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Abstract

Some topological games with soft set theory became important in real life
techniques, especially, in economics. Throughout the present work, we introduce
new types of soft sets, say, soft-f-g-open sets and some of their investigations are
studied. In addition, some new kinds of soft separation axioms will be defined, and
their implications are studied. Finally, numerous sorts of soft topological games that
depend on soft separation axioms are investigated. We prove the important
conditions that the first and second players win the proposed games.
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1. Introduction and preliminaries

Many topics and studies in the field of mathematics have dealt with problems that do not
have precise data in an attempt to obtain solutions to these problems like; fuzzy sets and
approximation sets. Molodtsov [1] explained that all of these topics cannot find solutions to
these problems accurately, so he presented a concept soft theory which deals with problems
with inaccurate data to obtain accurate solutions. Subsequently, Maji et al. [2, 3],
generalaization soft set theory of Molodtsov and investigated fuzzy sets via soft theory in
some decision-making real-life problems. Recently, soft sets were studied in many directions
in soft topological spaces in (see [4]-[9]).
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Game theory in topological spaces have been premeditated for numerous years. And then
many games followed, which were known later. A lot of standard the information given by
El-Atik et al. [10] are now obtainable in a formula of a selection games belief the
improvement of viewing exactly solutions overdue those the information.

Recently, there is an alternative of topological games and show effect of the topology may
arise in the certain covering such as separation axioms and compactness and many
topologists used open sets and weak open sets to propose new types of soft topological
property and new games (see [11]- [23]).

The concepts of game theory via topological spaces has introduced and studied by Berge
[15]. Many authors used it to solve some topological problems (e.g. [12]-[14]). Shabir et. Al
[11] initiated the concept of separation axioms and connectedness via soft sets by topological
properties and studied their properties. Soft sets are used in many applications (see [4]-[11]).
The purpose of the work is to use soft sets and soft separation axiom for defining and
studying some new types of topological games. In Section 1, some basic definitions which
can be used throughout this paper will be introduced. In Section 2, we give a generalization
for soft open sets via the sig-open soft collections. In the third section, a lot of kinds in soft
separation axioms on soft-i-g-spaces, say, s{g-T,, -space m € {0,1,2} will be stablished and
some of their characterizations are studied. Finally, soft topological games, namely, SG(T
,X)and SG(To ,0) with perfect information on soft ideal sig-T; -spaces will be applied in
terms of sig-sets and their generalizations.

Throughout this work, (U)¢ will denote to the complement of U w. r. t. X to avoid the
confusion.

Definition 1.1. [2],[3] Let X #+ @, Q be a set of parameters. Such that is p(X) the collection of
X and P # @ such that ? < Q. (F,Q) (briefly, F) is a soft set over X when, F is a function
such that : Q = p(X). So, Fo={F(q):qe P € Q, F:Q - p(X) }. The family of all soft sets
(denoted SS(X)#).

Definition 1.2. [2],[3] Let (F,Q), (G, Q) € S5(X)o. Then, (F,Q) is a soft subset of, (G, Q),
(briefly, (F,Q) € (G,Q)), if F(j) € G(j), whenj € Q. Now, (F, Q) is a soft subset of (G, Q) so,
(G, Q) is a soft super set of (F,Q), (F,Q) € (G,Q).

Definition 1.3. [22] The complement of (F, Q) ((F,Q)’, for short) (F,Q)' = (f',Q), F:Q —

p(X) is a function such thatt'(q) = X-F(q), for all ¢ € Q and T’ is called the soft
complement of F.

Definition 1.4. [14] For any (¥,Q) which is a soft over X andx € X. Then,
x € (T, Q), whenever, x € F(q) for each q € Q.

Definition 1.5. [2],[3] (¥, Q) called null soft set (denoted by, @V @) whenever, V q € Q,
F(q)=0.

Definition 1.6. [2],[3] (F,Q) called absolute soft set (dented by, XV Xq), when vVq € Q,
F(q) =X.

Definition 1.7. [2],[3] Let (F,P), (G, W) € SS(X), (¥,€) = (F,P) U (G, W) where, € =
PUW andVjeE€,
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F(j).jer-w,
KG=4 G(),je W-2>2,
FGHUGEH),jeEPNW.

Definition 1.8. [2],[3] Let (F,P), (G, W) € S5(X), (¥,€) = (F,P) A (G, W) such that
e=PnW,VjeL€. Then, K() = F(G) nGG).

Definition 1.9. [22] For any subfamily of soft sets T on R with same Q, then T € SS(R)q is a
soft topology on R if the conditions are held.

(i) R '@ €T when, @(q) =@and X(q) =X, forall g€ Q,

(i) Ugen (Us,Q) € Twhen, (U,,Q) €T forall a €A,

(i) ((F,Q A (G Q)€ Tforeach (F,Q),(GQ €T,
(R, T, Q) is a soft topological space if (U,Q) € T, so (U, Q) is open-soft.

Definition 1.10. [22] The soft space (X, T, Q), (F, Q) is called a soft-closed set, if (F,Q)' € T.
The set of all soft-closed sets is symbolized by T".

Definition 1.11. [22] For any soft space (R, T,Q), (F,Q)'€ SS(R)q . Then,
(i) CA(FEQY)=N{(wQ:(wQYET, QY E (w,QY}.
(i) Int(G,Q) = U{(0,Q:(w,Q € T (0,Q < (GQ}

are soft closure and soft interior of (¥, Q)’, respectively.

Definition 1.12. [22]Let{# @. Then, T € SS(R)o called soft ideal when,
() If (F,Q) ETA (G,Q) € then F,Q) T (G Q) €L
(i) If(F,Q) ETA(GQ) E (F,Q), then (G,Q) ET.

Definition 1.13. [1] Any (R, T, Q) via soft ideal { is said that a soft ideal topological space
and symbolized by (R, T,Q, ).

Definition 1.14. [22] Suppose that the space (R, T, Q) be soft topological space on R . It is
called a soft-Ty if for all qar, q» € R such that gac # qa, then 3 soft-open (U, Q) containing
qac, but not containing ga or (U, Q) containing ga- but not containing qar.

Theorem 1.15. [22] The space (R, T, Q) is a soft- To-space < for all, g» € R such that gar
# q, there exists a soft closed set (V,Q) s.t. q€ (V,Q) ,qwn € (V,Q)orq & (V,Q), qn €
WV, Q).

Definition 1.16. [22] Let (R, T, Q) be a soft topological space on R . It is a soft-T; if for all
qar,qn € X such that gar # qav, there exists (U, Q), (V, Q) € T such that (D, Q) containing
qac, ot containing qa and (V, Q) containing ga not containing gae.

Definition 1.17. [22] Let (R, T, Q) be a soft topological space on R . It is a soft-T if for all
gac,gn € R such that gar # qav, there exists (U, Q), (V,Q) € T such that (U, Q) containing
qacand (V, Q) containing qa such that (U,Q) N(V,Q) = {@}.

Proposition 1.18. [22] Each soft- T,,,,-Space is a soft- T,, with m € {0,1,2}. And so,
soft- T, = soft- T; = soft- Ty and the converse may be not true, in general.

281



Esmaeel Iragi Journal of Science, 2025, Vol. 66, No. 1, pp: 279-292

2. Soft-{-g-open sets and their properties
The work in this section is a generalization of the concept of soft sets, which will be called,
soft--g-open sets and some of soft topological properties are investigated.

Definition 2.1. Let (R, T,Q,1) be soft ideal topological space and (F,Q) € SS(R)q. Then,
(F,Q) is called to be a a soft-i- closed set (briefly sfg-closed) if CI(F,Q)- (U,Q) € {
whenever, (F,Q)-(0,Q) € fand (U,Q) € T. (F,Q)¢is a soft--g-open set (symbolized sfg-
open set) and its collection is symbolized by sfgo(R)q. The class of each sig-closed sets is
denoted by sfg-c(R)q .

Example 2.2. In the space (R, T,Q 1), such that R=1{1,2} , Q ={qu q2}, T = {@.R F},
= {0,%} such that (F,Q) = {(qu{2}),(q2B)} and (¥,Q) = {(qu{F}),(q2{1}}
thensf{ — gc(R)o={?, R (P,Q, W,Q), (Z,Q), (D,Q), (£,Q, (V,Q),

(G,Q)} whenever (,Q) = {(qr.{1}), (@2 {11} (W, Q)= {(q1,R), (q2.{D}}, (Z, Q= {(q1,R),
(q21{1})}1 (Dr Q) = {(qL R); (qZ; {2})}1 (8, Q): {(ql’{l})! (qZ’{@})}’ (N' Q): {(qla{l})a
(q2.{2})} and (G, Q) ={(q1.{1}), (g2, {Z2})}-

Proposition 2.3. From any soft ideal (R, T, Q, ), therefore
(i) The closed-soft set is sig-closed.
(i) The open-soft set is sfg-open.

Proof. (i) Suppose that (P, Q) be any closed-soft set in (R, T, Q, 1) and (U, Q) be a soft-open
set and (P,Q)-(V,Q) € f, butCI(P,Q) = (P,Q), since (P,Q) is a closed soft set. So,
CI(P, Q- (L, Q) = (P,Q)-(V,Q) € {.Then, (P, Q) is a soft-{-g-closed soft.

(i) Let (U, Q) be any open-soft set in (R, T, Q,{) then (U, Q)¢ is a closed-soft set this implies
by (i) (U, Q)¢ is a sl — g colsed set. Therefore, (U, Q) is a sig-open soft.

Note that the opposite of the above may not be true.

Example 2.4. From the same space in Example 2.2
(i) Let (P,Q) = {(qs, {1}, (g2, {11} be a sig-closed. It is clear that (P, Q) is not closed-
soft set.

(i) Let (P, Q)={(qv {2}), (a2 {21} be a sig-open. But (P,Q) €& T.

3. Soft separation axioms on soft-{-g-spaces
The work in this section is a generalization of the concept of soft separation axioms via
soft-f-g-open sets with some properties are studied.

Definition 3.1. A space (R, T,Q,1) is a sfg-Ty, if for each qa # q» and gar, g € R, 3
(U, Q) € sfsg-0(R)q such that (U, Q) containing gac, but not containing qa or (U, Q)
containing ga-, but not containing gar.

Example 3.2. Let R= {1,2,3}, Q={q1, ¢}, T={0, R, (P, Q), (W, Q) } whenever, (P,Q)=
{(au{1}), (g2, {1} W, Q) = {(qs, {1.2}), (92, {1,2}) and { = {@}. Then, sig-c(R)q = {2,
X,(®,Q), (W', Q) }and sfg-o(R)g = T. Hence , (R, T, Q, 1) is s[g-To-space, since V qm #
qn, 3 (U, Q) € sfg-o(R)q such that containing gac, but not containing qa or (U, Q)
containing g, but not containing qar.

Proposition 3.3. Suppose that (R, T, Q) is soft-To, then (R, T, Q,1) is a sig-Th.
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Proof. Let qar, q» € R whenever qac # g Since (R, T, Q) is soft-To, then 3(V,Q) € T
such that (U, Q) containing gar but not containing qax or (U, Q) containing qa, but not
containing gac. By Proposition 2.3, (U, Q) is sfg-open and satisfies the required condition.

Theorem 3.4. (X, T,Q,1) is sfg-To < for each qar # qa there is a sig-closed set (V,Q) s
such that (V, Q) containing qac, but not containing qa or (V,Q) containing qa, but not
containing gac.

Proof. (=) Let qar, qx € X such that gar # qa~. Since Xis sig-To, then 3 (U, Q) € sig-
o(X)q such that (U, Q) containing qar, but not containing qa or (U, Q) containing g, but not
containing ga. Then,3 (V,Q) € sig-c(X)qg such that (V,Q) containing gar, but not
containing qa or (V,Q) containing g, but not containing gac, where, (V,Q) = (U, Q)¢,
and (U, Q)€ is the complement of (U,Q)w.r.t.X.

(&) Let gar, gx € X such that qac # qa and there is a sig-closed set (V,Q) when
(V, Q) containing qac, but not containing qa or (V, Q) containing qa-, but not containing qar.
Therefore, there is sig-open set (V,Q) = (U, Q)¢ which satisfies the required condition.
Definition 3.5. (X, T, Q,1) is called sig-T, if for each gqar, q» € X and qac # q, there are
sig-open sets (M1,Q), (M2,Q) whenever, gac € (M1,Q) — (M2,Q) and g€ (M,,Q) — (M1,Q).

Example 3.6. A space (R, T, Q,1) such that R = Q = N, where X the set of positive integers,
T = Tscor = {Fa: F'(q) is finite Vg } U {@ } and I = {@}. Then, (R, T, Q,1) is sig-Ta. If for
each qar, q» € R and qac # qa, then, there are sig-open sets (R — M), (R — V) whenever M
Cgnm, VS qxand M,V are finite sets whenever, qac € V¢, qn € V¢ and qac € M€, qn €
M¢and V¢ N Mc° + {0}.

Proposition 3.7. If (R, T, Q) is soft-Ty, then (R, T, Q, 1) is sig-Ti.

Proof. Let qar, qx € R whenever qar # qa. Since (R, T, Q) is soft-Ty, then 3 (M1,Q), (M2,Q)
€ T such that qar € (M1,Q) — (M,Q) and qx € (M>,Q) — (M1,Q). By Remark 2.3, (M1,Q) and
(M3,Q) are sfg-open.

Proposition 3.8. If (X, T, Q,1) is sig-T1, then it is sig-To.

Proof. Let qa, q» €X such that qa # qa. Since (X,T,Q,1) is sfg-Ti, then 3
(M1, Q) , (M2, Q) € sig-o(X)q such that, qar € (M1,Q) — (M2,Q) and qn € (M2,Q) — (M1,Q).
Then, 3 (M, Q) € sfg-o(X)o-open such that (M, Q) containing qac, but not containing qa or
(M, Q) containing g, but not containing gar.

Note that the opposite of Proposition 3.8 may not valid, in general. by Example 3.2.

(R, T,0Q,1) is sig-To, but not sig-T;. Because of 3 qar # g, qac = {1,2} and ga- = {3}, there
is no (M,Q) and (V,Q) when qac € (M,Q), q» € (M,Q) and qx € (V,Q), qac € (V.,Q).

Theorem 3.9. A space (R, T, Q,1) is sig-T, & for each q , q» € R and qac # qa, there are
two sfg-closed sets (M1, Q), (M, Q) such that qa € (M3,Q) N (MJ,Q) and qw
€ (M2, Q)N (M, Q).

Proof. (=) Let qar, g~ € R such that qar # qa. Since (R, T,Q,1) is soft- Ty, then 3
(U1, Q), (U2, Q) € sfg-o(R)qwhenever, q € (U1,Q) — (V2,Q) and q € (U2,Q) — (U1,Q). Then,
there is a sfg-closed sets (M1, Q), (M2, Q) whenever, ga € (M1, Q) - (M2, Q) and gw
€ (M3, Q) - (M1, Q)) where, (U,, Q)¢ = (M5, Q) and (U4,Q)¢ = (M3, Q). Then, there are
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two sig-closed sets (M1, Q), (M2, Q) such that qa € (M, Q) n (M7,Q) and qn€
((M2,Q) N (MY, Q). .

(<) Let gar, g € R such that gac # g and there are sfg-closed sets (M1, Q), (M, Q) such
that qu€ (M1,Q) N (M7,Q) and qx € (M,, Q) N (M1', Q). Then, there are sig-open sets
(U1,Q), (V2,Q) whenever, gar € (U1,Q) — (U2,Q) and qw € (U2,Q) — (U1,Q) where, (M, Q)€ =
(U2,Q) and (M4, Q)¢ = (U1,Q).

Definition 3.10. (R, T, Q,1) is sfg-T,, if for any qar # g there are sig-open sets (M1,Q),
(M2,Q) such that qac € (M1,Q), g € (M2,Q) and (M1,Q) N (M»,Q) = {2}

Example 3.11. Let R={1,2,3}, T={@, R} and I = S5(R)q. Then, sig-c(R)q =sfg-o(R)q =
SS(R)o. Therefore, (R, T, Q, 1) is sig-To.

Corollary 3.12. Each (X, T, Q) soft-Tz is (X, T, Q,1) slsg-T.

Proof. Let gar, q¢€ X and qar # qw. For (X, T, Q,1) sfsg-T2, 3 (M1,Q), (M2,Q) € T such
that qar € (M1,Q), qm € (M2,Q) and (M1,Q) A(M,,Q) = {@}. By Remark 2.3, there are sig-
open sets (M1,Q), (M2,Q), such that gar € (M1,Q), qw € (M2,Q) and (MU1,Q) A(M,,Q) = {@}.

Corollary 3.13. Each (X, T, Q,1) soft-To is (X, T, Q,1) sisg-Ti.

Proof. Let gar, qx € X and qar # g Since (X, T, Q,1) is sig-Tz, then there are sig-open
sets (M1,Q), (M,Q) such that gar € (M1,Q), qn € (M2,Q) and (M1,Q) N(M2,Q) = {@}. This
implies that gac € (M1,Q) — (M»,Q) and gn € (M>,Q) — (M1,Q).

From Example 3.6. The reversable of Remark 3.13 does not verify.

Now, Definition 3.5 can be reformulated for sfg-Ti. If for each qar, q» € X and qar # qw,
then, there are sig-open sets M€, V¢ whenever, qar € V¢, qx € V¢and qa & M, qn €
Ucand V¢ N M€ = {@}. sig-T1 is not necessity to be sig- T». Because of for any s{g-open
sets (Ml,Q), (MZ,Q) such that qm € (Ml,Q), qwm € (MQ,Q), (Ml,Q) n(Mg,Q) * 6 .

In general, each sfg-Ti is s{g-T;+1 Vi = {0,1,2}. The reversable will be not true. This can
be shown in Example3.14.

Example 3.14. (R, T, Q,1) is a sig-T,,-space, m € {0,1,2}, whenever R= {1,2,3}, T = {0, X}
and 1= SS(R)q. Since sfg-C(R)o = sfg-0(R)q = SS(R)o. But (R, T, Q) is not soft-T,,,.

Soft-T,-space « Soft-T;-space « Soft-To-space
s{sg-T.-space > s{sg-Ti-space > {sg-To-space

The reversible of the above diagram will be not true, in general. via Examples 3.2, 3.11 and
3.14.

4. Games in soft ideal topological spaces

In the fourth section, based on the concept of sig-open sets and sig-T;-spaces, i € {0,1,2}
in soft ideal spaces, some numerous types of topological games will be presented and the
comparison between them are discussed.
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In this part, we will symbolize the first step and the second step at any stage of the game
with the symbol stepl (respectively, step2); and we will also symbolize the first player and
the second player in any game as PL1(respectively, PL2).

Definition 4.1. For any (R, T, Q, 1) be a soft ideal space. A game SG(To,R) (resp., SG(To,
for PL1 and PL2 proceeds by playing an inning for all natural numbers in the r-th inning: in
stepl. PL1 , will be choose (qa), # (qn)y Whenever (qar)y, (qx)r € R. In step2, PL2
choose M, a soft-open (resp., sf-g-open set) containing only one of the two elements (qar);
(qa),. Then, PL2 wins in the soft game SG(To, R) (resp., SG(To, D) if M ={ My, M, M3,...
M,,.....} be a family of a soft-open set (resp., sig-open) set in R such that v, (qac)y , (qn)r
€ R,3 M, € M contains one of the following (qxr),, (qx),. Otherwise, Player 1 wins.

In the following, T denotes to the winning and ! to the opposite (losing) strategy.

Example 4.2. Let SG(To,R) (resp. SG(To,0)) be a soft game where, R = {1,2,3}, Q =

{ q1, q2}1 T: {6 ) F 1(:P’ Q)’ (W’ Q)’ (Z’ Q)} Whenever’ (:P, Q) :{(ql,{l}),(W, Q) =

(@211} {(ad3}), (@2{3h} (Z,Q) = {(a1{1.3}).(q2{13)} and [ = {B} . Then sig-
c(R)o=T and sf{g-o(R)o=T. Then, the game will be run in the following innings.

In the first round: the stepl, PL1 will be choose qar # qa Whenever, gar, g € R such that
g = {1} A gnx = {2}. In the second step, PL2 chosen (P, Q) = {(q1,{1}), (q2,{1})} a soft-
open (resp. sig-open set)).

In the next round: the stepl, PL1 will be choose qar # qo Where, gar, do € R such that gac
= {1} A qo = {3}. In the step2, PL2 chosen (W, Q) = {(q1,{3}), (q2,{3})} which is a soft-
open (resp. sig-open set).

In the next round: the stepl, PL1 will be choose ga # o Whenever, da, do € R such that
gr = {2} A qo = {3}. In the step2, PL2 chosen (W, Q) = {(q1,{3}), (q2.{3})} which is a soft-
open (resp., sfg-open set).

In the next round: the stepl, PL1 will be choose gar # gz Whenever, gar, gz € R such that
gm = {1} A gz = {2,3}. In the step2, PL2 chosen (P, Q) = {(q1,{1}), (q2,{1})} which is a
soft-open (resp. sfg-open set)).

In the next round: the stepl, PL1 will be choose g # gs whenever, g, gs € R such that
ar = {2} A gs = {1,3}. In the step2, PL1 chosen (Z,Q) = {(q1, {1,3}), (92, {1,3})} which is
a soft-open (resp., sfg-open set).

In the finally round: the step1, PL1 will be choose qo # q¢ whenever, o, dc € R such that
go= {3} A qc = {1,2}. In the step2, PL2 chosen (W, Q) = {(q1,{3}), (92,{3})} which is a soft-
open (resp., sig-open set)).

Therefore, M = {(P, Q) ,(W, Q) ,(Z, Q)} is the winning strategy for PL2 in SG(To,R) (resp.,
SG(To, 1)) so, PL2 1 8G(To, R) (resp., SG(To, D).

Example 4.3. LetSG(To ,R) (resp. SG(To ,0) is a game whenever,R = {1,2,3} , Q =

{qll qZ}r I = {6 ) F !(W! Q)} Whenever! (W, Q) = {(qli{s})!(qz’{’?’})} Af = {5} then ng_
c(R)o= T A slg-o(R)o= T. Then, In the first round: the stepl, PL1 will be choose qar # qw
whenever, dar, gx€ R since gac= {1} and g» = {2}. In the step2, PL2 cannot find (U, Q)
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which is a soft-open (resp., sfg-open set)) containing one of gar, . S0, PL1 T SG(To, X)
(resp., SG(To, 1)).

Corollary 4.4. In the space (R, T, Q, 1), then
(i)  PL271SG(To,R) implies that PL21 SG(To, D).
(i)  PL1 TSG(To,R) implies that PL1 T SG (To, D).

Corollary 4.5. In the space (R, T,Q,1), if PL2 L SG(To, R), then PL2 | SG(Ty).
proposition 4.6. If the space (R, T, Q1) is soft-To (resp., sig-To) & PL2 T SG(To,R) (resp.,
SG(To, D).

Proof. (=) From the r-th round PL1 in SG(To, R) (resp. SG(To, 1)), will be choose (qar), #
(qx), Whenever, (qa)r , (qn)r € R, PL2 inSG(To,R) (resp. SG(To, 1) chosen (V,, Q) is
a soft-open (resp. sig-open set ) contains one of (qur)r , (Q3)r-

For (R, T, Q) soft-To (resp. sig-To), if M = {(U1, Q), (U2, Q) , (U3, Q), ..., (Ur, Q),...} is the
winning strategy for PL2 in SG(To ,R) (resp. SG(To,1)). Therefore, PL2 T SG(To ,R) (resp.
SG(To, D).

(<) Follows in the same manner.

Corollary 4.7. In the space (R, T, Q),

(i) PL21TSG(To,R) © V qm # qn whenever,qac,qn € R 3 (A, Q) is a closed-soft set
whenever qar € (A, Q) and qx & (A, Q).

(i) PL2 1 SG(To, 1) © Vaqa # qn Whenever,gac,qnv € R3(B,Q) is a sig-closed set
whenever qar € (B,Q) and qn & (B, Q).

Proof. (i) (=) Let qac # qa whenever,qac,qx € R. Since PL2 T SG(To ,R), then, by
Proposition 4.6, (R, T, Q) is soft-To. Therefore, Theorem 1.16, is hold.

(<) By Theorem 1.16, (R, T, Q) is soft-To. So, Proposition 4.6, is hold.

(i) (=) Let qar # qun whenever gac,qy € R. Since PL2 T SG(To, 1), this implies that, by
proposition 4.6, (R, T, Q) is sfg-To. Then Theorem 3.4, is hold.

(<) By Theorem 3.4, the space (R, T, Q) is a sig-To. Implies that Theorem 4.6, is hold.

Corollary 4.8.
(i) Inthe space (R, T, Q) is soft-To & PL1 % SG(To,R).
(i) Inthe space (R, T,Q,1) is sig-To & PL1 % SG(To, 1).

Proof: From Theorem 4.6, the proof is hold.

Theorem 4.9.
(i) Inthe space (R, T, Q) is not soft-To & PL1 T SG(To,R).
(i) Inthe space (R, T, Q,0) is notsig-To & PL1 1T SG(To,1).

Proof.

(i) (=) From the r-th round PL1in SG(To ,R) will be choose (qxr)r # (qa), Whenever
@r)r @n)r %ﬁ, PL2in SG(TO,R)Eannot find (U,,Q) which is a soft-open set (qr), €
(Uer)l (qN)r ¢ (Uer) or (9]\/[)7' ¢ (Ur!Q)v (q]\f)r é (UraQ)- (qM)r! (qJ\f)ri since
(R, T,Q) is not soft-To. So, PL1SG(To, R ).
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(<) Follows directly in the same manner.

(ii) (=) In the r-th round PL1in SG(To, ) will be choose (qr)r» # (q), Whenever, (qac)y
(qx)r € R, PL2in SG(To, 1) cannot find (U,.,Q) is a sig-open set (qar)r € (U,,Q), (qn)r
€ (U,,0) or (ar)r & (Ur,Q), (an)r € (U,,Q), since (R, T, Q) is not sig-To. So, PL11
SG(To D).

(<) Follows directly by the same manner.

From Theorem 4.9, it is easy to prove the following corollary. So, the proof will be omitted.

Corollary 4.10.
(i) In the space (R, T, Q) is not soft-To & PL2 * SG(To,R).
(i) In the space (R, T,Q,1) isnotsig-To & PL2 % SG(To, D).

Definition 4.11. From the space (R, T,Q,{). A game SG(T1,R) (resp. SG(T1, 1)) for PL1 A
PL2 proceeds by playing an inning with all natural numbers in the r-th round : the stepl,
PL1, will be choose (qr)r # (q), Whenever, (qa)r . (Qn)- € R. In the step2, PL2

chosen  (A,,Q),(B,,Q) are soft-open  (resp.  sfg-open)  sets  when
(@0)r € (Ar,.Q)- (Br.OA (qn)r € ((BrQ) - (Ar,Q)). So, PL2 wins in the soft game
SG(Ty JR) (resp. SG(T., D), if

M = {{(A1, @), (B1.Q)}, {(A2,Q), (B2}, oo, {(ArQ), (Br,Q)}, ..} be a collection of a
soft-open (resp. sfg-open ) sets in R such that V (qa), # (qun)r Whenever, (qac)r

(an)r € R 3{(A-Q), (BrQ)IEM such that (qa)r((A-Q)-(BQ)) and
@)~ € ((B,,Q)- (A,,Q)). Others, PL1wins in the soft game SG(T1, R) (resp. SG(Ty, D).

Example 4.12. Let SG(T1,R) and SG(Ty, 1)) be games such that R = {1,2,3}, Q ={ q1, 92},
T=S85(R)q, I = {@}. Therefore, sig-c(R)q = sig-0(R)o = SS(R)o-

From the first round: the stepl, PL1 will be choose qa # qa Whenever, qar,qn € R
when gar = {1} A qx = {2}. In the step2, PL2 chosen (A,Q), (B,Q) when A(q) = {1}, B(q)
= {2} V q which are soft-open (resp., sig-open ) sets.

In the next round: the stepl, PL1 will be choose gar # o Whenever, gar, qo € R when gac
= {2} A qo = {3}. In the step2, PL2 chosen (B,Q), (C,Q) when B(q) ={2},¢C(q) ={3} V¢q
which are soft-open (resp., sig-open ) sets.

In the next round: the stepl, PL1 will be choose ga # o whenever, ga, go € R when qa
= {1} A qgo = {3}. In the step2, PL2 chosen (A,Q), (C,Q) when A(q) = {1},¢c(q) ={3} V¢q
which are soft-open (resp., sig-open ) sets.

In the next round: the stepl, PL1 will be choose qar # gz Whenever, gar, gz € R such that
gm = {1} A gz = {2,3}. In step2, PL2 chosen (A,Q), (D,Q) when A(q) = {1}, D(q) = {2,3}
v q which are soft open (resp., sfg-open ) sets.

In the next round: the stepl, PL1 will be choose ga # gs whenever, g, gs € R such that

gnv = {2} A gs = {1,3}. In the step2, PL2 chosen (B,Q), (£,Q) when B(q) = {2}, £(q) = {1,3}
V q which are soft-open (resp., sig-open ) sets.
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In the finally round: the step1, PL1 will be choose o # q¢ whenever, go, qc € R such that
Jo = {3} A qc = {1,2}. In the step2, PL2 chosen (C,Q), (F,Q) when C(q) = {3}, F(q) = {1,2}
V q which are soft-open (resp., sig-open ) sets.

Then, M = {{(A, @), (B, )}, {(B,Q), (C, @)}, {(A, @), (C, )}, {(A, @), (D, )},
{(B,Q),(E,QL{(C Q),(F,Q)}} is the winning strategy for PL2 in SG(T; ,R) (resp.
SG(Ty, 1)). So, PL2 1T SG(T1,R)(resp. SG(Ty,1). By the same way in Example 4.3, PL1 1

SG(T1,R) and PL1 T SG(Ty1).

Corollary 4.13. In the space (R, T, Q, 1), we have
(i) PL271SG(Ty,R), implies that PL2 T SG (T4, 1).
(i)  PL1 1 SG(Ty, 1), impliesthat PL1 T SG(T1,R).

Corollary 4.14. In the space (R, T,Q, 1), if PL2 | SG(T1, R), then PL2 | SG(Ty, D).
Theorem 4.15. If the space(R, T, Q, 1), is soft-Ty (resp., sig-T1) & PL2 T SG(T1,R) (resp.,

SG(T]_, f))

Proof. (=) From the r-th round PL1in SG(T: ,R) (resp. SG(Ty, 1)), choose V (qar), #
(qa), Whenever, (qa)r, (Qn)r € R, PL2 in SG(Ty ,R) (resp., SG(Ty, 1)) will choose
(A,,Q), (B,,Q) are soft-open (resp., sfg-open) sets such that (qr), € ((A,,Q)-(B,.Q))
A (q]\f)r é ((BT’Q)_ (Uqr’Q)) Since (RITI Q) SOft'Tl (reSp., ng'Tl)i then M=
(A1), (B}, {(A2.0), (B2.Q)} , -, (A Q), (B;,Q)}, .} Is the winning strategy for
PL2inSG(T1,R) (resp., SG(Ty, D). So, PL2 1 SG(T1,X) (resp., SG(Ty, D).

(<) Follows directly by the same manner.

Corollary 4.16. In the space (R, T, Q,{), we have

(i) PL2 T SG(T:1,R) if V qa # qn Whenever gar,qn € X, 3 (A,Q), (B,Q) are soft-closed
sets when qac € ((A,Q)- (B,Q)) A qw € ((B,Q)- (A,Q)). |

(i) PL2 T G(Ty0) if Vgm# gn whenever qac,qw € X, 3 (A,Q), (B,Q)} are sfg-closed
sets when, ga € ((A,Q)- (B,Q)) A gw € ((B,Q)- (A,Q)).

Proof.

(i) (=) Let qac # qn Whenever qac,qx € R. Since PL2 T SG(T; ,X), then by Theorem
4.15, (R T, Q) is soft-T1. So, Theorem 1.18, is hold.
(<) By Theorem 1.18, (R, T, Q) is soft-T1. So, Theorem 4.15, is hold.

(i) (=) Let qac # qu Whenever qar,qx € R. Since PL2 T SG (T, 1) , so by Theorem 4.15,
the space (R, T, Q) is sf — g-T1. Implies that, Theorem 3.9, is hold. (<) By
Theorem 3.9, (R, T, Q) is sig-T1. Therefore, Theorem 4.15, is hold.

Corollary 4.17.
(i) Inthe space (R, T, Q) is soft-T: & PL1 % SG(Ty, R).
(i) Inthe space (R, T,Q,1) issfg-T1 & PL1 % SG(Ty,0).

Proof: Via Theorem 4.15, the proof is obvious.
Theorem 4.18. Form any space (R, T, Q, 1), we have

(i)  Thespace (R, T, Q) is not soft-T; & PL1 1T SG(T1, X).
(i)  Thespace (R, T,Q,1) isnotsig-T1 & PL1 T SG(Ty,1).
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Proof.

(i) (=) In the r-th round PL1 in SG(T1, R) choose (qur)r # (qn), Whenever, (qar)r
(ax)r € R,PL2 in SG(T1, R) cannot find (A,,Q), (B,,Q) are soft-open sets when
(@)r € ((ArQ)- (Br.Q)) A(an)r € ((Br,Q)- (Ar,Q)), because (R,T,Q) is not
soft-Ty. Hence PL1 T SG(T1, R). (<) Follows
directly in the same manner.

(i) (=) In the r-th round PL1in SG(Ty,1) choose (qur), # (qu)- Whenever, (qac)s
(qa)r € R, PL2in SG(Ty, D) cannot find (A,.Q), (B,,Q) are two si — g-open sets
when (qM)r € ((Cﬂer)_ (BraQ)) and (qN)r((Br’Q)_ (C’qr’Q))a since (R:T:AQ) is n_Ot
soft- Ti. So, PL1 T SG (T, ).
(«)Follows directly by the same manner.

Corollary 4.19.
(i)  Ifaspace (R,T,Q) is not soft-T; & PL2 % SG(Ty, R).
(i)  Ifaspace (R, T, Q1) isnotsig-T: & PL2 % SG(Ty, ).

Proof: Similarity to the proof of Theorem 4.18.

Definition 4.20. For any space (R, T,Q,1). A game SG(T2, R) (resp. SG(T,, 1)) for PL1 and
PL2 proceeds by playing an inning with all natural numbers in the r-th round: the stepl,
PL1 will bechoose (qar), # (qun), Whenever, (qa)y (Qn)r € R. In the step2, PL2
choose (A,,Q), (B,,Q) are soft-open (resp. sig-open) sets such that (qr), € (A,,Q),
(Qn)r € (B,,Q0) and (A,,Q) A (B,.Q) = {@}. Then, PL2 wins in the game SG(T2R)
(resp., SG (T, 1) ) if

M = {{(A Q) (B,AOL{(B, Q). (C,A}L{(A Q). (C,Q)}} be a family of a soft-open (resp.
sfg-open) sets in R when V(qum)r #* (qun)r such that, (qu)r (Qn)r
€ Ra{(‘ﬂﬁQ): (BT’QB eM and (q]\/[)r € (Uqr’Q) . and (qJ\f)r € (?er) . and
(A,,Q) N (B,,Q) = {@}. Otherwise, PL1 wins in the game SG (T2, R) (resp., SG(Ta, 0)). By
Example 4.12., let there is a game SG(T>,R) (resp., SG(T», 1)) be a game when, R = {1,2,3},
Q ={ana}, T =85R)o ={@}. So, sig-c(R)q=sig-0(R)o=55(R)o.- Then, M=
{{(4,Q), (B} {(B,Q), (€} {(AQ) (C,Q)} {(AQ), (D,Q)}
{(B,Q),(E,)}L{(c,Q),(F, @)} is the winning strategy for PL2 in SG(T,,R) (resp.
SG (T, 1)). So, PL2 T SG(T2,R) (resp., SG(T»,1). By the same way in Example 4.3, PL1 1
SG(T,, R) and PL1 T SG(Ty, D).

Remark 4.21. From any space (R, T, Q,{), we have

(i)  PL27SG(T2,R) implies that PL2 T SG (T2, 1).

(i)  PL1 )1 SG(Ty 1) impliesthat PL1 T SG(T2 R).

Corollary 4.22. In the space (R, T,Q, 1), if PL2 L SG(T2, R) then PL2 | SG(T,, D).

Theorem 4.23. The space (R, T, Q,1) soft-T, (resp. sig-T2) & PL2 TSG(T2R) (resp.
SG(T2 D).

Proof: Follows directly in the same manner.

Corollary 4.24.
(i)  Thespace (R, T, Q) issoft-T, & PL1%SG(T2 R).
(i)  Thespace (R, T, Q1) issig-T. & PL1%SG(T0).
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Proof: via Theorem 4.23, the proof is obvious.

Theorem 4.25. For a space (X, T, Q, 1), we have

(i)  Aspace (R, T, Q) is not soft-T, & PL1 T SG(T2, R).
(i)  Aspace (R, T,Q,1) isnotsig-T, & PL1 1T 5G(T,, D).
Proof:

Follows directly in the same manner.

Corollary 4.26.
(i)  Aspace (R, T, Q) isnotsoft-T, & PL2 % SG(T2, X).

(i)  Aspace (R, T,Q,1) is not sig-T, & PL2 % S5G(T,, D).
Proof: via Theorem 4.25, the proof is obvious.

Corollary 4.27. In the space (X, T,Q,1), we have

(i) If PL2 T SG(T;;1,X) (resp. SG(T;41,D), then PL2 T SG(T;,X) (resp. SG(T;,1) ), where
i ={0,1}.

(i) If PL2 T SG(T;,X), then PL2 1 SG(T;,1), where i = {0,1,2}.

Corollary 4.27. The implication in Figure 2 clarifies the relation between Theorems 4.6,

4.15, 4.23 and

Corollary 4.28. For a space (X, T, 1), we have

(i) if PL1 T SG(T;,X) (resp. SG(T;, D) then PL1 T SG(T;41,X) (resp. SG(T;44,0) ), where

i ={0,1}.

(i) if PL1 1 SG(T;, 1) then PL1 T SG(T;,X), where i = {0,1,2}.

The implication in Figure 3 clarifies the relation between in Theorem 4.9, Theorem 4.18,

Theorem 4.26 and Corollary 4.28.

Player / * SG(T,,X) - Player / % SG(Ty,X) 7 Player / % SG(T,,X)
] ] ]
Player /7 1 SG(T,,X) | — | Player// AT SG&(T,.X) |— | Player ]{ T 86(T,, X)
! l !
(X, T,0Q) is soft-T, | —» X T,Q)issoft-T;y | — | (X, T,Q) issoft-T,
l l
X T, Q,|f) issfg-T, |, X T,Q Disslg-Ty |— | XT,0Dissig-To

I

Playe /7 T SG(T,, 1)

|

|

—> Player /7 1 SG(T,, D)

\ 4

4

A

A

4

Player /7 % SG(T,, 1)

A

A

A

4

Player 7 % SG(T,, 1)

Player 77 T SG(T,, D)

—

I

Player 7  8G(T,, 1)

Figure 2: Relation between Theorems 4.6, 4.15, 4.23 and Corollary 4.27.
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|

Player / T SG(T,,X) | € | Player 7 7 SG(T.,X) Player / T SG(To,X)
I I \4
(X, T,Q) isnot soft-T, | «—| (X, T,Q) is not soft-T, (X, T, Q) is not soft-T,

T

T

T

(X, T,Q,D is not sig-T,

I

Player / T SG(T,, 1)

(X, T, 0,0 is not sig-T,

I

(X, T, Q,1) is not sfg-T,

Player 7 T SG(T, D

A

A\ 4

Player 7 1T SG(To, D)

I 4 yy
v v

Player // $ SG(T,, D Player // $ SG(T4,1) Player /7 % SG(To, 1)

4—

Figure 3: Relation between in Theorems 4.9, 4.18 and 4.26 and Corollary 4.28.

Conclusion

A combination between soft sets and soft topology has a significant role in studying of
some classical applications and nonclassical logic. Depending on the new concept of sfg-
open soft sets, some soft separation axioms, namely sfg-T; -space, i € {0,1,2} are given and
of their comparisons are discussed in terms of soft point defined by Zorlutuna [22]. Soft
topological games, called, SG(To ,X) and SG(To ,1) with perfect information on soft ideal
sig-T; -spaces will be applied to solve some problems that having uncertainties in
engineering, medical, economics and in general machine systems of different sorts.
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