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Abstract

This research aims to construct a stage-structured mathematical model to
evaluate the impact of time delay on infectious disease control. The solution's
characteristics are described. Every possible equilibrium point has been determined.
The local stability of all equilibrium points for time delay values is investigated. It
has been shown that the Hopf bifurcation takes place in the vicinity of the endemic
equilibrium point. The periodic dynamics' stability and direction are investigated.
Numerical simulations were provided to confirm the theoretical findings and
understand the effects of varying parameter values.
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1. Introduction

Infectious diseases remain a major worldwide health worry, necessitating efficient control
techniques to limit their effects on populations. So, Mathematical modeling is crucial for
comprehension and predicting disease spread. By utilizing mathematical equations and
numerical simulations, many researchers have proposed many types of epidemic models for
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understanding disease transmission mechanisms; see [1-7]. The (SIR) model, introduced by
Kermack and McKendrick [8], is a mathematical model for studying the spread of contagious
illnesses. It divides the total population into three types: susceptible (S), infected (I), and
recovered (R). Many researchers have studied the (SIR) epidemic model without delay; see
[9- 17].

Time delays are often incorporated into epidemiological models to account for a variety of
factors that influence the spread and progression of infectious diseases. These delays
represent the time it takes for certain processes to occur; for example, the latent period, also
known as the incubation period, indicates the time between infection and the onset of
contagiousness or symptoms. It is an essential factor in predicting the spread of infectious
diseases because, during the incubation period, individuals may be unaware that they are
infected and may spread the disease to others. The latent period of influenza A HIN1 can
range from days to years [18]. Several epidemiological models involving time delays in
various parameters have been suggested and investigated in many literatures for example Rui
et al. [19] suggested an epidemic model type of SIR with time delay describing a constant
infectious period. Edoardo et al. [20] studied the SIR epidemic model with distributed time
delays. In [21] Haojie et al. formulated a delayed SIR epidemic model with a convex
incidence rate. Naji and Hussien [22] have proposed and examined an SEIR epidemic model
incorporating a time delay attributed to the incubation period. B. Li et al. [23] conducted an
investigation into the stability and local bifurcations of a discrete-time SIR epidemic model.In
the absence of a vaccine, Raid and Hassan formed a mathematical model for the dynamics of
the SIR epidemic within a stage-structure population [ 24]. Due to the presence of SIR-type
disease, the population can be divided into three compartments: susceptible, infected, and
removed. Since the susceptible population has a stage structure, it is separated into two
classes: immature susceptible and mature susceptible. They proposed that there are two ways
for the disease to spread: through contact and through outside influence, which led to the
following system:

% =A—a$; — 181 — B1Si] —dSy,

ds

d_t2 — a51 - )/252 — 32521 — dSz , (1)
% = Y151 + B1S1l + ¥2S; + B2Sol —dl = W1,

R _ 9l —dR .
dt
In system (1) , S;(t) and S,(t) represent immature susceptible and mature susceptible at

time t respectively; I(t) and R(t) represent the infected and recover at time t , respectively;
The recruitment rate is represented by A > 0 ; « is grown up rate ; external incidence rates
for S;(t) and S,(t) are denoted by y,and y, respectively ; contact rates for S;(t) and S,(t)
are represented by p; and B, respectively; d is natural death from S, (t), S,(t) , I(t) and
R(t) ; W is th recover rate.
Diseases may not be transmitted to susceptible individuals when they come into touch with
infected individuals (I). They often require some time for transmission. This time called the
delay. It takes for an infection to be transmitted from an infected person to a susceptible
person after touch. In the first step in this paper, taking into account the aforementioned,
system (1) is modified to involve the delay time in the incidence rat . The resulting system is
described as follows:
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% =A—aS; —y181 — 1St — DIt —7) — dSy,
% = aS; — V25, — BS:(t —DI(t — 1) —dS; , o
% =181 + L1S1(t — DIt — 1) + ¥,S, + 25,(t — D)I(t — 1) — dI — VI,
R — @l —dR.

at

Here 7 is a time delay representing the incubation period of the disease.The infectious agent
first develops in the host during the incubation period, and it is only after this time that the
infected become contagious. As a result, the number of actively infected at time t appears
through contacts between the actual population of susceptible and infected at the time (t — 7).
Every parameter in system (2) has the same biological meaning as every parameter in system
(1)

From the previous system, we can conclude that R(t) does not effect on S; (t), S,(t) and I(t).
It is possible to omit this equation without losing generality. So, for the purpose of the study,
we take into consideration the following reduced system.

% =A- (lSl _)/151 - ,8151(t — T)I(t — 1') — dSl'

ds
—Z2 =aS; —¥,5; — (St — DIt — 1) —dS, , (3)

dt
% = Y181+ B1S1(t — DIt —T) +¥25; + B2S,(t — DIt —7) —dI — VI

Here S,(¢) > 0,5,(¢) >0and (o) =0 for o €[-1,0) .

The paper is organized as follows: In section 2, we investigate the positivity and bounds
of solutions to the modified system . In section 3, we examine the stability and existence of
the bifurcation. In section 4, the stability and direction of the bifurcating periodic solution are
established.In section 5, numerical simulations have been used for understanding the
dynamics of the system (3). A brief conclusion is presented in section 6.

2. Positive and Boundedness.

The system's (3) equations monitor populations. Therefore, it must be demonstrated to
show that all state variables with nonnegative initial conditions will remain positive and
bounded for all time t . The following theorem investigates the positivity and boundedness of
the system.

Theorem 1. The solutions of the system (3) are positive and bounded fort > 0.
Proof. Since the system's right-hand side interaction functions are continuous and have
continuous partial derivatives, they are Lipschtizaine. Then the system (3) has a unique
solution (S;(t), S,(t) ,I(t)) in R with initial condition .
Now, we show that all the solutions are nonnegative. From system (3), we obtain:
D> S @ty + Bl +d),
as;
d_tz = —=S,(y2 + B.1 + d),
2> —1(d+W).
Thus, it implies
t
$1(8) = Sy(0)exp — {f, (@ +y1+BiI(O) + DA},

$2(8) 2 $,(0exp —{f; (2 + 1) + D)},
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1(6) > 1(0)exp — {f; (d+¥)d()}
As a result, each of the system's (3) solutions is non — negative, because of the positivity
of the exponential function and the initial conditions.
Now , the we demonstrate that the system's solutions are bounded forall ¢t > 0.
Let M(t) = S,(t) + S, (t) + I(t) is the total population.

Then, system (3) provides that:
aM

== AN—dM .
By using Gronwell's lemma, it follows that:
M(t) < M(0)e™% +2 (1 - e™%),
Thus, we obtain
limye M(t) <2,

As a result, it follows that the solutions are bounded.

3. The Local stability and Hopf Bifurcation .

The existence and the analysis of stability are performed in this part. Time delay does not
affect on the location or number of equilibrium points, as a result, system (3) has two
equilibrium points, see [24 ] and it can be represented as follows:

= Uninfected equilibrium point (UEP) denoted E° = (52,52,0) , where

0o_ A
Asl T a+d (4.2)
0 _ a
S2 = d(a+d) (4.0)
It is obvious that E° exists, if I =0 andthe following condition holds :
Y1=v2=0 )
. Endemic equilibrium point (ENEP) is denoted by E* = (S7,S5,1") , where
. _ A
17 q4@,+B.0" +d”’ (6.2)
x al
S = (Bp+BoI* +d) (a+B,+B,1* +d) (6.b)
While I represents the positive root of the following equation:
Kl(l*)3 + Kz(l*)z + K3I* + Ky = O (7)
Here
k1= —(d+Y¥Y)BB, <0
Ky = AB1f1 — (A +WP)[Br(B1 +d) + Bo(a+ By + d)]
k3 = [AB1(By + d) + ABy(a + By)] = (d+ W) [ (a+ By +d)(B; +d)]
K4 == A[l(z + d) + az] > 0
Clearly, E* exists if I # 0 and the following condition holds:
K; <0 OR k3>0 (8)

Now, we first determine the linearized matrix to examine the system's (3) stability at the
obtained equilibrium points E° and E* . At any point, say (S;,S,,1), the general Jacobian
matrix (J) for the system (3) can be expressed as follows:

J=[ayl,,, ti=123 9)
where

g =—[(@+Bi+d)+Bile™ ] +;q1, =0 ;q13 = —p1S1e™"";
21 = Q ;G = —[B+d +ﬁzle_h] 1 Q23 = —[)’2526_/1’;
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q31 =01 + ,3119_/%; q32 = 2+3219_M ;
q33 = (B1S1 + B2Sy)e™ — (d+ W)

Hence, the characteristic equation of the matrix (9) can be expressed as follows:

QM)+ Q;(Me* =0 (10)
Here Q;(4) and Q,(A) are polynomails of A.
The J of the system (3) at the E° is

—(a+d) 0 —B1SPe™
Jo = a —d 0 (11)
0 0 (BiS? + B2SDe™ = (d +'¥))

Therefore, the eigenvalues of ], may be expressed as A¢, = —(a +d) < 0,43, = —d <0 .
Conversely , We utilize the following equation to find the 3rd root.

A+ ([d+P)— (BiSY +B2SHe ™ =0 (12)
Thus ;

1. If t=0, then equation (12) has an eigenvalue A9 = —(d + W) + (8,5 + B,59)
which is negative under the condition:
0 0
Ro<1,R,=0ttFe% (13)
where R, represents the basic reproduction number.
Hense , the UEP is locally asymptotically stable, when R, < 1
2. When 7 > 0 , we assume that equation (12) has two roots which are 1 = ¢ + iw® where
o = 0,w° > 0. Consequently, the direct calculation, by replacing A1 = iw® in equation (12)
and then separating the real and imaginary parts, provides that:
d+W¥ = (S + 5,5 cosw’t

14
—w® = (BSY + B8N sinw’t (14)
Squaring and adding the two sides of the previous equations gives
@° =+ ((BiS? +P259)2 — (d + ¥)? (15)

Note that the condition (13) shows that w®(7) cannot be real when 7 > 0, it contradicts
the assumption. Thus, the characteristic equation’s root (12) cannot be purely imaginary. As a
result, E® is asymptotically stable for all T > 0.

The J of system (3) evaluated at E* is

—(el + eze"“) 0 —eze™
e = a —(e4 + ese™) —ege (16)
v+ ee™ Yy +ese ™ (e3 + e6)e‘“ —-ay

Where
61=(X+1+d;62=ﬁ11*;63=ﬁ15f;84=2+d;e5=ﬁ21*;
66=,3255; e7=d‘|‘llJ .

The characteristic equation of J, is
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A3 +b;2% + byAd + by + (byA? + bsd + bg)e ™ =0 (17)

where

b, =e; +e,+ ey

b, =e;(es +e7) + esey;

b; = ese;(a + ey);
b, =e; +es — (e5 + e);
bs = ej(es +es+eg) +es(e, +es+eg)+es(e; +es)+ Yi€3t Vaee —
e2(B2S1 + eg—es);
be = 93(94(91+ y2)tay; +es(y, — 34)) —deg(a+e; +ey)
+esese; + ey(ey +es).

Thus,
1. If £ =0, then equation (17) becomes

A3+ (by + by)A% + (b, + bs)A+ (bs + bg) =0 (18)
Routh-Hurwitz criterion determines that system (3) for t = 0 is locally asymptotically stable
at ENEP, if and only if the following requirements are met.

B1ST + B8, <d+V¥ (19)
BiS1 My < My (M3 + My) — Ms Mg (20)
Where
M{ = a(y; +es)+ (es +es)(y1 +e2);
M; =e +ey;+e,+es+e;, —(e3+eg);
M3 = (e +e;)(es + e5);
My = —(e; +e;)(es+es—a;) +es(yr +e;);
Ms = (e3+es) —(esates+ay);
Mg = —(es+es)(es+es—ay) +eg(yz +es)

2-when 1 > 0, assume that equation (17) has two roots that are entirely imaginary, and they
take the forms +iw*( w* > 0), if in addition to condition (19), the following condition hold

by < by (21)

The following equations are produced by substituting A = iw* ( w® > 0) into equation

(17) and separating the real and imaginary components
(byw** —bg) sinw*t + bs w* cos w*t = w*> — b, w* (22)
bs w* sinw*t +(bg — b4w*2 ) cos w*t = by w*? — b,

The following algebraic equation is obtained by squaring, adding, and eliminating the
above equations

0+ 0wt + o0 +0;=0 (23)
where
— h2 _ K2 __ .
o, = b? — b2 — 2b,;
O-zzb% _bg_Zblbg +2b4b6,
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Substituting £ = w** in equation (23) vields the following 3rd-order equation:
f(L):L3+O'1L2+O'2L+O'3:0 (24)

Clearly, condition (19) and condition (21) implies that o3 < 0 . By applying Descartes' rule
of sign, the equation (24) has a positive root that is unique, say w;, = v'£. Hense wj, is also the
positive root of equation (23). Thus equation (17) has roots that are entirely imaginary and
represented by +iw; from equation (22) after substituting wy , we obtain:

COS WyT = %
2

Here

&01:(b25— b1b4)(02)3)4+(b1b6+ b3b4—2 b, bs)(wg)? — bs by
$2= b (wx)*+(b;— 2bybg)(wp)® + b

Then, t,, corresponding to wg , we have

T, = i* (cos_l(&) +2nn);n=10,12,... (25)
Wy o2

Define 1y, = min,so Tp.

From equation (17), it follows that system (3) has roots, that are represented by A(t) =
€(t) +iw*(r) such that e(zy) =0 and w*(ty) = wg > 0. As a result, the following
theorem is obtained

Theorem 2 . If requirements (19-20) are satisfied then there is Ty > 0 such that ENEP of
system (3) is locally asymptotically stable for T < t,, and the ENEP becomes unstable when
T > 1, under the requirement (19-21). Finally, for t = t,, the system (3) undergoes a Hopf
bifurcation, if the following requirement is met:

3(wid)? + 20,wy2 + 0, # 0 (26)

Proof. For = 0, the ENEP is locally asymptotically stable under conditions (19-20) .The
Hopf bifurcation's existence will be established for 7 = t,, if we can demonstrate that
the transcendental characteristic equation (19) has roots which are represented by +iw; at
T = T,, as a result, if we can prove

d(ReA(T))

[ dt :|T=T0 i 0.

Differentiating equation (17) with respect to T provides that :
da
[32.2 + 2 blﬂ. + b2 + (2 b4l + bs)e_lr _ ’[( b412 -|- bSA + b6)e—l‘E]E

= A(byA% + bsd + bg)e
(27)

[d_a 1 (322+2by 2+ by)el? 2byA+bs _ 29)
dt

T
T T A(baA%+ bsAt bg) | A(bgA2+boA+ bg) A

Since for T =7y, and A = iwy as a result, we obtain
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dar L ((bz — 3 wy?) + 2i byw; ) (cos wyT + isinwgyT)
[E:I B _bS(I)O + le(bﬁ - b4w82)

To
—bswi? + iwy(bg — bywi?) iwg

So ,we can obtain
d(Rel) _
[, = (RGO 29)

_— *
A=iwg

It is obvious that:

R dxl] R
e = Re
dtl—,

((b2 — 3 wy?) + 2i byw} ) (cos wiT + i sin wit)
—bswy? + i( wg)?(bs — bywy?)
bs + 2i bywy

—bswy? + iwg(be — bywy?)

+Re[

Hence, we have

Re

™t w;;Z [Bwit 4+ (2b% — 4b, — 2b2)wi? + (b3 — 2bybs — b + 2b,by)]
dT]‘r =Tp (waSZ)Z + (b6 b4(‘) 2)2
_ f'(w5?)
(bswy?)? + (bg — bywy?)?

Here f'(wg?) = 3(wg?)? + 20,wy% + 0, # 0 due to condition (26). So, we can show that

. d e an! ) o A
Sign {E (Re)t)|r=ro} = Sign {Re (E)‘L':‘ro} = Sign{f'(ws*)}
Thus, Sign {% (Re)t)|r=,0} # 0, indicating that a Hopf bifurcation occurs at t = t,.

If we presume that %(Rel)hzro < 0, that leads to the conclusion that the characteristic
equation possesses roots with positive real parts at t = t,. This conflicts with the local
stability of the positive equilibrium point. Therefore, we must infer that [d(Re’D] >0

T=Tp
under the condition (26). As a result, the transversality condition holds, and Hopf bifurcation
occursatt =1y, and 1 =iwg .

4. The Direction and Stability of the Hopf Bifurcation.

The above investigation established the requirements for system (3) to have a Hopf
bifurcation which occurs at ENEP when 7 = 7, . In this section, we examine the orientation
of Hopf bifurcation and the essential requirements for the stability of the emerging periodic
solution in the system (3). We achieve this through the application of the center manifold
theorem and normal form theory presented by Hassard et al [25].

Theorem 3.

If the following quantities are determined, then the stability and direction of a bifurcating
periodic solution can be identified
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1. If M, >0(M, <0), then the Hopf bifurcation is supercritical (subcritical) and the
bifurcating periodic solutions exist for T > 1, (t < )

2. If v, <0 (v, > 0) ,then the periodic solutions are stable (unstable)

3. If T, > 0 (T, < 0), then the periodic solutions are increasing (decreasing)

Here M,,v,, and T, are given

2
¢(0) = 2woTo (911 920 — 2|g111* — _Igo;l ) + %,\
__ RGO}
MZ - Re{d—l(‘ro)}’
dt \ (30)

v, = 2Re{C;(0)},

_ —im{C ()M I[P (7o)}

2 = WoTo . J

where 7, is define by equation (25) and » € R. Then system (3) can be transformed into a
functional differential equation in ¢ = C([—1,0], R?) as follows:

u'(t) = Ly (ur) + f G, ue), (31)
where
u(t) = (uy (), up(t), uz(£))" € € = C([—-1,0, R®) and L,: C —» R3, f: R x C - R?
are given by:
Ly (¢) = (¢ + 79)[G19(0) + G19(—1)] (32)

and the nonlinear term is

F
fO, @) = (o + 1) <F2>

F;
where
[ 1((;'-3 O 0 1 [— el O O
G = |r@ @ _ |2 —e 0
1 1000 0100 2, 0l —e, |
€) €) 3)
- 1(01(3000 010000 001000 -
010 0 f001 €2 0 €3
G, =10 0(021)0 0(0231 = ° o % )
3) 3) @3) ¢ €3t C

-/000100 000010 000001-

with e;,i =1,..... ,7 are given in the J, , while.

1
Fi = St jekaz o) fi 91 (0@] (-1) §5 (1),
Fy = Yiametsisz s ﬁ$2k<p1(0)<o;"<0) §5(—1) p5(-1),

e S (097 (009 0] (=1) @4(-1)@% (=D,
where, p(9) = (91(9), 9, (9), p3(9)) € C,—1 < 9 < 0, with

F; = Zi+m+q+j+l+k22
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iti+k £(1)

9 i~m=n o ’
$191°¢3 (¢1;(P1:(P3)=(0;_1;_1)
ai+m+l+kf(2)

Dol(0)¢] (-1 gh(-1) =

@ i m ~1 ~
ik P1(0)927(0) 2(—1) ¢3(—1) = =7 == :
f;mlk ! 2 2 ’ a(p]_(pz (pé <P§ (<P1,¢2.¢2.¢3)=(0.0.—1,—1)

£ P OPR(0)pd (03] (1) B (-D@FE(—1) =

QIHMAq+j+I+K £(3)

i ,mdz) =l =k )
a(p]_(pz (P3<P1 (pz(pg ((pli(le(pZ '(?1'(?2'(7)3):(0'0'01_1l_1'_1)

By the Riesz representation theorem, there exists a matrix and there is a 3 X 3 matrix
function: (Y, %),9 € [—1,0], such that

Li(@) = [, dT(@0,2)0(9), ¢ € C. (33)
In fact, it is possible to choose

T, %) = (t+19)(G16(I) — G,6(Y + 1)), (34)
Here, § is the Dirac delta function

For ¢ € C([—1,0], R®), we define
2w 9 € [-1,0),
AQG)p ) = (39)
[°, dT(m, 1)p(m),9 =0,

and
0, 9 € [-1,0)
P8 9) = (36)
fG, o), Y=0.

Thus, system (3) is equivalent to operator differential equation:
u'(t) = AG) uy + P(x) ug (37)

where, u; = u(t +9), 9 € [-1,0].
Now, for y € C1([—1,0], (R%)*), the adjoint operater A* of A(0) is defined as:

_M’ m € (0,1]
dm

A'p(m) = (38)
12 9(=)deT(£,0), m =0

and a bilinear form

(0(S), () =5(0) @(0) — f,__, f,io 9(€ —0) dI(@) ¢(€) d€&, (39

where, T(Y) = T(9,0) , A(0) and A* are obviously adjoint operators. Forx =0,
by using a straightforward calculation, we can determine that p(9) = (1, py, p,)7 e“o%0? be
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the eigenvector of A(0) which corresponding to lwyTy and
p*(m) = D(1,p%,p3)T e~i@o%o™ he the eigenvector of A* which corresponding to —iw} T,

where
p = - At e, Ui i D
(forootfoo10 € 07 0)—iwg 100001 /00010 € 070
pi=— (fo%)))ooo+§3%01g:_izofs)ﬁ1
0100+ fo010 €70V +iwg
. _ [FGa+r5) e @0 +iag|[fihe+fiate €00 +iwg]
Pz = 1((2;()30[f(3(323000+f(>(3())010 e_irowa]"'[ﬁ(g())ooo"“"fo(gioo e_irows][fo(f?m"‘fo(gio e_irowa"‘iw?)].

From bilinear inner product (39), we get:

(p*(m),p(®) = D(L + Pipy + Bapz + Toe ™0 () + fyo1p2)
+p1Toe " w0"0 (fo(oziopl + fo(o231p2)
v —iw (3) (3) (3)
TP270€ WOTO( 000100 * foo0010P1 + f000001p2)
(40)

1

_, . o 1 1

1+ pips + Dop2 + Toe™'¥0%0 (fo(13 + fo(oip2 \‘
it 2 2

Let,D = +p1To€ lworo(fo(oiom + fo(ogﬂ)z)

s —iw} (3 (3 3
+D270€ lwofo( 000100 T fo00010P1 + f000001pz)

where, D is a complex number and D is the conjugate for D, then (p*,p) = 1 and (p*,p) =
0.

In the following, the characteristics of the Hopf bifurcation are determined using similar
arguments as in [ 25]:

G20 = 270D (B, + Bsp; + Bops) )
911 = ToD(B; + Bepr + B1oP5)
Joz = 27oD(B3 + B,p; + B11P5)
921 = 270D(B, + Bgp; + g«’31217§)J

(41)

where

B, = O(111) Py e~2iwgTo

B, = 0(113 (p1 + P2),

B, = 0(113 ﬁze_ZinT(),

B, = 0(113 (pzwl(i)(_l)e—iwéro _l_% Py Wz(é)(_l)eiwgro +% Wz(g)(_l)eiw(*,‘ro

+w P (1) + w (—1)e~iwimo)

Bs = fo(()221 plpzeiwf,ro’

B = Zfo(ozil pP1DP2;
B; = fo(()221251 p2€

21:(1)8'[0
)
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By = 0(021)1 ( (2)( 1)ela)0T0 + pZWli)( 1)8—10)010 + plwli)( l)e—lwo‘fo
+ % (3)( 1)810)010)

f00101 p, 2wt +f00011 Pip2 €
0 — f000101(p2 + Pz) + ]%00011 (Plpz + Plpz),

) ~ le T —2iwsT
SB11 = fooo101 P2 €100 +fooo11P1P29 "o,

1
By, = 0((?3101 <p2W11)( De~ fwsTo 4 ~

21(1)3‘[0
H

Pawsy (~1)ei@omo +

2
3) —iwjT 1 (3 lwHT
W11( e 0°+2W20( 1)e'®o%o ) +
- (2)( 1)elworo+p2W1i)( 1)e—lw0‘ro +p1W12)( 1)8_“"0TO
+fo00011 Py
+—=w (3)( 1)elw0‘[0
2
with
Wao(9) :lgi p(0) el@oTo? +31(;)90i 5(0) e~ iwoTo? + & e2iwoTod (42)
Wi (9) = - “f,” p(0) elwsm? + L 5(0) emiwin? 4 g, (43)

T T
Notice that, &, = (85”,89,8;3)) and &, = (851),852),8?)) can be determined from the
following equations:

Ji &1 = 21¢/5. (44)
J2 &€ = —T0)>. (45)

where,
Ji = (2iwprol = [, dT(9) e2swo?),

Ji = (2, d=®)),
5= (%1 Bs 589)T,
I = (5’32 Be SB10)T-

Accordingly, it is obtained that:

]*
1 1 1) 200709
l[zwg—(ffoh fifae®®m?) 0 — e
| (2) . 2) (2) e2i0o70¥ ) 210t
~J1000 216, — 0100 T f0010 ) ~Jooo1 ¢
3 3) . 3) ®3)
(fwoooo f0010092L6°T°ﬁ) 0 2iwg — (foo1ooo foooo1ezworol9)
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(€] (€Y} ®
[_(fwo + f010 0 ~Joo1 ]
* | 2 ) ) ) |
J2 = |_f1000 ~(foro0 + Joo1o ~Jooo1 [
I I
3) 3 3 3
l_(f1ooooo + fooo1oo 0 _(f001000 + f000001 J

Thus, Ef) =%",i =1,..,3, where T = determinant of (J;) and I; is the value of the

determinant v;, where v; is produced by substituting the it" column vector of J; by J; for

i =1,..,3. In the same way, 85") = %‘1 =1,...,3, where X is the determinant of (J5) and

¥, is the value of the determinant wu;, u; is produced by substituting the i** colum vector of
J3byJ, fori=1,..,3.

As a result, equations (42)-(45) can be used to calculate w,,(9) and w;, (9 ) . The proof is
completed by determining the terms in equation (30) based on those in equation (41).

5. Numerical Simulation and Discussion .

The main outcomes are numerically depicted using the biologically feasible hypothetical
parameter provided set. The objective is to validate the theoretically obtained findings and
understand the impact of these parameters on the system's dynamics (3). MATLAB was used
to execute all simulations. Furthermore, the values of the following hypothetical parameter set
are selected as being biologically plausible.

A=50,a =0.3,8, =0.001,&, = 0.001,5; = 0.001 3, =0.001,d =04,; ¥ =0.5,
T=6.3n=25
(46)
It is noticed that for the data given by equation (46), the trajectories of the system (3)
approach to E® forall >0 ,asshown in Figure (1).

(A) (B)
80

—35,(t)

70 _ SE([) s
—I(t)
60 05

initialpoint .
04 (0.7,0.9,0.6) stable point
BN (71,53,0.2)

o

Population
s

o)
=
T

(=]
>
T

o ww/”"'v/ﬁ J"

mature Susceptible Immature Susceptible

0 5 10 15 20 2%
Time

Figure 1: The system's (3) trajectories utilizing Dataset from equation (46).
(A) The system's (3) trajectories approach to E°. (B) 3D phase plot for globally
asymptotically stable E°.

We examine the influence of time delay on the behavior of the system (3) around the E*

point.
We investigate how the time delay affects the system's (3) behavior around the E* point.
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Clearly, Theorem 2 requirements are met for the parameters in the data of equation (46) with
@, = 0.01and B, = B, = 0.01. Itis noted that when t = 6.3 the E* point is asymptotic
stable as shown in Figure (2) while for T = t, = 6.4 a Hopf bifurcation occurs at E*as shown
in Figure (3).
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0
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Time

Figure 2: The system's (3) trajectories utilizing Dataset from equation (46) with .
@, = 0.01land B; = B, = 0.01. and ( A) The system's (3) trajectories approach to E* . (B)
3D phase plot for globally asymptotically stable E* .

(A) (B)

Infected

Population

10

10 80
10 60
20 40

20

0 500 1000 1500 mature susceptible
Time

immature susceptible

Figure 3: The system's (3) trajectories utilizing Dataset from equation (46) with B, =
0.01,8; = B, = 0.01. and t = 1ty = 6.4 .(A) The presence of a periodic solution near E*
(B) 3D periodic solution.

6. Conclusions

An epidemic model incorporating a temporal lag for the incidence rate has been
formulated and examined. The introduction of a time delay into the system enhances the
accuracy of representing real-world dynamics in disease spread, as it factors in the time
needed for individuals who have been affected to transition into an infectious state and
transmit the disease to others. With the inclusion of the SIR (Susceptible-Infectious-
Removed) disease classification, the population is segregated into three categories:
susceptible, infected, and removed. Within the susceptible group, a stage-based structure is
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presumed, resulting in two subgroups: immature susceptible and mature susceptible. The
equilibrium points of the proposed system are denoted as UEP and ENEP. The boundedness
of the system has been thoroughly examined. When t > 0 , the UEP is deemed absolutely
stable. Analyzing the ENEP revealed that for t € [0, Ty), it exhibits local asymptotic stability;
otherwise, it becomes unstable, leading to a Hopf bifurcation occurring at t = 1.
Furthermore, we constructed a precise algorithm and essential criteria for analyzing the
stability and direction of bifurcating periodic solutions, employing the normal form technique
and the center manifold theorem. Finally, numerical simulation was employed to verify the
findings and comprehend the impact of varying system parameters, utilizing a hypothetical set
of parameter values.
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