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Abstract

In this paper, we introduce new class of Sets called & —Scattered and investigate
the Properties of this Set. we use the concept of d-limit point and § —drived Set to
construct the definition of this class. we give the relation between types of scattered
Sets and types of limit points .
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1-Introduction

Many Mathematican wrote papers about Sets, points and Spaces in mathematics
where these Spaces defined at the Sets like semi-open, a-Sets, preopen Sets,..... etc.
,also the others defined points on this Sets like limit ,isolated, a-limit, a-isolated
,semi-isolated,........... etc. .

In 1998 [3] J. Dontchev and D. Rose studied anew types of Sets called nowhere
dense Scattered ,and later they wrote about a-Scattered Sets that depend on the
definition of T*-Space and Scattered Space, many researchers in many papers studies
scattered Sets [3], [4 ], [ 6] ,[9] ,[13]and others ,these Sets deals with isolated points
as base to reach to define these Sets, in 1998 [12] T.M.NOUR study more properties
about semi-open Sets and define anew Sets called semi-scattered .

In 2007 [6] Melvin Henrikseon and others define anew point called Sp-points to
define Sp-Scattered Sets.

We summarized the concept of § —drived Sets and some properties in section 2, we
introduce the concept of § — isolated points and some properties of the Sets that
contain this points to define anew Sets called § —Scattered and study the
relationships between this Set and with the other Sets in section 4 .

Throughout this paper (X, Ty) (or simply X ) represent topological Space.

Sub Set A of Space X is said to be semi-open [12] (resp. a—open [8], nowhere dense
[3].regular open[10] ,regular closed [10], pre-open [14],regular clopen [16] ) if A <
cl(int(A)) (resp. A < int(cl(int(A))),
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int(cl(A)) =@, int(cl(A)) = 4, cl(int(4)) = A, A < int(cl(A)) ,if it is regular
open and regular closed ) . Apoint x e X is called limit [2] (resp. & —adherent [9])
pointof AcX if Un(A—{x}) #0@

(resp.AN u # @) where x € U for every U is open(resp. regular open )Set .The Set
of all limit

(resp. & —adherent ) points of A is called the derived [11] (resp. & —closure[10]) of
A and this denoted by D(A) (resp.cls(A) or & —cl(A) ), point xe A is called
isolated point [7] of Aif x € D(A) .

Sub Set A € X is called Crowded or dense in itself [4] (resp. § —closed [1], § —open
[1 ],perfect [4], 5§ —clopen [16]) if it does not have any isolated point (resp. cls(A4) =
A, A = U;¢; U; where U; is regular open Vi, closed and crowded , if it is § —open
and 6 — closed), the union (resp. intersection) of all § —open (resp. § — closed) Sets
in X contained in A (resp. containing A ) is called § — interior [10] (resp.
& —closure [10] ) of A and is denoted by Sint(A) or ints(A) (resp. 6cl(A) or
cls(A)) .Also

dint(X — A) is called § —Exterior [10] of A and is denoted by Exts(A). Sub Set A
of Space X iscalled

Scattered [13] if it have an isolated point .The collection of all § —open Sets is
topological Space (X, Ty)

forms topology Tson X is called the semi generalization topology of T, Ts is
weaker than T and the class of all regular open Sets in T forms an open basis for T.
the complement of § —open (resp. semi—open, a—open , regular open ,Per—open )
Sets is § —closed (resp. semi—closed, a—closed, regular closed ,Pre—closed ) .

2- Some properties of & —derived Set

In this section we introduce the concept of § —derived Set which depend on the
concept of § —limit Points and some properties of this Set .

Definitions 2.1
Let Ac X , pointxe X is said to be a—Ilimit[4] (resp. Semi—limit [12] ,Pre—limit

[14] ) Point of SetA if Un(A—{x})# @ for every a-open (resp. Semi—open
,Pre—open) Sub Set U of X containing x .

The Set of all a— Ilimit(resp. Semi—limit, Pre—Ilimit) points of A is called
a —derived(resp. Semi—derived

, Pre—derived ) and is denoted by D, (A) (resp. Ds(A) ,Dp(A) ).

Definitions 2.2 [10]
Let Ac X , point xe X is said to be 6 — limit Pointof A if Un(A—{x}) =0
for every 6—open Sub Set U of X containing X .

. The Set of all 6—limit points of A is called 6 —derived Set of A and is denoted by
D;(A)
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Proposition 2.3 [15] [16]
For Sub Set A of Space X ,then:
(1) If Alis & —closed ,then A is closed(resp. a — closed ,semi-closed ).
(2) If A'is regular open (resp. regular closed ) ,then Ais § —open (resp. & —closed ) .
(3) If Alis @ — open ,then A is semi—open (resp. Pre—open ) .
(4) If Alis & —closed ,then A is Pre—closed .
(5) If Alis closed ,then Ais a — closed (resp. Pre—closed ) .

Proposition 2.4 [ 10]

For Sub Sets A, Bof Space X ,the following statements hold:-
(2) ints(A) € A and A < cls(A)

(3) IfA < B, then Cl(g(A) c Cl5(B)

(4) If A € B,then ints(A) € ints(B) .

(5) Ext(g(A) = int(g(AC) =X - Clg(A) .

(6) ints(A) < cls(A).

Proposition 2.5
For Sub Set A of Space X ,the following Statements hold:-

(1) Suppose that p¢ A in Space X. Then p is not § —limit point of A if and only if
There exist an
6 —open SetUwith peU and UNA=0
(2) Ds(A) < cls(A) .
(3) If Asingleton § —closed not regular closed, then Ds(A) = @ .
(4) Aiis & —closed ifand only if the Ds(A) € A.
(5) Ais & —open ifand only if the Ds(A°)N A=0 .
(6) if cls(Ds(A)) is nowhere dense ,then Dg(A) is nowhere dense .
(VA< AuDs(A) .

Proof
(1) Clearly .

(2) letx € cls(A),then for every regular open Sub Set U of X containing x such
that

UNA =+ @ ,byProposition 2.3 Part (2) U is § —open ,thus Un (A —{x}) =@ for
every 6 —open
Sub Set containing x ,then x & Ds(A) .

(3) Suppose that A is singleton § —closed not regular closed, and let x € Ds(A)
then there exist o —open Set U containing x such that Un (A —{x}) # @ this
means that there is point p such that p € U n (4 — {x}) , and different from x ,so
p € Ds(A) and A is not singleton § —closed .but this is contract that A is singleton
& — closed .Therefore Dg(A) must be empty Set .
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(4) =: Suppose A be § —closed,let x is ad — limit point of A, if x € A,then x € A€
,since A€ § —open and it is not contain any point from A implies the existence of an
& —open Set U containing x such that

Uc A° ,hence UNA =@ so x & Ds(A), this contradicted the fact that x is ad —
limit of A ,therefore x € A and A contains all its § — limit points .

& @ assume that A contains all its § — limit points , then no point of A€ can be
& —limit point of A , that is for each point of A€ there must exist & —open sub Set U
containing x such that U < A€ thus

UnA =@ itfollows from this A€ is § —open .Therefore Ais § —closed .

(5) =: Suppose Abe § —openand x & Ds(A) , if x & A,S0 x € A° ,since A°isd —
closed ,by Part (4)

Ds(A€) € A€ thus Ds(A°) N A° # @ ,s0 Ds(A°) N A = @ that is all the § — limit
point of A€ is not

6 — limit point of A .
&: Let x € Dg(A°) and x & A ,then x € A |, Ds(A€) N A + @, by Part (4) since
Ds(A°) € A€ then A€

is & —closed ,therefore Ais & —open .

(6) let cls(Ds(A)) is nowhere dense so ints(cls(cls(Ds(A)))) =@ by Part (2)
Ds(A) € cls(Ds(A)) ,s0 by Proposition2.4 Part (3) and (4) ints(cls(Ds(A))) S
intg(Cl(g(Cl(g(Dé‘(A)))) = @ ,therefore D5(A) must be nowhere dense Set .

(7) clearly .

Proposition 2.6 [14 ]
For Sub Set A of Space X , Dp(A) < D,(4) .

Proposition 2.7
For Sub Set A of Space X ,the following Statements hold:-

(1) D(A) € Ds(4) .

(2) Do (A) < Ds(4) .

(3) Ds(A) < Ds(A) .

(4) Ds(A) € Dy (A) .

(5) Dp(A) < Ds(A) .
Proof

Clearly by proposition 2.3 .

Definition 2.8

Sub Set A of Space X is § —dense if cls(A) contains all § —adherent points of X .or
equivalently if every 6 —open sub Set of X contains point of A
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Proposition 2.9
For Sub Sets A, B of Space X ,the following properties are equivalent:-
(1) Aisé —densein X .
(2) cls(A) =X.
(3) if Bisany § —closed Sub Set of X ,and A € B ,then B = X.
(4) forxeXand U< X ,forevery § —open Sub Set U containing x, UN
A+0Q.
(5) ints(A°) =0 .

Proof

1=2 :since cls(A) ={x e X/UNA #+ @, for every U is regular open and x € U}

is the Set of all § —adherent points of A in X and since A is § —dense in X ,s0 by
Definition 2.8 cls(A) = X .

2=>3 : since A € B, then cls(A) € cls(B) Proposition 2.4 part(3),from part(2)
Cl(g(A) =X .Thus

X S clg(B) and since B is o-closed so X S cls(B) =B ,XCSB.............. (a)
Since cls(B) S XsoB=clsg(B)<Xthus BS X ......... (b) .from (a) and (b) we
have B = X.

3=>4:LetU isé —openand U#0 ,soUNA=@ thus AnU° # @, hence U # @

and A c U¢
,but this contradiction that part(3) since U€ is § —closed ,soU N A # @.

4=5 : Let ints(A°) = @ ,since ints(A°) is & —open and non-empty, then there is

an regular open sub Set U containing x such that U is § —open by Proposition 2.3
Part(2) and U c ints(A°) ,since ints(A€) = A° so U c A€ that is U has empty
intersection with A . But this contradiction part(4) .Thus ints(4A°) =@ .

5=1: By proposition 2.4 part(5), ints(A°) = X — cls(A) , since ints(A°) =@ ,

So @=X—-cls(A) =Xn(cls(A)° =X nints(A°) = ints(A°) ,therefore
(ints(A9))° = @°

,50 cls(A) = X .Thus by definition 2.8 Ais § —dense Setin X .

Proposition 2.10
For Sub Sets A,B of Space X ,the following properties are true:-

(1) ints(A) Uintg(B) € ints(AU B)
(2) ints(ANn B) = ints(A) Nnints(B)
(3) Clé'(A N B) c Clg(A) N Clé‘(B)
(4) Clé'(A V) B) = Clg(A) U Clé‘(B)
(5) cls(cls(A)) = cls(A)
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Proof

(1) clearly .

(2) clearly .

(3) clearly .

(4) clearly .

(5) sinced < cls(A),s0 by Proposition 2.4 Part (3) we have cls(4) S

Cl(g(Clg(A)) .......... (a)
Let x € cls (cls(A)), so there is regular open Sub Set U of Xcontaining x such that

Uncls(A) # @, x € cls (A) , there is regular open Sub Set V = U containing x
such that
x € UN A =+ @Therefore cls(cls(A)) S cls(A).......... (b),from (a) and (b) we have

Clé‘(Clé‘(A)) = Cl(g(A) .

Proposition 2.11
For Sub Sets A, Bof Space X ,the following properties are true:-

(1) D5(A) U D5(B) € Ds(A U B) .

(2) Ds(AN B) S Ds(A) N Ds(B) .
(3) cls(Ds(A)) <€ cls(A)

(4) Ds(Ds(A))/A < Ds(A) .

(5) If A € B, then Ds(A) S Ds(B) .

Proof
(1) clearly by definition 2.2 .
(2) clearly by definition 2.2 .

(3) By Proposition 2.5 part(2) Ds(A) € cls(A) , cls(Ds(A) € cls(cls(A)) =
cls(A)this by
Proposition 2.10 Part (5) .Thus cls(Ds(A) € cls(A) .

(4) Le x € Dg(Ds(A))/A ,and let U be § —open Sub Set containing x such that U N

(Ds(A) —{x}) =0
Jdet y € Un (Dg(A) —{x}) = @,since y € Ds(A) and yeUso Un(A—{y}) #

@, let
zeUN(A—-{y}),thenz=x and UnNn (A—{x} # @ . Therefore x € Ds(4).

(5) clearly .

Example 2.12
Let X ={a,b,c,d}, Ty ={0,X,{a},{b,c},{a, b,c}} } be topology defined on X
LetA={c,d}cX

B={b}cX note that Ds(AUB) = Dg{b,c,d} ={b,c,d} «Ds(A) = {b,d} U
Ds(B) = {b,d} = {b,d},

Also if C ={b,c} c X,D = {a} c X note that D5(C) = {b,c,d} N Ds(D) ={d} «
Ds(ANB)=Ds(@)=0.
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3- & —isolated points and some relations

In this section we introduce the concept of § —isolated point ,also we gives some
results and some relations about this Points with the other Points as we will shown in
diagram (1) .

Definition 3.1
Let A be Sub Set of Space X , point x € A. is called & —isolated point of A if x ¢
Ds(A).or equivalently

Apoint x € A is an § —isolated point of A if there is § —open sub Set of X containing
x intersect A only in {x} . The Set of all § —isolated points will denoted by &I(A).

Example 3.2
Let X ={a,b,c}, Ty ={0,X,{a},{b},{a, b}} } be topology defined on X ,note that
xX=alis

& —isolated point of A ={a,c} S X, since x=a€A—Dsg(A) ={a} ,that is
61(A) = {a}.

Proposition 3.3
For Sub Set A of Space X ,the following properties are true:-
(1) No 6 —isolated point is & —limit point of any Set A .

(2) If A isopen or dense then x € A is an § — isolated point of A if and only if {x}
is § —open sub

Setin 4.
Proof

(1) If x is o —isolated point, then the Set {x} is & —open sub Set containing x ,that

contains no point other then x ,s0 {x} N ({x} —{x}) ={x}n@ =0, thus x is not
& —limit point .

(2) =: x € Ais an § — isolated point of A, by definition 3.1 there is § —open sub Set
U containing x such

That U n A = {x} ,since U is § —open in A and A is open or dense in X ,s0 by
Proposition 3.12 [16] U N A is § —openin A .Thus {x} is § —opensub Setin A.

<:Let {x} is § —open sub Set in A ,meaning UNA = {x} is § —open in A by
Proposition 3.12 [16]

UnA = {x}is § —open sub Setin A where Uis § —open in A and A is open or
dense in X, by definition3.1 x € Aisan § — isolated point of A .
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Proposition 3.4
For Sub Set A of Space X ,the following properties are true:-

(1) 8I(A) € A
(2) ints(81(A)) € A
(3) 8I(A) C cls(A)
(4) 8I(A) < clg(8I(A)) S cls(A)
(5) Ds(A) N SI(A) = @
(6) cls(A)NSI(A) C A
(7) l.‘l’lté‘(A) CAuU Dé‘(A)
(8) AUGSI(A) = A
(9) Ds(A U Ds(A)) € AU Ds(A)
(10) cls(A) U 8I(A) = cls(A)

Proof

(1) Let x € 6I1(A) ,s0 x &€ Ds(A) , xe A—D;(A) therefore x e A .Thus 6I(A) €

A .

(2) From part(1) §1(A) < A ,so by proposition 2.4 part(4) ints(61(A)) S ints(A)
Thus from Part (1) from this proposition ints(51(A)) € A.

(3) By part (1) 61(A) < A ,also by Proposition 2.4 part (2) A S cls(A) .Therefore
SI(A) S cls(A) .

(4) By proposition 2.4 part(2) 8I1(A) < cls(61(4))........ (a) From part(1) 61(A) € A
by

proposition 2.4 part(3) we have cls(51(A4)) € cls(A) ........ (b),also by part(3)
6I1(A) S cls(A) ...... (c)

from (a),(b) and (c) we have S8I1(A) S cls(51(A)) < cls(A)

(5) For x € 61(A) so for every § —open Sub Set U of X containing x we have U N
(A—{x}=0, thus x & Ds(A) ,s0 Ds(A) nSI(A) = @ or directly by proposition
3.3.

(6) from part(3) §1(A) S cls(A),so §1(A) N cls(A) = 5I(A) and from part(1)
We have cls(A) N SI(A) € A.

(7) from proposition 2.4 part(6) ints(A) < cls(A)
and from part(1) from this proposition Dg(A) U A = cls(A) so we have ints(A) <
AU Dg(A).

(8) By part(1) 5I(A) € A so0 AUSI(A) SAUA=A,AUSI(A)cA ... (a) ,if
for every x € A then x € 61(A) ,¢thus A € 61(A) therefore A =
AUACAUSGSI(A) ........ (b) from (a) and (b) we get A U 61(A) = A.

(9) Let x be point , either x € A and x € Ds(A) or x € A and x € Ds(A), let x €
Ds(A U Ds(A)) ,if
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x€A and x & Ds(A) S0 x € AUDg(A) and Ds(A U Ds(A)) € AU Dg(A) . or
x & A and

x € Ds(A), so there is § —open Set U containing x such that U N ((A U Dsg(A4)) —
{x}) #0 so

UnNn(A—-{x})#0® or Un((Ds(A)) —{x}) =0 thus x € Dg(A) or x €
Dé‘(Dé‘(A)) and x ¢ A.

So x € Ds(Ds(A))/A S Ds(A) by Proposition 2.11 Part (4), s0 x € AU Ds(A) .

Therefore Dsg(A U Ds(A)) € AU Dg(A)

(10) By part (3) 81(A) < cls(A) ,since cls(A) USI(A) € cls(A) U cls(A) =

Let x € cls(A),then there is regular open Set U containing x such that U N A # @,s0
either

UNn(A—{x}) =@ or Un (A—{x}) = @ where U is § —open by Proposition 2.3
part (2) ,either x € Ds(A) or x & Dg(A) , if x € Dg(A),then

x € clg(A) by Proposition 2.5 Part (2) or x € A — Dg(A) ,thus either x € cls(A) or
x € 61(A),
, X € cls(A) U SI(A) , therefore cls(A) S clsg(A)USI(A) c.covvenvnnn... (b)
From (a) and (b) we get cls(A) U 61(A) = cls(A) .

Proposition 3.5

For Sub Sets A,B of Space X ,the following properties are true:-

(1) SICAUB) € 61(A) U 6I(B)

(2)81(A)NSI(B) € 6I(ANB) .

Proof

(1) x € SI(AU B) ,x & Ds(A U B) by proposition 2.11 part(1) ,s0 x € Ds(A) or x &
Ds(B)

Therefore x € §I1(A) or x € 6§1(B) sox € 6I(A) U SI(B), SI(AUB) € §I(A) U
SI(B) .

(2) similarly the proof of part(1) .

Examples 3.6
(1) LetX ={a,b,c,d}, Ty = {0, X,{a}, {b},{c},{a, b}, {b,c},{a,c},{a,b,c}} let
A={b}cXand

B ={d} c X, note that §1(4) U 61(B) = {b,d} & 6I(A U B) = {b} since
S1(A) = {b} and

SI(B) = {d} .
(2 LetX ={a,b,c,d}, Ty = {0,X,{a},{b,c},{a,b,c}} let A={a,b,c} € X and
B={abd}cX,

note that 51(A N B) = {a, b}z 61(A) N 61(B) = {a} since 8I1(A) = {a} and
8I(B) = {a, b} .

Proposition 3.7
For Sub Set Aof Space X ,the following properties are true:-

(1) cls(A) = Ds(A)) U 61(4)
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(2) X = Ds(A) U SI(A) U Exts(A) .

Proof

(1) x € cls(A),s0 U n A + @ ,for every regular open Set U containing X, so if x & A
And UNn(A—{x})# @ ,orif xe Ajand Un (A — {x}) = @ where U is § —open
by Proposition 2.3 part (2) ,thus x € Dg(A) or x € §1(A),50 x € Dg(A) U 6I(A),
therefore

Clg(A) c Dé‘(A) V) 61(14) ...... (a)

Since Dg(A) N §1(A) = @ so Ds(A) U SI(A) + @ ,since by proposition 2.5 part (2)
Ds(A) € cls(A) , Ds(A) U SI(A) € cls(A) U 81(A) = cls(A) this by proposition
3.4 part(10)

So Ds(A) U SI(A) S cls(A) ........... (b) ,from (a) and (b) we get cls(A) = Ds(A) U
SI(A) .

(2) let p € D5(A) U 8I(A) U Exts(A) ,p € (Ds(A) U SI(A)) or p € Exts(A) , by
part(1)
p € cls(A) or p € Exts(A) ,theneither UN A + @ for every regular open Set U
containing p
Or p €ints(X —A) =X — cls(A) by proposition 2.4 part(5) , thus either p € U n
AcCX
Or peX —cls(A),soeither pecls(A) € X or pe X —cls(A) € X, since
cls(A) = Ds(A) U SI(A)
So p € (Ds(A)USI(A)) € X or p € Exts(A) € X ,Thus Dsg(A) U SI(A) U
Exts(A)S X .......... (a)
Letp € X,and A € X ,eitherif p € Athus p € cls(A) orp ¢ A and p €& cls(A)
thus p € X — cls(A) ,s0 either p € cls(A) or by proposition 2.4 part (5) p €
Exts(A) ,thusp € cls(A) U Exts(A),
therefore X < cls(A) U Exts(A) ,by part (1)

X € Ds(A)USI(A) U Exts(A) ......... (b),from (a) and (b) we get X = Ds(A) U
SI(A) U Exts(A) .

Definitions 3.8

Sub Set Aof Space X ,is called :

(1) 6 — perfectifitis & —closed and § — crowded .
(2) 5 —nowhere dense if ints(cls(4)) =0 .

Proposition 3.9
Every § —dense has an § — isolated point .

Proof

Let x € A,;since A § —dense Sub Set so by definition 2.8 for every § —open Sub
Set U of X contain

pointof A jthatis UnA={x}#® ,50 UN (A—{x}) =0 ,thus x & Ds(A)
.Therefore x € §1(4) .
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Proposition 3.10

If Sub Set A of Space X is § —closed ,then A4 is § —nowhere dense if and only if it is
nowhere dense .

Proof

- Let A is 3-closed ,s0 by Proposition 2.3 Part (1) A is closed, then A = cl(A) =

clg(A) , since

int(cl(A)) = ints(cls(A)) = @ therefore int(cl(A)) = @ .Thus A is nowhere
dense .

<: Let A is 6-closed and A is nowhere dense ,also by Proposition 2.3 Part (1) A is
closed, then

A = cl(A) = cls(A) , since @ = int(cl(A)) = ints(cls(A))therefore
ints(cls(A) =0.

Thus A is § — nowhere dense .

Remark 3.11
In the above proposition if A is closed and nowhere dense, then it is not necessarily
that A is & —nowhere dense ,see the following Example .

Example 3.12

Let X ={a,b,c},Tx = {0,X,{a},{b},{a,b},{a,c}} let A = {c} c X is closed, note
that Ais nowhere dense ,that is int(cl(4)) = @ ,but ints(cls(A)) = ints(cls{c} =
{a,c}) ={a c}

) l'”l’lt(g(Cl(g(A)) ,bUt int,g(cl,g(A)) +0Q

Proposition 3.13
If A € X is § —closed and has no § —isolated points, then the following statements
are hold:-

(1) A< Ds(A) .
(2) cls(A) is & —perfect .

Proof
(1) clearly ,since 61(A) =0 .
(2) to prove that cls(A) is & —perfect must prove that cls(A) is 6 —closed and
& —crowded , Letx € A since 6I1(A) = @ ,s0 x € Ds(A) ,since A is
& —closed by proposition 2.5 part(2) we get

x € Dg(A) € clg(A), thatis x € clg(A) and x is & —limit point not § —isolated
point , so cls(A)

has no 6 —isolated points ,since A is § —closed ,s0 cls(A) = A ,thus cls(A) is
6 — closed and § —crowded since it does not have any § —isolated point .

Proposition 3.14
If Ais § —closed and has no § —isolated point, then ints(A) has no § —isolated
point .
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Proof

By proposition 2.4 part(6) ints(A) < cls(A) ,since A is § —closed so ints(A) <
cls(A) = A, since A has no & —isolated point, so ints(A) has no § —isolated point .

Definition 3.15

Let A be Sub Set of Space X , point x € A is called a —isolated(resp. Semi—
isolated ,Pre— isolated ) point of A if x € D, (A) (resp. x € Ds(A) ,x & Dp(A)).The
Set of all « —isolated ,Semi—isolated ,

Pre—isolated points Will denoted by al(A),SI(A), PI(A) respectively .

Proposition 3.16
Every § —isolated point is isolated(resp. a —isolated, Semi—isolated ,Pre—isolated )
point .

Proof

By definition 3.1 and proposition 2.3 .

Remark 3.17
The converse of the above proposition is not true in general, see the following
Example .

Example 3.18

Let X ={a,b,c}, Ty = {0,X,{b},{b,c}} let A = {b,c} S X is semi-open, @ —open
and open note that D(A) = D,(A) = Ds(A) = Dp(A) = {a,c} and I(A)=al(4) =
SI(A) = PI(A) = {b} but x = b isnot

6 — isolated of A ,since SI(A) =0 .

Proposition 3.19

Every a —isolated point is Semi-isolated (resp. Pre—isolated) .
Proof

By definition 3.15 and proposition 2.3part(3) .

Remark 3.20
The converse of the above proposition is not true in general, see the following
Example .

Examples 3.21

(1) LetX ={a,b,c,d}, Ty = {0,X,{a},{b},{a,b},{a,b,c},{a,b,d}} letA =
{a,c,d} € X , notethat al(A) = {a}, SI(A) = {a,c,d} sox = c is Semi-isolated
point but not a —isolated.

Q)X ={a,b,c,d}, Ty ={0,X,{a},{b,c},{a, b,c}} letA={b,d} c X , note that
PI(A) = {b,d}, al(A) = {b} so x = d isPre—isolated point but not a —isolated of
A.
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Proposition 3.22
Every isolated point is Semi-isolated [ 12] (resp. a —isolated , Pre—isolated ) point .

Proof
By definition 3.15 and proposition 2.3 part(5) .

Remark 3.23
The converse of the above proposition is not true in general, see the following
Examples .

Examples 3.24

(1) Note that in Example (2) in [ 4] the Sub Set A = [0,1]x {0} € R? have a —
isolated but not isolated point .

(2) in Example 3.21() if A = {b,c} c X note that x = c is Semi-isolated but not
isolated point .

(3) in Example 3.21(2) if A = {a,b,c} < X note that PI(A) = {a,b,c}and I(A) =
{a} sox=c

Is Pre—isolated but not isolated point of A.

The following diagram shows the relations among these type of Points .

Pre- isolated

|

0 —isolated isolated
—_—

Semi—isolated

a —isolated
<—

Diagram (1)
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4- Some properties of § —Scattered Sets

In this section we introduce the concept of § —Scattered Set and some properties of
this Sets ,as well as we study the relation between this Set with the other Scattered
Sets as we will shown in diagram (2).

Definition 4.1
Sub Set A of Space X is called § —Scattered if it have at least one § —isolated point

Example 4.2
LetX ={a,b,c,d}, Ty ={0,X,{a},{b,c},{a,b,c}} let A ={a,d} c X , note that
Ais 6 —Scattered ,

,since Dg(A) ={d}and 6I(A) = {a} .

Remarks 4.3
(1) The intersection of two § —Scattered Sets is not necessarily & —Scattered .
(2) The union of two § —Scattered Sets is also § —Scattered .
(3) & —Scattered Set is an § —open hereditarily property .

Examples 4.4

(1) LetX ={a,b,c,d} and Ty = {@,X,{a},{c},{a,c},{b,d},{a,b,d},{b,c,d}} be
topology defined on X ,note that A= {a,b,d}g X is § —Scattered Set, since
6I(A) ={a} ,let B ={b,c,d} < X isalso § —Scattered Set ,since §I(B) =
{c},but An B = {b,d} c X isnot & —Scattered, since §I(ANB) =
SI{b,d} =0 .

(2) LetX ={a,b,c},Tx = {0,X,{a},{b},{a,b}} let be topology defined on X
,note that

A={b,c} S X is 6 —closed and § —Scattered Set, T, = {@, A4, {b}} but A =
{b,c} isnot

& —Scattered in T, .

Proposition 4.5
For Sub Set A of Space X , then the following statements are hold:-

(1) If A is nonempty § —open and §1(A) = A ,then A is 6 — Scattered Set if and only
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(2) If A is singleton regular open(resp. singleton regular clopen ) then itis § —
Scattered .

Proof
(1) = Let A be & — Scattered and let x € A ,since 5I(A) = A, thus x & Ds(A)
therefore Ds(4) = @,
This means that every point of A is not § —limit point, by Proposition 3.4 Part (5)
SI(A) N Dsg(A) = An Dg(A) = @ .Therefore AN Dg(A) = 0 .

< :Let AnDs(A) =@ andsince A isnonempty § —open ,so A # @ ,since
SI(A) = A ,thus

S1(A) + @ therefore Ds(A) = @ ,50 every point of A is not § —limit point,
therefore A has § —isolated points .Thus A is § — Scattered .

(2) By Proposition 2.3 Part (2) A is Singleton § — open (resp. singleton & —open) ,let
Xx€ASOAN(A—{x}) =AN0o =0 therefore x € Ds(A) thatis x € 61(A) .Thus A
is & — Scattered .

Proposition 4.6

Let A, B are two § —Scattered Sets , if A © B and A is not singleton § —closed
then 61(A) < 6I1(B) .

Proof
Clearly .

Proposition 4.7
For Sub Set A of Space X ,the following statements are true :

(1) If Ais Singleton § —closed and not singleton regular open, then it is
& —nowhere dense and & —Scattered .

(2) A'is § —nowhere dense and Ds(A) = @ ,then A is Singleton § —closed .

Proof

(1) Let A be Singleton § —closed , so by Proposition 2.3 Part (2) Singleton closed
and not Singleton open

, Since A = cls(A), therefore ints(cls(A)) = ints(A) = @, thus A is § —nowhere
dense, since A is Singleton § —closed so by proposition 2.5 part(3) Ds(4) = @
.Therefore 61(A) = A is § —Scattered .
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(2) Let A is 6 —nowhere dense and Ds(A) = @ ,suppose that A is Singleton
& —open, let x € A thus

S61(A) = {x} means that there is § —open Sub Set U containing x only such that U n
(A—{x}) =0 s0

UNA = {x} thus U € A, by Proposition 2.3 Part (2) U = {x} is singleton regular
open and since A is § —open so int(cl(U)) < ints(cls(A)), Since A is 6 —nowhere
dense so int(cl{x}) = {x} < @ but

this contract that U is Singleton § — open. Thus A is must be singleton § — closed.

Proposition 4.8

For Sub Set A of Space X ,then AU Dg(A) = cls(A) and
ANDg(A) ={a € A:aisnot§ —isolated point of A }
,the following statements are true :

(1) Alis § —closed if and only if Ds(A) € A

(2) A has no § —isolated points if and only if A S Dg(A)) .

(3) A'is § —open and 8-Scattered if and only if AN Ds(4) = @ .

(4)if A'is § —closed (not regular closed) and & — Scattered if and only if
Dg(A) = g

Proof
Since by Proposition 2.5 part(2) Ds(A) < cls(A) and by Proposition 2.4 part(1) we
have

AU Ds(A) < clsg(A) and so all the points in cls(A) are not in A are the § —limit
points

by cls(A) — A = {x € X— A:U N A # 0 for every regular open Set U containing x}
Proposition 2.3

Part (2) cls(A) —A={xeX—-A:UNA # @ for every 6§ —
open sub Set U containing x} €

D(g(A) C cls ,s0 that Clg(A) =AU (CZS(A) - A) C AU Dg(A),ThUS AU DS(A) =
cls(4),

from above that the Set of § — isolated pointsin A, AN Ds(A) =A— (A —
Ds(A)) isthe Set of all non § —isolated points of A .Thus A has no § —isolated
points .

If AnDs(A) = @ then all the points of A are § — isolated ,s0 by proposition 4.5
part (1) Ais § —open and

& — Scattered , and if Ds(A) = @, so 51(A) = A by Proposition 3.4 Part (5)
0I(A) N Ds(A) = @ ,thus An Ds(A) = @ .Therefore by proposition 3.3 part (1)
thus Ais § — Scattered .
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Remark 4.9

Any regular clopen and Crowded Set not Singleton is not § — Scattered .see
Examples 4.4(1),where A = {b,d} c X is regular clopen and Crowded not Singleton
.thus it is not Singleton § —clopen Sub Set and its § — Crowded not

& —Scattered,since D;(A)=A and §I(4) =0 .

Definition 4.10

Sub Set A of Space X is called:

(1) a — Scattered if it has an o —isolated points .[4]

(2) Semi— Scattered if it has Semi—isolated points .[12]
(3) Pre—Scattered if it has Pre—isolated points .

Proposition 4.11

Every § —Scattered Set is scattered(resp. a« — Scattered, Semi— Scattered ,
Pre—Scattered ) Set .

Proof
By definitions 4.1 and 4.10 and proposition 3.16 .

Remark 4.12

The converse of the above proposition is not true in general ,see the following
Example .

Examples 4.13

(1) Let X ={a,b,c}, Ty = {0,X,{a},{a, b}} be topology defined on X ,note that
A={a,b} S X is

a — Scattered, Semi— Scattered , Pre—Scattered and Scattered but not
& —Scattered Set, since I(A) = al(A) = SI(A) = {b} and x = b is not § — isolated
pointof A .

(2) Let X = {a,b,c}, Ty = {0, X,{a}} be topology defined on X ,note that A =
{a,c} S X is

Scattered but not & —Scattered Set .

Proposition 4.14
Every Scattered Set is a — Scattered (resp. Semi— Scattered , Pre—Scattered ) Set .
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Proof
By definition 4.10 and proposition 3.22 .
Remark 4.15

The converse of the above proposition is not true in general ,see Examples
4.13(2),note that

A ={b,c} € X is a — Scattered , Semi— Scattered, Pre— Scattered but not
Scattered Set .

Proposition 4.16

Every a — Scattered Set is Semi— Scattered(resp. Pre— Scattered ) Set .
Proof

By definition 4.10 and proposition 3.19 .

Remark 4.17

The converse of the above proposition is not true in general ,see the following
Example .

Example 4.18

Consider the usual topology on R, let A = [0,1] < R ,Sub Set B = [1,2) of R is Semi-
open but not & —open and A N B = {1} note that 1 € A is Semi—isolated but not
a — isolated .

Proposition 4.19

Every § —open (resp. § —closed) Sub Set not § —perfect is § — Scattered Set .
Proof

Clearly .

Definition 4.20

Let A be Sub Set of Space X :

(1) & —kernel of A is denoted by Kers(A) =N {0 € Ts: A < 0} .
(2) A is 8§ —Crowded if it is contain no § —isolated point .

(3) The perfect 6§ —kernel of A denoted by PKs(A) which is largest possible
& —Crowded Sub Set

Contained in A4 .
(4) The Scattered & — kernel of A is the Set SKs(4) = A — PKs(A).

209



AL-Qadisiyha Journal For Science Vol.20 No.1 Year 2015
Zainab A. ISSN 1997-2490

Example 4.21

LetX ={a,b,c,d}, Ty = {0,X,{a},{b,c},{a,b,c}} be topology defined on X :

(1) letA={b,c} c X its§ —openand & —Crowded since 61(A) = @ ,note that
Kers(A) =X n{a,b,c} ={a,b,c}, PKs(A) = {b,c} S0 SKs(A) = .

(2)let B = {b,c,d} = X & —closed Setand 6I(B) = @, PKs(B) = {b,c} so0
SK5(B) = B — PKs(B) = {d} .

Proposition 4.22

For Sub Set A of Space X ,the following are hold:

(1) PK5(A) € Ds(A) and SKs(A) < A .

(2) SKs(A) is & —Scattered Sub Set .

(3) PKs(A) NSKs5(A) =0 .

(4) If A isé —closed,then A = PKs(A) U SK5(A)

(5) If A isd —closed and & — Crowded , then PKs(A) is § —perfect Sub Set of A

Proof

(1) Let x € PKs(A) since PK5(A) is the largest possible § —Crowded Setin A ,s0
PKs(A) c A,

Let x € PKs(A)is 6 —Crowded and x € A then x & 8I(A) ,thus x € D;(A) .
Therefore
PKs(A) € Ds(A).

(2) Clearly by definition (4.20) .
(3) Clearly by definition (4.20) .

(4) from part(3) PKs(A) N SKs(A) = @ ,s0 we get PK5(A) S Ds(A) ,by Preposition
2.5 Part (4) we

have Ds(A) < A by part(1) we get PK5(A) € A and SKs5(A) € Aso PKs(A) U
SKs(A) S A .....(a)

Suppose that x € A ,so either x € §51(A) or x € Ds(A),if x € 5I(A) then x & PKs(A)
and xe A—PKk;(A)=Sk;(A) ,thus x € SKs(A) or x € Ds(A) x € PKs(A) since A

is & —closed contain all § — limit point, so x € PK5(A) U SKs5(A) therefore A €
PKs(A) USKs(A) ........... (b),

from (a) and (b) we get A = PK5(A) U SKs5(A) .
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(5) clearly By definition 4.20 .

Proposition 4.23
Let A be Sub Set of Space X ,then 8I(A) € SK5(A) S cls(A)

Proof

Since 81(A) = A N (Ds(A)€ S A n (PK5(A))¢ = SKs(A) and A n (cly(81(A)))E <
AN (clg(A)C is largest § —Crowded Set, then SKs5(4) = A n (PKs(A))¢ ,and

AN (AN (cls(SIA))E < cls(81(A)) .Thus SI1(A) < SK5(A) <€ cls(A) .

Proposition 4.24

For Sub Set A of Space X ,if A is dense not § —perfect then SK(A) is § —open
in A.

Proof

Since SK5(A) = A — PKs(A) = An (PKs(A))¢ ,since A is dense and not
& —perfect , by proposition 4.22 part (5) (PK5(A))¢ is § —open not § —perfect in
X', since by proposition 3.12 [16]

AN (PKs(A))¢ is § —openin A .Thus SKs(A) is § —open .
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The following diagram shows the relations among these types of Sets .

|

Scattered Seta —

Scattered Setd —
— Scattered Set
Semi-Scattered Pre-Scattered Set
Set
Diagram (2)
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