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Abstract

The main purpose of this article is to introduce two different new basic analogue
of the four parameters Mittag-Leffler function. Some g-integral representations and
g-Mellin transforms for these g-analogues are derived. We have also obtained
Riemann Liouville-type, Weyl-type and Kober-type fractional g-integrals and g-
derivatives for these g-analogues of the four parameter Mittag-Leffler functions as
the applications in g-fractional calculus.

Keywords: Riemann Liouville fractional g-integral and derivative operator, Weyl-
type fractional g-integral and derivative operator, Kober-type fractional g-integral
and derivative operator, basic-analogue of Mittag-Leffler function,g-Laplace
transform, g-Mellin transform.

1. Introduction and preliminaries

During the last decades the Mittag-Leffler function also known as the special transcendental
function has come into fame after about eight decades of its introduction. by Swedish
Mathematician Mittag-Leffler, due to its huge applications in solving the problems of
biological, engineering, mathematical, physical and earth sciences, and so on.

Mittag—Leffler function arises naturally analogous to that of the exponential function in
the solutions of fractional integro-differential equations with the arbitrary order.

In 1903, Mittag-Leffler [1], established one-parameter function defined by an infinite
pOWer series:

7l

E.(2) = Zi‘iom R(ry) >0,z € C. (1.2)

and studied the several basic results and properties of this function. The above function
is entire function of the order p = riand type o = 1. This is one of the simplest entire
1

function of the specified order and type.

We observe that when r; = 1, then E;. (z) reduces to the exponential function e? .
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Later in 1905, Wiman [2], introduced a generalization of Mittag-Leffler function E,. (z)
as follows:

l
Eryr,(2) = T R 20, %) 20,2€C (1.2)
The above function is also known as Wiman’s function or two parameter Mittag-Leffler
function and which changes into one parameter Mittag-Leffler function after putting r, = 1.

In the sequence, after few years Prabhakar [3], presented the following three parameters
Mittag-Leffler function, which is defined by

E(rllrz)(z) Zl O T (ir+7) s Re(rl) >0, Re(rz) >0,z,recC. (13)

(Iry+13)”

Where (s); represents the Pochhammer symbol defined as follows [4].

_Ts+D (1 (Il=0;s€ C /{0})
(S)z—W—{s(sH)...(sH—l) (LeN;s€ O.

The above function E(rr . )(z) is an example of entire function with specified order and

type p = e )and o = 1, respectively.

We can easily see that E(Tr1 rz)(z) changes into 2-parameter Mittag-Leffler function E;. ., (z)
after substitutingr =1

In continuation of the generalization of Mittag-Leffler functions, motivated from all in the
above work, Shukla et.al. [5], introduced the four parameters Mittag-Leffler function
andstudied many properties of the function including usual differentiation and integration,
Euler Beta transforms, Laplace transforms,  Whittaker transforms,  Mellin
transforms,generalized hypergeometric series form, Mellin—Barnes integral representation.

l
Bl () = z;;%gj:i ~,Re(ry) = 0,Re(r,) = 0,2,7,5 € C. (1.4)

Where, (1), denotes the generalized Pochhammer symbol.

The function E(Tr'j Tz)(z) have following convergence conditions:

(r )(z) converges absolutely
Vz,if q <Ry +1

{Izl <1,if q = R+ 1.

It is also an example of entire function with order p =

1
R(ry)
(r )(z) is considered as extension of all the above Mittag-Leffler functions defined by

(1.1), (1.2), (1.3) because, we can easily get all the Mittag-Leffler functions after suitable
substitution of parameters in the definition (1.4).

The introduction of fractional calculus is a very essential development in the area of
calculus due to the reality that it has to be widely applicable in many fields of mathematical,
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physical and applied sciences. It is also called the quantum calculus can bedated back to 1908,
Jackson’s work [6] and fractional g-calculus is the basic-analogous of the ordinary fractional

calculus.
For 0 <| q |< 1 the basic-shifted factorial given in [7] as follows:

. b _ {1 (k=0)
( ICI)Z - (CI 'q)l - Hé_:%)(l _ qu) (l I= N)
Here,b,q € Candb # g7 *(k € R,).

The basic-derivative of a function u(t) is given in [7] as follows:

Dy{u(®)} = %{u(t)} = % .

From above, we observe and notice that

limg_; De{u(t)} = = {u(®)},
if, given function u(t) is differentiable.

The basic-integral of a function u(t) is given in [7] as follows:
Jy w()dgt = s (1= q) T2 q'ulsqh,
JJudgt = s (1= ) T2 q ulsq™),

fooou(t)dqt =s(1-q).

Then, (1.5) can be written in terms of basic-gamma function as follows:

_ _ Tq+D(-q)!

here, the basic-gamma function given in [7] as follows:

(9 0
T =
a(%) @%9 0 (1-q)71

where, z € C.
The g-beta function defined as [7]:

1 1 . _ Lq(r)Tq(r2)
Bq(Tl, TZ) - fO ZTI (Zqﬂ q)TZ—lqu - Fq(T'1+ 7‘2)

(1.13)

For | € X,, q —shifted factorial with negative subscript is defined as follow:
1

(b; @)1 = e HasaHa-ba DAY
Which yields
l
_ 1 camiad)
(b, Q)—l - (bq‘l;q)l - (q/b;q);

We also write that
(b; @)oo = [1sZo(1 — bg®),
here, b,q € C.
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From (1.5), (1.14) and (1.15), we can state that:

b;q) o
(b @) = oo, L€ Z (1.17)

The following identities defined in [7] are important to prove our main results:

. k.
(bq™ q)x = —(""”(';S’)q D ez (1.18)

The g-Laplace transform of the function g(u) defined as [8]:

Lolgis} = = [ eq(=swgdqu, (1.19)
where, R(s) > 0.

For g(u) = u®%, on using the result due to Abdi [9], we have

-1(t-1)/2

Lq{ur—l; s} = (Q:Q)r—ilr ’ (1.20)
where, R(t) > 0.
The g-analogue to the Riemann—Liouville fractional integral operator defined as [10]:
Bolf 00} = o Jy (8 =t f(D)dgt, (121)
q
where, R(u) > 0and |g| < 1.
For f(x) = x%7%, the aboveequation yields to
- T'q(6) -
¢ {x%1} = —Fq& ren Al (1.22)
where, R(6 + u) > 0, and exist for all value of u.
Agarwal [11], introduced the Riemann-Liouville type fractional g-derivative as follows:
DE{F (0} = o Jy O = t0)uma f(D)dlgt, (1.23)
where, R(u) > 0and |g| < 1.
For f(x) = x%~1, the aboveequation yields to
DY fx¥1} = —L2 8w (1.24)

Fq(6—u)
where, R(6 — u) > 0, and exist for all value of u.

Al-Salam [10] have established the basic-analogue of Weyl-type fractional integral operator
as follows:

u(1-u)/2
Wz {h()} = 2

Fq(u)
where, R(u) > 0.

St = x)_yeqh(tqW)d,t, (1.25)
From the equation (1.9), the above operator (1.25) can be stated as:
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-u(1+u)/2

ARG} =

- _g(+k) —u—
l"q(u) k=0 q( uk)(1-q " ) (1 - q(1+k))ll.—1 h(xq( u k)) (126)
Where, R(u) > 0.

For f(x) = x~9, the above equation yields to

—u (-8 _ [q(6-w) 5 1)/2,,-8-k
xlooftl{ } (II‘qTx u-u(ut1)/ (1.27)

where, R(6 — u) > 0.

The basic-analogue of Weyl-type fractional derivative operator introduced by Al-Salam
[10] as follows:

—u(1+u)/2
D& q{h(x)} = fo (t— x)_u_lh(tq(“”))dqt, (1.28)
where, R(u) < 0.
From the equation (1.9), the above operator (1.28), can be stated as follows:

x—u(l_q)qu(l—u)/z

2D q{h(0} = T— ¥ 0 g9 (1 = g+ oy h(xq ™) (129)
where, R(u) < 0.
And
1-(b/
(a=b)y = @ To (1.30)

For h(x) = x4, the aboveequation reduces to

Ig(a+uw)

F@ q—au+u(1—u)/2x—u—a' (1_31)

ngo,q{x_a} =

The basic-analogue of Kober-type fractional integral operator introduced by Garg and
Chanchlani [12], as follows:

[ = )t (Odgt, (1.32)

UG = T

Where ,R(u) > 0.

For h(x) = xV, the aboveequation reduces to

vu{ 5} I‘q(v+6+1) x5 (133)

g(v+8+1+u)

Where, R(v+ 6+ 1+ u) > 0.

The basic-analogue of Kober-type fractional derivative operator introduced by Garg and
Chanchlani [12], as follows:

D {f (0} = Ij=a([v + jlg + 2 a7 De) I {f (x)} (1.34)
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Where, n =[R(u)] + 1,n € N.
For, particular f(x) = x9, the aboveequation reduces to
vu 5 I‘q(v+5+1+u) 5
{ } T Taw+6+1) (1.35)

Where,iR(v+5+1+u)>0

In the theory of basic-series, two different g-analogues of the classical exponential functions
are defined as [7]:

k
eq(¥) = T <1, (1.36)
and
qkUe=1)/2xk
E (X) = k OW , x€ C (137)

In, 1996 Atakishiyev [13], has examined the properties of a family of g-exponential functions,
which depend on an extra parameter and shows that these functions have a well-Odefined
meaning for both the 0 < |g| < 1 and |q| > 1 cases if only parameter belongs to [0,1].

In 2009, Mansour [14], has introduced a basic-analogue of the 2-parameter Mittag- Leffler
function (1.2) as follows:

k
€r rq(2) = zfzom, lz| < (1 —q)". (1.38)
Where, ;, > 0,1, € C.

In 2009 [15, 16] Rajkovic et. al. have introduced the basic-analogue of the 2-parameter
Mittag-Leffler function (1.2).
Small g-Mittag-Leffler function defined as follows:

kri+rpy—1 .
e (Z' C) — Zoo z"1Tr2 (C/Z;q)kT1+T2—1
TLT2,q N k=0 (GDkery +r5-1

Big g-Mittag-Leffler function defined as follows:
(kr1+1r2—1)(kr1+712-2)/2 .,k ZkT1+T2—1 C/Z; _
E_r , q(z; C) — Z;:)zoq X ( q)kT1+T2 1
1,72, (_C;q)kT1+T2—1 (q;Q)kr1+r2—1

Where q,z,¢,x, 1,15, € C; Re(r;) > 0,Re(r,) > 0and |g|<1.

lc| < |z]. (1.39)

(1.40)

In continuation Purohit et.al. [17], have introduced a generalized g-analogue of 3 parameters
Mittag-Leffler function (1.3).
Generalized small g-Mittag-Leffler function defined as follows:

r _ yoo @ xz* R
eT1'T2'q(Z) - Zk:O Fq(kT1+Tz)(q;q)k’ |Z| < (1 C[) 1, (141)

Generalized big g-Mittag-Leffler function defined as follows:

k(k-1)/2 7k

r _ o @Dka _ -
Bl rya(®) = i Tt 2] < (1 - ) (1.42)

Where q,z,1,,7, € C; Re(ry) > 0,Re(r,) > 0, Re(r) > 0 and |g|<1.
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For further latest studies on the g-Mittag-Leffler functions and their properties with
applications, see [18-21].

2. Main results

In this section, we introduce two new g-analogue of the four parameter Mittag-Leffler
function (1.4) and may be regarded as generalizations of the g-Mittag-Leffler functions

(1.41) and (1.42).

Definition 2.1 Letz,r,r, 1, € C,s € N;R(r) > 0,R(r,) > 0,R(r;) >0 and |q| < 1, then
the generalized small four parameter g-Mittag-Leffler function defined by thefollowing:

7, (70) = Dinor e and 2] < (1 - )7, (2.1)

nr1+12)(4;@)n
Definition 2.2 Letz,r,r, 1, € C,s € N;R(r) > 0,R(r,) > 0,R(r;) >0 and |q| < 1, then
the generalized big four parameter g-Mittag-Leffler function defined by the following:

n(n—l)/
o 4 2(q";qQ)snz™ _ —r
7"1 7"2 (Z q) Z?’I,:O Fq(m"1+r2)(q;q)n ) and |Z| < (1 q) 1 ' (2'2)

Remark
(i) If we set s = 1in the equations (2.1) and (2.2), then we get g-Mittag-
Leffler function due to Purohit et.al. [17], respectively

r1 r2 (z Q) = er1 T (z; q) (23)
rl r2 (z Q) = E1r"'1 rz(Z q) (24)

(if) If we put r = 1 and s = 1 in the equations (2.1), then we get g-Mittag-Leffler function
due to Mansour [14]

r1 rz (z CI) =Cerm, q(Z) (2-5)
(iii) If we put putr = s = 1 andr, = 1in the equations (2.1), and (2.2), then we get
two g-analogue of Mittag-Leffler function given by (1.1) respectively

r1 1(Z q) erl,q (Z) (26)

EXY (2q) = Eryq(2). (2.7)

(iv) If we put putr = s = 1 andr; = r, = 1in the equations (2.1), and (2.2), then we get
two g-analogue of Mittag-Leffler function given by (1.1), respectively
ell(z q) = eq(2). (2.8)

1,1 (Z' q) = Eq (2). (2.9)

3. Some properties of g-analogue of the four parameter Mittag-Leffler function

3.1. g-integral representations of g-analogue of the four parameter Mittag-Leffler
functions

Theorem 3.1: Letzr,r,r €C,s € N;R(r)>0,R(r,) >R(r;) >0, and |q| < 1then
following g-integral representation hold true:

err, (Z:q)
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o ‘r(‘r—l)/

© —tP -1y — oo (@";:)smt™q 2
€r1 1) (Z CI) < fO eq (Z_P) tr2—m1—1 Zm=0 > dqt' (31)
1- qP)

mri+12)(@:0)7-1(@:Dm

2 -rit+tm

where T = and p €N.

Proof: To prove our result, we consider the right-hand side of (3.1), and denote it by H

T(T— 1)/2

ry—r1—1 J100 @’ smt™q
f % ( ) t Lm=0 Tq(mri+72)(4:0) r-1(G:Dm dqt. (32)

T‘Z T1
T

Then by substitutingz—z = u and using the result (1.6), we have

<1—q%>zu%_1
dgt = e dqu. (3.3)
Then equation (3.2), becomes
—— @ Dsma’ )/2<zu’1’>m
T - q)f €q(ZWU P Ym0 F @ @ 24 (34)

On interchanging the order of integration and summation with condition given in (3.1),
we have

T(‘L’—l)/
— ) (@";:0)smq 2(z2)m -1
- (-0 Zm:o Lq(mr14+12)(@;0)r-1(4;Dm f eq( u) u d u. (35)

Then from the view of equations (1.19) and (1.20), we leads to left-hand side of (3.1),
which complete the proof of Theorem (3.1).
Theorem 3.2: Let z,r,r,r, € C,s € N;R(r) > 0,R(r,) >R(y) >0 and |q| < 1,then

following g-integral representation hold true:
m(m—l)/2+ ‘L'(T—l)/2

_z?T o __tp r,—ri—1voo  @5@Dsmt™q
0 (1 qP> Jo-eq (Z” ) £ 2imeo Tq(mri+72)(4:@)7-1(@:0m dgt,  (36)
wheret =2 and p € N.

P
Proof: We can easily prove the Theorem 3.2, by using the Definition 2.2, and by
following the similar procedure as Theorem 3.1.

Theorem 3.3: Letzr,r,1r, € C,s € N;R(r)>0,R(r,) >R(r,) >0 and |q| < 1,then
following g-integral representation hold true:

(1-q) "
er (zq) = mf (qt .Q)Tz_rl ) err (zt;q) dgt  (3.7)

Proof: Consider right-hand side of the equation (3.7), and denote it by R,
(1-q) po
(1 qu)rq(rZ rl)f (qt 1] q)rz_rl_l T1, Tl(Zt Q)d t (38)
Then by using the Definition 2.1, we have
_ (1-q) o o (@Q)skzktk }

R=a —qT)T (- rl)f (qt ’q)rz_rl_l {Z’FO PqUers+71) (@)K dqt. (39)
On interchanging the order of integration and summation with condition given in (3.7),
we get
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T Q=g (rp—) “K=O T (kry +r) @Dk
(3.10)

Then substituting rl = uand using the result (1.6), we have
1
_ (1_qT1)uT1—1
dgt = o dqu. (3.11)
On using the g-beta function Definition 1.13 and above equation (3.11), in equation
(3.10), we leads to left-hand side of (3.7), which complete the proof of Theorem 3.3.

_ T, k 1
(1-q) Yoo @";@)skz fol (qtrl; q) {tk} dqt.
=71 1

Theorem 3.4: Letz,r, 1,1, € C,s € N;R(r)>0,R(,) >R(ry) >0 and |q| < 1then
following g-integral representation hold true:

B ) = ool [N qq)  ESG@dr (1)

=
(1-q 1)Fq(r2 71) 70 rp—-11—-1

Proof: By using the Definition 2.2 in the right-hand side of (3.12), and with same
parallel line of proof as Theorem 3.3, we get our desired result Theorem 3.4.

3.2 Mellin transform of g-analogue of the four parameter Mittag-Leffler functions.
Theorem 3.5: The following g-Mellin transform holds true:

2(1 - Q)(qr; CI)sn
Malerir, 7 0) 2 Ty (r, + 1) — ) (@ D G13)
where, R(u) > 0,|g| < 1and |z| < (1 q) S
Proof: From the definition of Mellin transform defined in [22], we have:
Molers,(z @)} = [, 24 et (z ) dgz. (3.14)

By the definition of g-analogue of the four parameter Mittag-Leffler function (2.1), we get:

© - 0o @7 @) snz™
q{erlrz(z q)} fO 7zU 1{Zn=0m}dq2. (315)

On interchanging integration and summation, we have:
(@) sn
My{ers. (z )} =T omf 4 d gz, (3.16)
Then, from the result (1.10), we get

(@";@Qsn =400
M{er5, (5 @)} = Sinot o= (1= q) TKZ 2 g (3.17)

Then using binomial theorem as |g| < 1 we get our desired result.
21-9)(q"; PDsn
: 3.18
Malerirn (0} = z Iyt + 7001 — %) (@ D 19
Theorem 3.6: The following g-Mellin transform holds true

-1
2(1- Q)q /2 @ Dsn
q{ 17'2 (Z q)} Z F (nrl + rz)(l _ qu"'n)(q; q)n ) (3.19)

where, R(u) > 0,|q| < 1and |z| < (1 q) 1,
Proof. On using the Definition 2.2, and follow the same rule as Theorem 3.5, we get
our desired result of Theorem 3.6.
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4. Applications of g-analogue of the four parameter Mittag-Leffler function in g-
fractional calculus

4.1. Some fractional g-Integral operators

Theorem 4.1 The following Riemann-Liouville type fractional g-integral holds true:

(1 _ q)u © (qr; Q)sn(ql; q)nz)l+n+u—1

{7z 1e (z:q)) = , 4.1
al (@ D)} (4% Du & To(nry +12) (@4 On (g D (1)
where, |g] < 1and |z| < (1 —q)™ ™.
Proof: Consider left-hand side of Theorem 4.1, and denote it by L
L=lto{z*tel5, (2 )} (42)
Then, by the definition of g-Mittag-Leffler function (2.1), we have
pu {pa-1ye _ @idmz"
L_Iz'q {Z Zn=0 Fq(nr1+7'2)(CIFCI)n} (43)

On applying g-integral, we get
=y ® & u A+n-1
L=2n=o Tq(nr1+72)(@:n Lalz } (4.4)
Then by using the result (1.22), we have

L=2n=0 Tq(nry+72)(q;q)n Tq(A+n+u) z ' (4.5)

With application of the result (1.11), we have
—\o0 (q@";:@)sn A-% A+n+u-1
L=2n=o Fq(nry1+12)(@:)n (a*™q),, z ' (4.6)
On using the g-identity (1.18) and with some simplification, we get our desired result.

u [ a-1,ms (1-q)* @"@)sn(ahq), 24 mrut
Iz,q{z €ry, rz(Z Q)} (ql;q) Y= OFq(nr1+r2)(q)‘+u q)n(q;q)n'

(4.7)

Corollary 4.2 The following result holds true:
Q-9 @ @mz™™
I;Lq{e'l"l TZ(Z q)} . = 1+u. )
(@ Du & Tq(nry +12) (@75 @)
where, |g] < 1and |z| < (1 —q) ™.

Proof: If we substitute A = 1, in the Theorem 4.1, we get our desired result.
Theorem 4.3 The following Riemann-Liouville type fractional g-integral holds true:

w nn-1) ~

JU { A— 1Ers ( )} (1 — q)u Z q /z(qr; q)sn(ql; q)nzl+n+u 1
Z z —

z,q .72 q (ql; q)u — Fq (nrl + rz)(q/1+u; q)n(q; q)n

where, |q| < 1and |z] < (1 —¢)™™.

(4.8)

(4.9)

Proof: With same parallel line of proof as Theorem (4.1), we get our desired result.
Corollary 4.4: The following result holds true:

o n(n-1)
A-¥*q /2(q7; @) gz
(4 @ & Tq(nry +12) (g5 @)

ng{Erl 1, \Z; Q)} =

where, |g] < 1and |z| < (1 —q)7 ™.
Proof: If we substitute A = 1, in the Theorem 4.3, we get our desired result.

(4.10)

Theorem 4.5: The following Weyl- type fractional g-integral holds true:
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At{z7e5 (2 )}

had (qr; q)snz—/1+n+u
= (DA -* ) , 411
1 LT (nry +72)(q M u(g; D 1D
where, |g] < 1and |z| < (1 —q) ™.
Proof: Let left-hand side of equation (4.11), and denote it by M
M= 5t {z%e7. (). (4.12)
Then, by the definition of g-Mittag-Leffler function (2.1), we have
T S L 2 ST L
M= 2leg {Z Zin=0 Fq(nr1+rz)(q;q)n}' (4.13)
On applying g-integral, we get
_yo _ @@sn  g-uf,-24n
M = 2in=o Tq(nri+72)(@@)n aleiglz ™"} (414)

Then by using the result (1.27), we have
— o @’ sn TqA-n-uw) _3in4u u(l—n)—u(l-l-u)/
M = Yo Tqnry+1)(@n Tq(A-n) d q ? (4.15)
On using the g-identities (1.11) and (1.15) with some simplifications, we get our desired
result.

og {z _Aerri.srz (z )}

-A+n+u

~ y o > (qr; Q)snz
B ;Fq(nr1+rz)(q1_“ni Du(a: Dn

(4.16)

Corollary 4.6 The following result holds true:
—-u ) 1
ZIOO,q €r,ry E; q
q@"; Dsnz

SGORCENLY - ,
P LT G+ 1)@ 0@ O

where, |g| < 1and |z| < (1 —q)™ ™.
Proof: If we put A = 0 and replace z to i in the Theorem 4.5, we get our desiredresult.

-n+u

(4.17)

Theorem 4.7: The following Weyl- type fractional g-integral holds true:
Atz ErS (2 )
= (-D*(1 — g)* i qn(n_l)/ 2(q"; Q) enz MM
L To(nry + 1) (0 ™5 q)u (45 @)n”
where, |g] < 1and|z| < (1 —¢q)™".

Proof: With following same procedure as the proof of Theorem 4.5, we get our desired
result.

(4.18)

Corollary 4.8: The following result holds true:
-Uu 7S 1
ZIOO,q Erl,rz (E' Q>
n(n-1) _
q 12(q"; Q) gnz ™ ™H

= (D' -9 ). ,
! L To(nry +12) (074 q)u (45 D
where, |g] < 1and |z| < (1 —q) ™.

(4.19)
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Proof: If we put A = 0 and replace z to § in the Theorem 4.7, we get our desired result.
Theorem 4.9: The following Kober- type fractional g-integral holds true:
PHers, (0)) = (1 RN (@5 Dsn (@7 Q2" ,
i Y @ £t Ty (s + 1) (@774 ), (@ @)

where, |g] < 1 and |z| <(1-q).
Proof: To prove the our result, assume left-hand side of the equation (4.20), and denote
it by N

(4.20)

N - Ivu{eﬁ T2 (Z Q)} (421)
Then, by the definition of g-Mittag-Leffler function (2.1), we have
_ pufye @@
N= Iq {Zn=0 Fq(nrl+r2)(q;q)n}' (422)

On applying g-integral, we get

_ ' @";Dsn vu n
N = 2n=o Tq(nri+12)(q; q)n {z"} (4.23)

Then by using the result (1.33), we have
N = 200 @' sn Tg(w+n+u)
— AN=0T (g +1)(q;q)n Tg(wHn+1+u)

By using the results (1.11) and (1.18), we get our desired result.
1= T (@@ az"
Iv u{eﬁ T2 (Z CI)} v+1 o v+u+1. - '
(@75 @)u & Tq(n1y +12)(q ; Dn(d; Dn
Theorem 4.10 The following Kober- type fractlonal g-integral holds true:

Ivu{E’"S zq)} = C z /2(q D@ (4.26)
1,72 U+1’ q)u F (nrl + TZ)(q”'H”'l, Q)n(Q; Q)n

where, |g| < 1and |z| < (1 —q)” rl

Proof: Similarly as the proof of Theorem 4.9, we get our desired result.

4.2. Some fractional g-Derivative operators

Theorem 4.11: The following Riemann-Liouville type fractional derivative holds true:

qu{zl1 ! 71:157”2(2 q)}

z" (4.24)

(4.25)

(1—u)u/2 © A+n-u—1

_(-D*(q" % q) 4% Vg CHRTBICETIR:
(1 - £ Tg(nry + 1) (0% On (@ On”

where, |g| < 1and |z| < (1 —q)™ ™.
Theorem 4.12 The following Riemann-Liouville type fractional derivative holds true:

qu{zl 1Er1r2(z CI)}
1-wu; o @m-n i
_ (_1)u(q1 . q)uq(a Dug /5 Z q /Z(qr; q)sn(qll; q)nZ/Hn u-1
(1 - — T (nr + 1) (@ Ond Dn
where, |g| < 1and |z| < (1 —q)™ ™.

With following similar procedure as Theorem 4.1 by replacing u by -u and using
the results (1.15), (1.24) we get our desired result of Theorems 4.11 and 4.12.

(4.27)

(4.28)

Theorem 4.13: The following Weyl- type fractional g-derivative holds true:
(1—u)u/ o) .
D {er,s (1 )}: q 2 q@"; @ snz
2ea(nr 7 1)) T @ =g 4 T (nry +12)q™(q;
n=
where, |g] < 1and |z| < (1 —q)7 ™.

—n—-u

(4.29)
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Theorem 4.14 The following Weyl- type fractional g-derivative holds true:
(1 u)u/
2

—1)n/ _ o

1 2 nu T'; 7z n—-u

zDo'éq{Err‘sr (—:q)} z ! @ oz T 7 (4.30)
A2z 1—q™ [y(nry + 12)(q; On

where, |g] < 1and |z| < (1 —q)™ ™.

Proofs of Theorems 4.13 and 4.14 are similar as Theorem 4.5 with using the
results (1.15), (1.27).

Theorem 4.15 The following Kober- type fractional g-derivative holds true:

DIMers, (2:9)) = (@5 @) (@7 Dsn (@ Q2" (431)
e (=" LTy + 1)@ 5 D@ D
where, |g| < 1and |z| < (1 —q)™ ™.
Theorem 4.16 The following Kober- type fractional g-derivative holds true:
o (n-1)n
DYMETS (z:q)} = ”*1, q)u z @ 2(q D@ " (4.32)
rara Iy (nry + 15)(q%* On(q; On '

where, |q| < 1 and |z| < (1 - ) i

With similar procedure as Theorem 4.9 and using the result (1.35) we get our desired
result of Theorems 4.15 and 4.16.

5. Concluding Remark

We conclude our research work by mentioning that all the results derived in this article are
novel and important. Firstly, we have introduced two different new g-analogue of the four
parameters Mittag-Leffler function. Then we have derived g-integral representations and g-
Mellin transforms of our main results. We have also derived Riemann Liouville, Weyl-type
and Kober-type fractional g-integrals and g-derivatives for the g-analogue of the four-
parameter Mittag-Leffler function as the applications in g-fractional calculus. We can easily
see that, if we set s=1, the results of Theorems 1,2,3 yield to the known results due to Purohit
et. al.
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