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1. Introduction

Define A as the class of all normalized analytic functions ¢ within the open unit disk @ = {z:7 € C, |z| < 1} of the

form:

§@=1+) ad,  @eQ). RY
n=2
A function ¢ possesses an inverse é 1 such that f‘l(f(z)) =z, wherez € Q

1
@) =0 (lol<n@n©27),
where

g) =&Y w) =w—a,w? + (2a2 — ay)w? — (543 — 5a,a; + a,)w* + -+, (w € Q). (1.2)
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When ¢ and £~ are both univalent functions in Q, therefore ¢ is classified as bi-univalent in Q, and the set of bi-

univalent functions defined in @ is represented by Y. Refer to [12].

An analytic function £ is subservient to another function g if there exists an analytic function w: @ — Q such that

w(0)=0Leté(z) = g(w(z)) forz € Q,denotedasé < g.

Should the function g be univalent in Q, the following equivalence holds

$@ < g(@) = §(0) = g(0) with§(Q) < g().

Ma & Minda [14] proposed a classification of starlike as well as convex functions by the technique of subordination.
They studied the classes S*(¢) and G*(¢), that are defined by

5 (¢) = {f € a; f(g) <p@) 7€ Q}.
and
G*(¢) = {E €A1+ %;(g) <¢(2),z€ Q}-

We indicate by Sy,(¢) and Gy, (¢) the classes of bi-starlike and bi-convex functions, respectively, where f is classified

as bi-starlike and bi-convex of Ma-Minda type [14].

The pioneering research of Shakir et al. [15] has significantly revitalized the study of bi-univalent functions in
recent years. For a succinct historical summary and numerous compelling instances of functions within the class %,
one may consult this foundational research. Many authors have suggested and analyzed various subclasses of £, in
which they established non-sharp bounds for the initial Taylor-Maclaurin coefficients. For further information, refer

to sources [1,2,3,4,7,8,9,10,16].

Hoércum and Kocer [12] examined the Horadam polynomials %, (#), which are characterized by the subsequent

recurrence relation (see also to [11]):
tn(r)=erb,_(r)+db, () (r €RneEN),
with
#,(r)=a and #£,(r)=br, (1.3)

The production function for the Horadam polynomials £, (#*) is delineated in reference [5].

a+ (b—ae)rz 14

— n-1 —
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Definition (1.1) [6]. A function & € A is classified as a Gamma-starlike function, represented as £ € ST, (0 < o <
1), if and only if:

Re

o' @D\ (. " @
(f(z)) <1+f’(z)

) l > 0(z€ Q). (1.5)

This class was delineated and analyzed by Lewandowski, Miller, and Zlotkiewicz [13]. It is noted that for o = 0 with
o = 1, weobtain ST, = ST and ST; = CV, respectively.

2- Main result

Definition (2.1). A function§ € ), as defined by (1.1), is classified within the class HGy (o, ) if it fulfills the

following issues such as

RO N NN
(ﬁ) (1 + m) < H(’I’“, Z) +1—aq, (2.1)

and

wg' @\ [ @g" @Y

— 1+————| <[[r,w)+1—a, 2.2
() (1+5a5) <nee @2
where (0 <0< 1,7 €R),zw € Qand g = §~1is given by (1.2).
By substituting o = 0 in Definition (2.1), we derive the subsequent Remark indicating that H Gy, (0, ) = HGy ().

Remark (2.1). A function§ € },, as indicated by (1.1), is categorized into the class HGy(#) if it meets the

subsequent criteria:

7€' (z)
@ <[lr,z2) +1—aq, (2.3)
and
©9©)  Horw)+1-a (2.4)
g(w) ' '

where z, w € Q and g = £ is given by (1.2).
By substituting o = 1 in Definition (2.1), we derive the subsequent Remark indicating that H Gy, (o, 7) = HGy (1,7).

Remark (2.2). A function § € },, as indicated by (1.1), is categorised within the class HGy (1,7) if it satisfies the

subsequent conditions:

7$" (2)
¢'(2)

1+ <[,z +1—aq, (2.5)
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and

wg" ()

1+ g'(w)

<[Mr,w)+1—-a, (2.6)

where 7, w € Q and g = £~ is given by (1.2).

Theorem (2.1). Given 0 < 0 < 1 with» € R, and consider ¢ € A that belongs to the class Gy (0, 7). Subsequently

|br |/ |br|

la,| < ) (2.7)
27 0% + o + 2)b2r? — 2(1 + 0)2(ebr? + da)|

and

< |br| N b2#?
“2(14+20) (A+4+0)*

las (2.8)

Proof. Suppose that f belongs to H Gy (0,77) let g be the inverse of f. Subsequently, there exist two analytic functions,
sand £: Q — Q defined by

8(z) = 817+ 8,77 + 833° + -+, (z€Q) (2.9)
and
t(w) =tw+t,w? + 03+, (w€EQ) (2.10)

such that s(0) = 0 with£(0) = 0,[8(z)| < 1, [#(w)| < 1, and

' 1-0 " 4
(ZE(S)> (“f’(?) =lra+1-a

and

(wg'(w))l“’ (1 L 09" @)

9(@) 7' ) =lrw)+1-a

Or, equivalently

@(S)) (1 +%> = 1+ £, () —a+ £,(r)8(2) + £5(1)57 (@) + (211)

and

wg' @\ (. wg"(w)
<g(w) ) (1+ g'(w)

) =1+£,(r)—a+£,()t(w) + £;(r)t3(w) + . (2.12)
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Combining (2.9), (2.10), (2.11) and (2.12), yield

(Zg(;?) <1 + Z;(;?) =1+ £,(r)8,7+ [£y(r)8, + s (1) 82]7% + -+ (2.13)

and

1-0 o
wg' () wg" (@) -
( @) ) (1 + 7@ =1+ £,(r)t w0+ [£y ()t + fog(1r)EE w2 + -, (2.14)
It is quite well-known that if |8(z)| < 1, [#(w)]| < 1,7, w € Q we get

|8l <1,1%4] < 1(Vie€ N). (2.15)

By comparing the corresponding coefficients in (2.13) as well as (2.14), oversimplification yields

(1+o0)a, = £,(r)s,, (2.16)
2(1+ 20)a; + (%)aé = h,(1)8, + #3(1) 82, (2.17)
—(1+0)a, = £,(r)t,, (2.18)
and
(%) az —2(1 + 20)az = #,(r)t, + £y (r)E2. (2.19)
From (2.16) and (2.18), we have
8, = —1, (2.20)
and
2(1 4+ 20)%a2 = £4(r) (8% + £2). (2.21)
If we add (2.17) to (2.19), we deduce that
(62 + 0+ 2)as = £,(r)(s; + 1) + s (1) (82 + £7). (2.22)

By putting the numerical value of 8? + #2 given (2.21) with the correct side of (2.22), we ascertain that

£3 (1) (8, + 1)
(02 + 0+ 2)£3(r) —2(1 + 20) %45 (r)

a2 = (2.23)

Further computations using (1.3), (2.15) and (2.23), we get
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|br |/ |br|

la,| <
\/I(oz +0+2)b?r? —2(1 + 0)?(ebr? + da)]

Now, if we subtract (2.19) from (2.17), we get
4(1+ 20)(az — a3) = £y (r) (8, — ;) + £z (1) (8] — £1). (2.24)
In view of (2.20) and (2.21), we obtain from (2.24)

_ foy(r)(8, — 1) R5(r)(8F + £7)

= 2.2
% 2(1 + 20) 2(1 + 20)2 (225
Applying (1.3), we can easily see that
la.| < [br| N b2r?
Bl=20+20 T +o)?
By setting ¢ = 1 within Theorem (2.1), we obtain the subsequent corollary:
Corollary (2.1). Given 7~ € R, assume f € A belong to the class H Gy (1, 7). Subsequently
[br|y/|1b7|
la,| < ) (2.26)
2\/|b%2#2 — (ebr? + da)|
and
[br| b2s?
< —_ .
lasl < 5 + 2 (2.27)
By putting 0 = 0 in Theorem(2.1), we get the next Corollary:
Corollary (2.2). For » € R, and consider f € A that belongs to the class %Gy (7). Then
la,| < brlyibr] (2.28)
© T 222 = 2(ebr? + da)| '
and
|br|
las] ST+b24”2. (2.29)

In the next theorem, we present the “Fekete-Szegé inequality” for § € HGy (0, 7).

Theorem (2.2).Given 0 < 0 < laswellas pu € R, let § € A belong to the class Gy (0, 7). Subsequently
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|br|
2(1+20)°

(62 4+ 0+ 2)b%>r?-2(1 +0)*(ebr? + da)
4(1+ 20)b2r?

)

<Iu—1l <

las — uajl <5
2|p = 1|[b°r 3| .
(62 4+ 0+ 2)b24r2 —2(1 + 0)2(ebr? + da)| ’

(6% + 0+ 2)b*r?* —2(1 + 0)*(ebr? + da)
4(1 4+ 20)b%r?

)

(Iu—llz

Proof. From (2.23) and (2.25), we get

for (1) #£3(r) (8, + 1)

2 (52— t)+(1-n) (62 + 0+ 2)A3(r) — 2(1 + 0)245(r)

K2 =31 1 20)

a3_

= £y (1) [(G(u; )+ 4(%20)) 8+ (G(u: r) — m> ’tz]»

where

(1 = wA3(r)
(62 + 0 + DA3(r) — 2(1 + 0)2 Ay (r)

G 7r)

Thus, according to (1.3), we have

(bl <0< G| < 1 )
21+ 20) = T = a1 20))
las —ua3l <
20br 11605 ) ; (1661 2 3r5)
TS OT W= dd+20))
hence, after some calculations, gives
|br|
2(1+20)°

(6% + 0+ 2)b*r?* = 2(1 + 0)*(ebr? + da)
4(1 4 20)b%r?

(Iu—lls

)

las — paj] < 5
2|lp = 1lp°73| .
(62 + 0+ 2)b%2+r2 —2(1 + 0)2(ebr? + da)| ’

(6?2 + 0+ 2)b%r?—-2(1 + 0)*(ebr? + da)
4(1+ 20)b?*r?

(Iu—llz

)

By substituting ¢ = 1 in Theorem (2.2), we derive the subsequent result:
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Corollary (2.3).1f § € A defined by (1.1) be in the class H Gy (1,7"), then

b2r? — 2(ebr? + da)
3b242

[br|

—_— -1 <
5 (Iu |

)

laz — paz| <A

b?r? —2(ebr? + da)
3b242

lu = 111b*73] .
[2b242 — 4(ebr? + da)|’

)

(Iu—llz

By substituting 0 = 0 in Theorem (2.2), we derive the subsequent result:

Corollary (2.4).1f ¢ € A defined by (1.1) be in the class H Gy (#), then

[br| b?r? — (ebr? + da)
; lp—1] <
> u = 20242 ’
|a3 - ,uagl S 3
|[u —1]|b3#3| . | 1 b%2r? — (ebr? + da)
|b272 — (ebr? + da)|’ K - 2b24~2 '

Conclusions

This study presents a novel subclass of analytic and bi-univalent functions utilizing Horadam polynomials related
to Gamma-starlike functions. This work's primary accomplishments are determining upper limits for the second and
third Taylor-Maclaurin coefficients of functions within this category. These results contribute significantly to the
understanding of coefficient bounds in bi-univalent function theory, an area of study that remains rich with
challenges and open problems. The findings also extend earlier work in this field by providing sharper bounds
under specific mathematical conditions.

References

[1] S. Altinkaya and S. Yalcin, "Coefficient bounds for a subclass of bi-univalent functions,” TWMS Journal of Pure and Applied Mathematics, vol. 6, pp.
180-185, 2015.

[2] S. Altinkaya and S. Yalcin, "Faber Polynomial coefficient bounds for a subclass of bi-univalent functions,” C. R. Acad. Sci. Paris, Ser. 1., vol. 353, pp.

1075-1080, 2015.

[3] S. Altinkaya and S. Yalcin, "On a new subclass of bi-univalent functions satisfying subordinate conditions,” Acta Universitatis Sapientiae,

Mathematica, vol. 7, pp. 5-14, 2015.

[4] W. G. Atshan, S. Yalcin, and R. A. Hadi, "Coefficients estimates for special subclass of k-fold symmetric bi-univalent functions," Mathematics for

Applications, vol. 9, no. 2, pp. 83-90, 2020.
[5] M. Caglar, H. Orhan, and N. Yagmur, "Coefficient bounds for new subclasses of bi-univalent functions," Filomat, vol. 27, pp. 1165-1171, 2013.
[6] M. Darus and D. K. Thomas, "Inverse coefficients of a-logarithmically convex functions," Jnanabha, vol. 45, pp. 31-36, 2015.

[7]1 E. Deniz, "Certain subclasses of bi-univalent functions satisfying subordinate conditions," J. Classical Anal., vol. 2, no. 1, pp. 49-60, 2013.



Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.16.(4) 2024,pp.Math 43-51 9

[8] P. Duren, "Subordination," in Complex Analysis, vol. 599 of Lecture Notes in Mathematics, Springer, Berlin, Germany, 1977, pp. 22-29.

[9] B. A. Frasin and M. K. Aouf, "New subclasses of bi-univalent functions,” Appl. Math. Lett., vol. 24, pp. 1569-1573, 2011.

[10] S. G. Hamidi and J. M. Jahangiri, "Faber polynomial coefficient estimates for analytic bi-close to convex functions,” C. R. Acad. Sci. Paris, Ser. I.,
vol. 352, pp. 17-20, 2014.

[11] A. F. Horadam and J. M. Mahon, "Pell and Pell-Lucas polynomials," Fibonacci Quart., vol. 23, pp. 7-20, 1985.

[12] T. H6rcum and E. G. Kocer, "On some properties of Horadam polynomials,” Int. Math. Forum, vol. 4, pp. 1243-1252, 2009.

[13] Z. Lewandowski, S. S. Miller, and E. Zlotkiewicz, "Gamma-starlike functions,” Ann. Univ. Marie Curie-Sklodowska, vol. 28, pp. 32-36, 1974.

[14] W. Ma and D. Minda, "Unified treatment of some special classes of univalent functions," in Proceedings of the Conference on Complex Analysis, Z.
Li, F. Ren, L. Yang, and S. Zhang, Eds., Int. Press, 1992, pp. 157-169.

[15] Q. A. Shakir, A. S. Tayyah, D. Breaz, L.-I. Cotirla, Rapeanu, E., and F. M. Sakar, "Upper bounds of the third Hankel determinant for bi-univalent

functions in crescent-shaped domains," Symmetry, vol. 16, 1281, 2024.

[16] Q. A. Shakir and W. G. Atshan, "On third Hankel determinant for certain subclass of bi-univalent functions," Symmetry, vol. 16, 239, 2024.



