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1. Introduction 
In recent years the principles of integro-differential 

equation have It inspired a tremendous amount of research 

work. Many methods can be used to solve integro-

differential equations such as, Wavelet-Galerkin [1], 

Lagrange interpolation [2], compact finite difference [3], 

rationalize approximate solution [8], variation [7], 

conjugate gradient [6], quadrature difference [9], 

collocation [10], Homotopy perturbation [11] and Euler-

Chebyshev method [12]. In the last several years Wazwaz 

[13] found that a brand-new combined style of the Laplace 

transform method with the Adomian decomposition method 

is being developed for analytical treatment of the nonlinear 

integro-differential equations. The combined system is 

capable of treating both first and second kind equations. 

Aruchunan and Sulaiman proposed a Numerical solution of 

first kind linear Fredholm integro-differential equation 

using conjugate gradient method [14]. In 2019 Maitama, S.; 

Zhao found a new integral transform and used to solve 

differential equation [15]. Singh, Kumar and Sushila 

proposed a hybrid variety of the Sumudu transform method 

with the homotopy perturbation method [16] to unravel 

nonlinear equations. The proposed scheme finds the 

solution without any discretization or restrictive 

assumptions and avoids the round-off errors. Asem and 

Zarita used the homotopy perturbation with Sumudu 

transform method to seek out the solutions of nonlinear 

differential equations in an exceedingly series form. They 

discussed that this scheme avoids the round-off errors and 

finds the answer with none restrictive assumptions or 

discretization. After comparing figures between 

approximate, homotopy perturbation Sumudu transform, 

homotopy perturbation Laplace transform and exact 

solutions,they found that the solutions they need obtained 

are of high accuracy. Aggarwal et al. [17] applied Mahgoub 

transform for solving linear Volterra integral equations of 

first kind. Sawi transform is a new integral transform was 

introduced by Mohand and Abdelrahim to facilitate the 

process of solving differential equations, integral equations 

and integro-differential equations in the time domain [18]. 

In [19] they used Sawi transformation and decomposition 

Method to solving Volterra integral equation. In [20] they 

used Sawi Transform of Bessel’s functions with application 

for evaluating definite integrals. In 2021, Higazy used Sawi 

transformation to solve system of ordinary differential 

equations [21]. Let us consider the general form of integro-

differential equation of the following type: 

𝑦(𝑛) = 𝑓(𝑥) + ∫ 𝑘(𝑥. 𝑡)
𝑏

𝑎
𝐹(𝑦(𝑡))𝑑𝑡  (1) 

𝑦(0) = 𝛼, 0 ≤ 𝑥 ≤ 1 (2) 

where the function 𝑓(𝑥) and the kernals 𝑘(𝑥. 𝑡) are given 

real-valued functions and the function 𝐹(𝑦(𝑡))  be non-

linear function of 𝑡. 

The advantage of the Sawi transform Homotopy 

Perturbation Method (SHPM) is its capability of combining 

the two powerful methods for obtaining exact solutions for 

linear and nonlinear integro-differential equations. 
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2. Preliminaries 

2.1 Sawi transform: 
For a given function  𝑓(𝑡) , 𝑡 ≥ 0 then Sawi transform is 

defined as [18]: 

𝑆[𝑓(𝑡)] =
1

𝜇2 ∫ 𝑓(𝑡)𝑒
−

1

𝜇
𝑡
𝑑𝑡

∞

0
  

= 𝑇(𝜇), 𝑘1 ≤ 𝜇 ≤ 𝑘2, 𝑘1,𝑘2 > 0  (3) 

 

2.2 Sawi Transform of some function [18]: 
For any function f(𝑡), we assume that the integral eq. (1) 

exist. The sufficient conditions for the existence of Sawi 

transform are that S[(𝑡)] for 𝑡 ≥ 0 be piecewise continuous 

and of exponential order, otherwise Sawi transform may or 

may not exist. 

𝑆[1] =
1

𝜇
𝑆[𝑡]   

= 1 𝑆[𝑡𝑛]  
= 𝜇𝑛−1𝑛! 𝑆[𝑒𝑎𝑡]  

=
1

𝜇(1−𝑎𝜇)
  

𝑆[sin 𝑎𝑡] =
𝑎

1+𝑎2𝜇2 𝑆[cos 𝑎𝑡]   

=
1

𝑣(1+𝑎2𝜇2)
  

 

Theorem 1. If Sawi transform of 𝑓(𝑡)  is given by 

𝑆{𝑓(𝑡)} = 𝑇(𝜇), then: 

i. 𝑆[𝑓′(𝑡)] =
𝑇(𝜇)

𝜇
−

𝑓(0)

𝜇2 . 

ii. 𝑆[𝑓′′(𝑡)] =
1

𝜇2 𝑇(𝜇) −
1

𝜇2 𝑓′(0) −
1

𝜇3 𝑓(0). 

iii. 𝑆[𝑓(𝑛)(𝑡)] =
𝑇(𝜇)

𝜇𝑛 − ∑
𝑓𝑘(0)

𝜇𝑛−𝑘+1
𝑛−1
𝑘=0 . 

Proof.  

i. Since: 

𝑆[𝑓′(𝑡)] =
1

𝜇2 ∫ 𝑓′(𝑡)𝑒
−

𝑡

𝜇𝑑𝑡
∞

0
  

Integrating by parts, we get: 

𝑆[𝑓′(𝑡)] =
𝑇(𝜇)

𝜇
−

𝑓(0)

𝜇2   

ii. Let 𝑀(𝑡) = 𝑓′(𝑡). Then: 

𝑆[𝑀′(𝑡)] =
𝑇(𝜇)

𝜇
−

𝑓(0)

𝜇2
  

We find that by using i,  

𝑆[𝑓′′(𝑡)] =
1

𝜇2 𝑇(𝜇) −
1

𝜇2 𝑓′(0) −
1

𝜇3 𝑓(0)  

iii. Its proved by Mathematical induction. 

 

2.3 Inverse Sawi transformation: 
Inverse Sawi transformation of 𝑇(𝜇) , designated 

by 𝑆−1{𝑇(𝜇)}, is another function 𝑤(𝑡) having the property 

that: 

𝑆[𝑤(𝑡)] = 𝑇(𝜇)  

i.e. 

𝑆−1{𝑇(𝜇)} = 𝑤(𝑡)  

 

2.4 Sawi transform homotopy perturbation method: 
In this section, we propose SHPM to the following integro-

differential equation: 

𝑦(𝑛)(𝑥) = 𝑓(𝑥) + 𝜆 ∫ 𝑘(𝑥. 𝑡)
𝑏

𝑎
𝐹(𝑦(𝑡))𝑑𝑡  (4) 

with initial conditions: 

𝑦(0) = 𝑧0, 𝑦′(0) = 𝑧1 , ⋯ , 𝑦(𝑛−1)(0) = 𝑧𝑛−1 (5) 

for all 𝑛 = 0,1, … 

Take Sawi transform to both side of the eq. (4) and 

using eq. (5), we get: 
1

𝜇𝑛 𝑆{𝑦(𝑥)} =
𝑧0

𝜇𝑛+1 +
𝑧1

𝜇𝑛 + ⋯ +
𝑧𝑛−1

𝜇2 + 𝑆{𝑓(𝑥)} +

𝜆𝑆 [∫ 𝑘(𝑥. 𝑡)
𝑏

𝑎
𝐹(𝑦(𝑡))𝑑𝑡]  

𝑇(𝜇) =
1

𝜇
𝑧0 + 𝑧1 + ⋯ + 𝜇𝑛−2𝑧𝑛−1 + 𝜇𝑛𝑆{𝑓(𝑥)} +

𝜇𝑛𝜆𝑆 [∫ 𝑘(𝑥. 𝑡)
𝑏

𝑎
𝐹(𝑦(𝑡))𝑑𝑡]  (6) 

where 𝑇(𝜇) = 𝑆{𝑦(𝑥)}. Now apply Sawi inverse transform 

to th both sides of eq. (6), we get: 

𝑦(𝑥) = 𝑧0 + 𝑥𝑧1 + ⋯ +
𝑥𝑛−1

(𝑛−1)!
𝑧𝑛−1 +

𝑆−1 {𝜇𝑛𝑆{𝑓(𝑥)} +

𝜇𝑛𝜆𝑆 [∫ 𝑘(𝑥. 𝑡)
𝑏

𝑎
𝐹(𝑦(𝑡))𝑑𝑡]}  

Take homotopy perturbation method [22] to the above 

equation, we get: 

𝑦0(𝑥) = 𝑧0 + 𝑥𝑧1 + ⋯ +
𝑥𝑛−1

(𝑛−1)!
𝑧𝑛−1 +

𝑆−1{𝜇𝑛𝑆{𝑓(𝑥)}}  (7) 

∑ 𝑝𝑛∞
𝑛=0 𝑦𝑛(𝑥) = 𝑆−1 {𝜇𝑛𝜆𝑆 [∫ 𝑘(𝑥. 𝑡)

𝑏

𝑎
𝐹(𝑦(𝑡))𝑑𝑡]} 𝑝 

 (8) 

From eq. (7), we get 𝑦0(𝑥), and from finding the coefficient 

of 𝑝 in eq. (8), we get 𝑦1. 𝑦2. ⋯ and then the series solution 

is: 

𝑦 = lim
𝑝→1

[∑ 𝑝𝑛𝑦𝑛
∞
𝑛=0 ]  

which is the solution of eq. (4). 

 

3. Examples and Discussions 
Example 1, [22]. Consider the linear integro-differential 

equation of second kind: 

𝑦′(𝑥) = 1 −
1

3
𝑥 + ∫ 𝑥𝑡𝑦(𝑡)𝑑𝑡, 𝑦(0) = 0

1

0
 (9) 

Take Sawi transform on both side of eq. (9), we get: 

𝑆𝑦′(𝑥) = 𝑆 [1 −
1

3
𝑥] + 𝑆 [∫ 𝑥𝑡𝑦(𝑡)𝑑𝑡 

1

0
]  

𝑇(𝜇)

𝜇
−

𝑦(0)

𝜇2 =
1

𝜇
−

1

3
+ 𝑆 [∫ 𝑥𝑡𝑦(𝑡)𝑑𝑡 

1

0
]  

𝑇(𝜇) = 1 −
1

3
𝜇 + 𝑆𝜇 [∫ 𝑥𝑡𝑦(𝑡)𝑑𝑡 

1

0
]  

Now, take the inverse of Sawi transform on both side of the 

above equation, we get: 

𝑦(𝑥) = 𝑥 −
𝑥2

6
+ 𝑆−1 [𝑆𝜇 [∫ 𝑥𝑡𝑦(𝑡)𝑑𝑡 

1

0
]] (10) 

Take the homotopy perturbation method to eq. (10) on both 

sides we get, 

∑ 𝑝𝑛∞
𝑛=0 𝑦𝑛(𝑥) = 𝑝𝑆−1 {𝜇𝑆 [𝑥 ∫ ∑ 𝑝𝑛𝐻𝑛(𝑥)∞

𝑛=0
1

0
𝑑𝑡]}

 (11) 

Equating the identical powers of p in eq.(11), we get: 

𝑦0(𝑥) = 𝑥 −
𝑥2

6
  

𝑦1(𝑥) = 𝑆−1 [𝑆𝜇 [∫ 𝑥𝑡𝑦0(𝑡)𝑑𝑡 
1

0
]]  

𝑦1(𝑥) =
29

100
 𝑆−1(𝜇)  
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𝑦1(𝑥) =
29

200
𝑥2  

Similarly, we find: 

𝑦2(𝑥) =
29

1600
𝑥2  

𝑦3(𝑥) =
29

12800
𝑥2  

𝑦4(𝑥) =
29

51200
𝑥2  

𝑦5(𝑥) =
29

204800
𝑥2  

𝑦(𝑥) = ∑ 𝑦𝑛(𝑥)∞
𝑛=0   

= 𝑥 −
𝑥2

6
+

29

200
𝑥2 +

29

1600
𝑥2 +

29

12800
𝑥2 +

29

51200
𝑥2 +

29

204800
𝑥2 + ⋯  

𝑦(𝑥) = 𝑥 −
97

204800
𝑥2  

 

Table 1. Comparison between SHPM, exact and ATHPM solutions [22]. 

x Exact SHPM ATHPM [22] |𝐄𝐱𝐚𝐜𝐭 − 𝐒𝐇𝐏𝐌| 

0 0 0.0000000 0.0000000 0.0000000 

0.1 0.1 0.0999943 0.1000000 5.680338510−6 

0.2 0.2 0.1999773 0.2000000 2.272135410−5 

0.3 0.3 0.2999489 0.2999999 5.112304710−5 

0.4 0.4 0.3999091 0.3999998 9.088541710−5 

0.5 0.5 0.4998580 0.4999998 1.420084610−4 

0.6 0.6 0.5997955 0.5999997 2.044921910−4 

0.7 0.7 .69972170  0.6999995 2.783365910−4 

0.8 0.8 0.7996365 0.7999994 3.635416710−4 

0.9 0.9 0.8995399 0.8999992 4.601074210−4 

1 1 0.9994320 0.9999990 5.680338510−4 

 

 
Figure 1. Comparison between SHPM, Exact and ATHPM solutions [22]. 

 

From Figure 1 and Table 1, we see that the new method 

is very accurate by comparing the obtained results with the 

exact and ATHPM [22] and it’s made the process easily. 

 

Example 2, [22]. Consider the nonlinear integro-

differential equation: 

𝑦′(𝑥) = 1 −
1

3
𝑥3 + ∫ 𝑥3𝑦2(𝑡)𝑑𝑡, 𝑦(0) = 0

1

0
  (12) 

Take Sawi transform on both side of eq. (12), we get: 

𝑆𝑦′(𝑥) = 𝑆 [1 −
1

3
𝑥3] + 𝑆 [∫ 𝑥3𝑦2(𝑡)𝑑𝑡 

1

0
]  

𝑇(𝜇)

𝜇
−

𝑦(0)

𝜇2 =
1

𝜇
−

3!

3
𝜇2 + 𝑆 [∫ 𝑥3𝑦2(𝑡)𝑑𝑡 

1

0
]  

𝑇(𝜇) = 1 − 2! 𝜇3 + 𝑆𝜇 [∫ 𝑥3𝑦2(𝑡)𝑑𝑡 
1

0
]  

Now, take the inverse of Sawi transform on both sides of 

the above equations, we get: 

𝑦(𝑥) = 𝑥 −
𝑥4

12
+ 𝑆−1 [𝑆𝜇 [∫ 𝑥3𝑦2(𝑡)𝑑𝑡 

1

0
]]  (13) 

Take homotopy perturbation method to eq. (13) on both 

sides, we get: 
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∑ 𝑝𝑛∞
𝑛=0 𝑦𝑛(𝑥) =

𝑝𝑆−1 {𝜇𝑆 [𝑥3 ∫ ∑ 𝑝𝑛−1𝐻𝑛−1(𝑥)∞
𝑛=0

1

0
𝑑𝑡]}  (14) 

where 𝐻𝑛(𝑡) are the Adomain polynomial for the nonlinear 

term 𝑦2(𝑡). 

Equating the identical powers of p in eq. (11), we get: 

𝑦0(𝑥) = 𝑥 −
𝑥4

12
  

𝑦1(𝑥) = 𝑆−1 [𝑆𝜇 [∫ 𝑥3𝑡𝑦0
2(𝑡)𝑑𝑡 

1

0
]]  

𝑦1(𝑥) =
397

1287
 𝑆−1(3! 𝜇3)  

𝑦1(𝑥) =
397

5183
𝑥4  

Similarly, we find: 

𝑦2(𝑥) =
6749

1119744
𝑥4  

𝑦(𝑥) = ∑ 𝑦𝑛(𝑥)∞
𝑛=0   

= 𝑥 −
𝑥4

12
+

397

5183
𝑥4 +

6749

1119744
𝑥4 + ⋯  

𝑦(𝑥) = 𝑥 −
4117661

5803633152
𝑥4  

 

Table 2. Comparison between SHPM, Exact and HPM solutions. 

x Exact SHPM ATHPM [22] |𝐄𝐱𝐚𝐜𝐭 − 𝐒𝐇𝐏𝐌| 

0 0 0.0000000 0.0000000 0.0000000 

0.1 0.1 0.0999999 0.0999996 7.094971210−8 

0.2 0.2 880.19999  0.1999939 1.135195410−6 

0.3 0.3 0.2999941 0.2999691 5.746926710−6 

0.4 0.4 0.3999815 0.3999024 1.816312610−5 

0.5 0.5 0.4999547 0.4997617 4.434357010−5 

0.6 0.6 0.5999061 0.5995059 9.195082710−5 

0.7 0.7 0.6998261 0.6990846 1.703502610−4 

0.8 0.8 0.7997033 0.7984384 2.906100210−4 

0.9 0.9 0.8995248 0.8974987 4.655010610−4 

1 1 0.9992757 0.9961876 7.094971210−4 

 

 
Figure 2. Comparison between SHPM, Exact and ATHPM solutions [22]. 

 

From Figure 2 and Table 2, we see that the new method 

is very accurate by comparing the obtained results with the 

exact and ATHPM [22] and it’s made the process easily. 

 

Example 3, [23]. Consider the following nonlinear 

integro-differential equation: 

𝑦′(𝑥) = −
1

2
+ ∫ 𝑦′2(𝑡)𝑑𝑡, 𝑦(0) = 0

𝑥

0
  (15) 

Take Sawi transform on both side of eq. (15), we get: 

𝑆𝑦′(𝑥) = 𝑆 [−
1

2
] + 𝑆[∫ 𝑦′2(𝑡)𝑑𝑡 

𝑥

0
]  

𝑇(𝜇)

𝜇
−

𝑦(0)

𝜇2 = −
1

2𝜇
+ 𝑆[∫ 𝑦′2(𝑡)𝑑𝑡 

𝑥

0
]  

𝑇(𝜇) = −
1

2
𝜇 + 𝑆𝜇[∫ 𝑦′2(𝑡)𝑑𝑡 

𝑥

0
]  

Now, take inverse of Sawi transform on both side of the 

above eq. we get 
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𝑦(𝑥) = −
𝑥

2
+ 𝑆−1 [𝑆𝜇[∫ 𝑦′2(𝑡)𝑑𝑡 

𝑥

0
]]  (16) 

Take homotopy perturbation method to eq. (16) on both 

sides, we get: 
∑ 𝑝𝑛∞

𝑛=0 𝑦𝑛(𝑥) =

𝑝𝑆−1 {𝜇𝑆 [𝑥3 ∫ ∑ 𝑝𝑛−1𝐻𝑛−1(𝑥)∞
𝑛=0

1

0
𝑑𝑡]}  (17) 

where 𝐻𝑛(𝑡) are the adomain polynomial for the nonlinear 

term 𝑦′2(𝑡). 

Equating the identical powers of p in eq. (17), we get: 

𝑦0(𝑥) = −
𝑥

2
  

𝑦1(𝑥) =
1

8
𝑥2  

𝑦2(𝑥) =
−1

24
 𝑥3  

𝑦3(𝑥) =
1

64
𝑥4  

𝑦4(𝑥) =
−7

160
𝑥5  

𝑦5(𝑥) =
1

320
𝑥6  

𝑦6(𝑥) =
−1

896
𝑥7  

𝑦(𝑥) = ∑ 𝑦𝑛(𝑥)∞
𝑛=0   

= −
𝑥

2
+

1

8
𝑥2 −

1

24
 𝑥3 +

1

64
𝑥4 −

7

160
𝑥5 +

1

320
𝑥6 −

1

896
𝑥7 + ⋯  

 

Table 3. Comparison between SHPM, Exact and HPM solutions. 

x Exact SHPM HPM [23] |𝐒𝐇𝐏𝐌 − 𝐄𝐱𝐚𝐜𝐭| 

0 0.0000000 0.0000000 0.0000000 0.0000000 

0.1 −0.0487902 −0.0487902 −0.0487902 5.161582410−10 

0.2 −0.0953102 −0.0953101 −0.0953101 3.218527710−8 

0.3 −0.1397619 −0.1397616 −0.139761 3.514153410−7 

0.4 −0.1823216 − 70.182319  −0.1823197 1.861555910−6 

0.5 −0.2231436 −0.2231370 −0.2231370 6.576797810−6 

0.6 −0.2623643 −0.2623464 −0.2623464 1.782161010−5 

0.7 −0.3001046 −0.3000648 −0.3000648 3.979062710−5 

0.8 −0.3364722 −0.3363962 −0.3363962 7.604614510−5 

0.9 −0.3715636 −0.3714371 −0.3714371 1.264960510−4 

1 −0.4054651 −0.4052827 −0.4052827 1.823700110−4 

 

 
Figure 3. Comparison between SHPM, Exact and HPM solutions [23]. 

 

From Figure 3 and Table 3, we see that the new method 

is very accurate by comparing the obtained results with the 

exact and HPM [23] and its made the process easily. 

4. Conclusion 
The mixed of homotopy perturbation method with Sawi 

transform shows that it’s a very effective method to solve 
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non-linear integro-differential equations. We have 

compared the result obtained by Sawi homotopy 

Perturbation method (SHPM) with exact solution and 

ATHPM [22] and HPM [23]. We conclude that the new 

suggested method is an efficient to handle non-linear 

integro-differential equations. 
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