Table (1) shows
DC motor parameters.
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Table 1: System parameters values utilized in
numerical solutions [9, 23]

| Parameters | Definition |Vases| v |

mg! | i s :|:|I:.|::ll.|n':qll.ud a N}

I Link inertsa cosflicienl | [J-.'_r: m*}
[a(1) | ATTIENTE CUTes] 14}

Ly Armenze indoctanee L (H)

Ry ANuATUre [esdsance 1.6 ]
Tt Load sorque (N.m)
Tdt] Satar I-.'cr|||r (N m)
i) Rolaor -:I|:|1Im'r|;|:||! mdins

Fm Tange mastanl 0.2 [Nmfd)

K Jont soifiness coefficiznt 100 [Nmfrad)
(1) Applied vahage (¥}
et} Back emi (¥}

Ky Back emf constant 0.6 [Nmja)
[y Rator meriin 0.3 l}.'_?‘ |||:'_|
Boit) Wiseous-friction coefBiceen) | 0001 | (N5 frad) |

3. Sliding Mode Control

Suggested System

Design  for

SMC is a nonlinear control strategy that changes
the dynamics of a nonlinear system. For its ability
to refuse the system model uncertainties and to
the external disturbances that satisfying the
matching condition, it is known robust
mechanism [24]. The objective of the designed
controller is to drive the system states to the
origin; this actually can be done by introducing a
new output function and design the controller to
constrain the states movement within the
neighborhood of this switching surface. The
essential idea of designing SMC algorithms
comprises in two steps: Firstly, choosing a
manifold in state space. Secondly, designing a
discontinuous control and stay there for all future
time. The chattering attitude which frequently
appears in SMC system for many causes like the
nonideality of the switching [25]. Typical
example for second order system illustrated in
Figure 2 [26].

Xl )
\ Reaching
'lmu.w.-

Sliding surfuce

Sliding Plusse 1

Figure 2: Typical example for second order system
[26]
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SMC operated by switching the trajectory of the
system from one structure to other and in between
sliding on a particular line, surface or plane in
state space. The system trajectory motion along a
selected path in state space known the sliding
mode and the controller designed with the aim to
investigate the sliding motion known SMC. It is
chosen because it provides robustness and quick
dynamics [27,28]. The control design approach
presented in this work is beginning by
transforming the flexible joint single link
manipulator to fourth order canonical form with
which the SMC can be designed. To do that the
electrical subsystem equation (8) is transformed
to a LPF with suitable time constant via the
following primary control design;

Let,

1
fs() + gs(u = - (=x5 + uy)
Where, from equation (8): f5= Li(—Kbx4 -

1 .
Rgxs), gs = I u =e(t) and u, is a control

term to be designed later.

Accordingly, equation (8) becomes;

5 = = (=5 + uy) ©)
And the control u is determined as;
w=—={~fs00 + 5 (x5 +u)},

gs(x) #0vx (10)
where T: time constant (selected) for the LPF
resulted by the controller u , where it is assumed
that f5, gs (primary control design) are known
without uncertainty. To this end let us replace xg
in equation (7) by u, as a step to be clarified later
within the SMC context. Accordingly, the fourth
order system dynamics becomes:

N

A = Xa
Xy = 'lr {—rrgl sinCxy ) Rixy ET S
Eo = 34

. 1 . Eum
Kq = ]{_B"’* + K(xy — 2x3)) + —_;'—'ul

Equation (11) is linearized [29] via the following
error function:

e =X —Xgq

or

€1 = X1 — X14 D
ez=xl_Xd=é1 ( )

e3 =X —Xg = €
ey = X1 — Xg = €3

where, x,; is the designed value for x and their
derivative (x4, X4, Xz)Since the relative degree is
four, equation (11) is transformed to a canonical
form in terms of the error function

ép =x®; —x®,; = fa(x) + g()uy (13)
where
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falx) = %(#cos(xl) - ?) (—mgl sin(x;) — K(x; — x3)) +

(ngl sin(x;) X x%) +
%(—Bm + K(x; — x3))

KKm

9(x) =

(14 a)
Now let the sliding variable s (named also as
switching function) be defined as:

S = ey + /1363 + Azez + llel (14 b)

When  switching manifold (the sliding
variable(s = 0)) reaches zero value, the error
function asymptotically will decay to origin since
A4, A, and A3> 0. Where, A, A, and A3 are
positive design parameters.

0=¢€+A36+ 1,6+ Aje (15)
0=m3+A;m?>+A,m+ A, (16)
or

0=(m+a)(m+a)(m+as3)

So,m = —a;, m = —a,and m = —ag

0 =m3+ (a; + a, + az)m? + (a,a, +
a,az+azaz)m+ (a,a,a;) (17)

By comparing equation (16) with equation (17) get:
A = (a1a,a3), A, = (a1a; + a1a3+a,a3), 43 =
(aq +a, +as)
Where, a4, a, and asare positive design
parameters which are selected such that the error
dynamics takes the desired characteristics. To
determine the discontinuous control u; we need
to compute $ and after that apply the sliding
mode condition as follows;
S =¢84+ Azé3 + 1,6, + 1€

= (X4 — X4q) + A3(X3 — X3q) + A, (%2 —
Xaq) + A (%1 — %14)

= ( 79t cos( x;) __) (M_

Kooz (1t g Sm("l)) |

= (x, — xs)) +

J

K [ K
2y, -
L\ J J

A3 (%‘Lﬂxz cos(xy) — ?xz + §x4) +
/12 (—mglsm(x1) _ K(xl—x3)) + A1x2

x4+

1 1 18
_ (Lm cos(x,) — E) (—mglsin(xl) _ K(xl—x3))( +)
1 1 1 1
(mg sin(xl)) +

I

K B K
7(—7x4+ ]( x3)>+l3( X, cos(xq) —
K K -mglsin(xq) K(x1—x3)
sz + 7X4_K)K+ AZ ( I} - I} ) +
Alxz + Tmul
=F(x)+G(x)u;, G>0 (19 a)
Where,
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FFX) - (_g cos(xy) — 5)( mglsin(xy) K(11—X3)) +

I 1 I
} (m—gl x5 sm(xi))
%<—1 £(X1_x3)>+13(

J

2, (Jretsintey) _ Keaoma)) | g o

X4 + x2 cos(xl)——x2 +- x4)+

(19b)
In the certain and uncertain terms $ is rewritten
as;

=0 ()=o) ra()ru)

In the next step the control law u, is derived that
will enforce the state to reach the sliding
manifold in finite time. To design u,, the
candidate function of Lyapunov V is chosen as:

= |s] (20 b)
and its time derivative V is:
V=sgn(s)xs,s+0 (20 ¢)
This is known as the generalized derivative since
the candidate Lyapunov function is non-smooth
[30].
or,

V = sgn(s) x [(g) + A( ) + ul] (21)
In this paper,u, is selected as in the conventional
sliding mode such that V is negative definite;

(20 a)

U = (— (g) -« sgn(s)) (22 a)

Then V becomes:

V =sgn(s) X [A (g) —a sgn(s)] 221)
= —a+A (g) x sgn(s)

or

v<—a+|aZ) 23)

The gain a(must be large enough) that will make
the inequality (23) less than zero (attractiveness
of the sliding manifold and sliding motion). It is
selected as follows:

F F
2@l <le Gl @4
0<p<1
Substituting equation (24) in the inequality (23)
and solving for a, obtain:

<=t fog)
a=a+p (g) 25)
Where, a-is a positive constant.
V<—a
F

u = - (E) —a sgn(s)
or
w == (G). = (a4 8 |G))) some
(26)

Finally, from equation (10) and equation (26), the
control law u is given by:
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4. Simulation Results

The flexibility of joint can cause oscillations in
manipulators so that, it is considered as a
problem. A robust nonlinear controller SMC is
proposed for stabilization and prevent the
oscillation while the flexible joint manipulator
reaches the desired angle. For system closed loop,
the stability analysis is performed. The suggested
controller requires information of feedback for
each velocity and position on link, motor in
addition to armature current. For a flexible joint
single link robot as shown in Figure 1 with
nominal system parameter given in Table 1,
simulation results indicate a good performance of
designed controller. In order to show the
effectiveness of the designed controller, four
simulation cases are performed for the flexible
joint manipulator with single link.The simulation
results in these four cases represent the system
states variations, the sliding variable s and the
control voltage u. All of them plotted versus time.
These states are illustrated above as (x;), (x5),
(x3), (x4) and (x5) respectively which are
stabilized and converge to desired value. For
nominal controller, 4, 1, and A3 are determined
based on pole placement method. The poles are
selected such that the angular position on the link
side reaches the desired angle without overshot as
one of the main requirements. To achieve this
end, the characteristic roots for nominal system
equation (16) are 2, 4 and 6 for a;, a, and a;
respectively, then 1, =48, 1, =44 and A; =
12. In the first case: system states initial
conditions are chosen as [30; 0; 30; 0; 0] in
degree and the desired angular position on the
link side equal to 0 deg. In addition to the
parameters values as mentioned in Table 1.
Figures 3 - 5 clarify the ability of the SMC in
forcing the angular position on the link side to
reach the desired angle within an interval of time
not exceeds 3 sec.

Angular Position on the Link Side
(deg)

0 05 1 15 2 25 3 35 4 45 5 55
Time (sec)
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Figure 3: Angular position on the link side versus

time
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Figure 4: Angular velocity on the link side versus
time
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Figure 5: Angular position on the motor side versus

time
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Figure 6: Sliding variable S versus time

The sliding variable oscillates around s = 0 is
shown in Figure 6. It can also note that the sliding
variable requires less than 0.1 sec to reach and
stay very close to zero value.

The control signal (in voltage) is shown in Figure
7 and its value is less than 22 volts. Figure 7
reveals the high switching process of the
controller due to the discontinuity nature of SMC
law Eq. (29).

Figure 7: Control signal u versus time

When it is required to eliminate the chattering,
the signum function which appears in the sliding
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mode control law is replaced by an approximate
function. The arc tan function is used instead of
the signum function as follows:
sign(s) = %tan‘l(rr X §) (28)
Where, rr > 1 is a design parameter adjusted in
such a way that the response resembles the
sliding motion but in continuous manner. So, Eq.
(27) becomes:

U =- (g) - (ao +8 |(§)|) X %tan‘l(rr X S)

(29)

The suggested system is simulated with
approximate signum function according to Eq.
(28) as clarified in Figures 8-11. The angular
position on the link side response is very close to
system response without approximation. The
chattering in Figure 7 is significantly reduced
compared with that in Figure 11.

40
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Figure 11: Control signal u versus time
In case two: system states initial conditions are
chosen as [60; 0; 60; 0; 0] in degree and desired
angular position on the link side equal to 60 deg.
As shown in Figures 12-15, all of the states are
stabilized and the link side angle converges to the
desired value.
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Figure 12: Angular position on the link side versus
time
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Figure 14: Sliding variable S versus time
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Figure 15: Control signal u versus time
In addition to case one and case two that
illustrated above which are performed for
nominal system parameters, in case three and
case four: change in system parameters, i.e.:

K =122 Nm/rad, mgl = 6 Nm, I =1.44 Kg. m?
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and B,,, = 0 Nm.s/rad. Also, the desired angular
position on the link side is equal to 0 deg. in case
three and 60deg. in case four with same system
states initial conditions in case one and two which
are chosen as [30; 0; 30; 0; 0]. Figures Y6 - Y3
show case three and case four respectively, all of
the states are stabilized and the link side angle
converges to the desired value.

1 \\

Angular Position on the Link Side
(deg)

0 05 1 L5 2 25 3035 4 45 5 55
Time (sec)

Figure )6: Angular position on the link side versus
time

Angular Position on the Motor Side
(deg)

-1
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Figure Y7: Angular position on the motor side
versus time

Figure 19: Control signal u versus time
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Figure 20: Angular position on the link side
versus time
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Figure 21: Angular position on the motor side
versus time
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Figure 22: Sliding variable S versus time
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Figure 23: Control signal u versus time

Due to the flexibility of joint, the armature angle
equal to 63 deg. and the link angular position
equal to 60 deg. while the desired angle equal to
60 deg. as illustrated in Figure 24.
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Figure 24: Angular position on the link side and
angular position on the motor side versus time

5. Conclusion

Simulation results indicate the effectiveness and
robustness of the suggested controller with the
nonlinearity existence and uncertainty in system
parameters. The uncertainty in system parameters
values validate the efficacy of the suggested
controller. Chattering problem is solved by
replacing the signum function with arc tan
function as approximation. In spite of this
approximation, the time required to reach the
target is still nearly equal (with suitable value for
r7) as proved in simulations of these four cases.
The simulation results show that the chattering is
eliminated. Finally, no oscillatory motion of
manipulator end-effector was observed in
reaching the required angle for the link side. This
suggested controller can be utilized for more
comprehensive category of manipulator.
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