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1. Introduction 

     Let  U denote the open unite disc in the 

complex plan ,let  ℍ∞ denote the collection of 

all holomorphic function on U and let ℍ𝟐  is 

consisting of all holomorphic self-map on U 

such that  𝑓(𝑧) = ∑ 𝑎𝑛𝑧𝑛∞
𝑛=0    whose Maclaurin 

coefficients are square summable (i.e) 

 𝑓(𝑧) = ∑ |𝑎𝑛|2∞
𝑛=0 < ∞. More precisely 

𝑓(𝑧) = ∑ 𝑎𝑛𝑧𝑛∞
𝑛=0    if and only if                    

‖𝑓‖ = ∑ |𝑎𝑛|2∞
𝑛=0 < ∞.The inner product 

inducing theℍ𝟐 norm is given by                   

⟨𝑓,𝑔⟩ = ∑ 𝑎𝑛
∞
𝑛=0 𝑏𝑛

̅̅ ̅ . 

 Given any holomorphic self-map 𝜑 on U, recall 

that the composition operator 

𝐶𝜑(ℎ) = ℎ𝑜𝜑     (ℎ ∈ ℍ2) 

  Is called the composition operator with symbol  

𝜑, is necessarily bounded. Let  

 𝑓 ∈ ℍ∞, the operator 𝑇𝑓: ℍ𝟐 → ℍ𝟐 defined by      

𝑇𝑓(ℎ(𝑧)) = 𝑓(𝑧)ℎ(𝑧),       𝑓𝑜𝑟 𝑎𝑙𝑙 𝑧 ∈  U , ℎ

∈ ℍ2 

is called the Toeplitz operator with symbol 𝑓 . 

Since 𝑓 ∈ ℍ∞, then we call 𝑇𝑓 a holomorphic 

Toeplitz operator. If  𝑇𝑓 is a  

 

 

 

holomorphic Toeplitz operator, then the operator 

𝑇𝑓𝐶𝜑  is bounded and has the form  

𝑇𝑓𝐶𝜑𝑔 = 𝑓(𝑔𝑜𝜑)            (𝑔 ∈ ℍ2). 

 We call it the weighted composition operator 

with symbols   𝑓 and 𝜑 [1] and [3], the linear 

operator      

 𝒲𝑓,𝜑 𝑔 = 𝑓(𝑔𝑜𝜑)            ( 𝑔 ∈ ℍ2). 

We distinguish between the two symbols of 

weighted composition operator  𝒲𝑓,𝜑  , by 

calling 𝑓 the multiplication symbol and 𝜑 

composition symbol. 

 For  given holomorphic self-maps 𝑓 and 𝜑 of 

U,  𝒲𝑓,𝜑 is bounded operator even if 𝑓 ∉ ℍ∞ .To 

see a trivial example, consider 𝜑(𝑧) = 𝑝   where 

𝑝 ∈ U and 𝑓 ∈ ℍ𝟐, then for all  

 

𝑔 ∈ ℍ𝟐, we have  

‖ 𝒲𝑓,𝜑 𝑔‖
2

= ‖𝑔(𝑝)‖‖𝑓‖2 = ‖𝑓‖2|〈𝑔, 𝐾𝑝〉| ≤

‖𝑓‖2‖𝑔‖2‖𝐾𝑝‖
2
. 

    In fact, if 𝑓 ∈ ℍ∞ ,then  𝒲𝑓,𝜑 is bounded 

operator on ℍ𝟐 with norm 

‖ 𝒲𝑓,𝜑 ‖ = ‖𝑇𝑓𝐶𝜑‖ ≤ ‖𝑓‖∞‖𝐶𝜑‖ =

‖𝑓‖∞√
1+|𝜑(0)|

1−|𝜑(0)|
 . 

 

2. Basic Concepts 

 

         We start this section, by giving the 

following results which are collect some 

properties of Toeplitz  and composition 

operators. 

Lemma (2.1):[4, 6]   Let  𝜑 be a holomorphic 

self-map of U,  then 
(a) 𝐶𝜑𝑇𝑓 = 𝑇𝑓𝑜𝜑 𝐶𝜑.     

(b) 𝑇𝑔𝑇𝑓 = 𝑇𝑔𝑓. 

(c) 𝑇𝑓+𝛾𝑔 = 𝑇𝑓 + 𝛾𝑇𝑔. 

(d) 𝑇𝑓
∗ = 𝑇𝑓̅. 

Proposition (2.2):[1]  Let 𝜑 and  be two 

holomorphic self-map of U, then 

1. 𝐶𝜑
𝑛 = 𝐶𝜑𝑛

   for all positive integer n. 

2. 𝐶𝜑 is the identity operator if and only if  is 

the identity map. 

3. 𝐶𝜑  C  if and only if  𝜑  .  

4. The composition operator cannot be zero 

operator. 

For each 𝛼 ∈ 𝑈 ,the reproducing kernel at 𝛼 

,defined by 𝐾𝛼(𝑧) =
1

1−𝛼̅𝑧
 

It is easily seen for each 𝛼 ∈ 𝑈 and 𝑓 ∈
𝐻2, 𝑓(𝑧) = ∑ 𝑎𝑛𝑧𝑛∞

𝑛=0  that  

⟨𝑓,𝐾𝛼⟩ = ∑ 𝑎𝑛

∞

𝑛=0

𝛼𝑛 = 𝑓(𝛼). 

 When 𝜑(𝑧) = (𝑎𝑧 + 𝑏) 𝑐𝑧 + 𝑑)⁄  is linear-

fractional self-map of U, Cowen in [2] 

establishes 𝐶𝜑
∗ = 𝑇𝑔𝐶𝜎𝑇ℎ

∗,   where the Cowen 

auxiliary functions g, 𝜎 and h are defined as 

follows:  
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𝑔(𝑧) = 1

−𝑏̅𝑧+𝑑̅
    , 𝜎(𝑧) = 𝑎̅𝑧−𝑐̅

−𝑏̅𝑧+𝑑̅
        𝑎𝑛𝑑   ℎ(𝑧) =

𝑐𝑧 + 𝑑  . 

     If 𝜑  is linear fractional self-map U,  then   

𝑊𝑓,𝜑
∗ = (𝑇𝑓𝐶𝜑)∗ = 𝐶𝜑

∗ 𝑇𝑓
∗ = 𝑇𝑔𝐶𝜎𝑇ℎ

∗. 

     Proposition (2.4):[5 ]    Let each of  

𝜑1, 𝜑2, … 𝜑𝑛 be holomorphic self-maps of U and 

𝑓1, 𝑓2, … 𝑓𝑛 ∈ ℍ∞, then 

𝒲𝑓1,𝜑1 . 𝒲𝑓2,𝜑2
… . 𝒲𝑓𝑛,𝜑𝑛 = 𝑇ℎ𝐶𝜙 

Where  

𝑇ℎ =
𝑓1. (𝑓2𝑜𝜑1). (𝑓3𝑜𝜑2𝑜𝜑1). … (𝑓2𝑜𝜑𝑛−1𝑜𝜑𝑛−2𝑜 … . 𝑜𝜑1)
and  

 𝐶𝜙 = 𝜑𝑛𝑜𝜑𝑛−1𝑜 … . 𝑜𝜑1. 

Corollary  (2.5):        Let 𝜑 be a holomorphic 

self-map of U and 𝑓 ∊ ℍ∞ then  

𝒲𝑓,𝜑
𝑛 = 𝑇𝑓 (𝑓 𝑜𝜑 )(𝑓 𝑜𝜑2)...(𝑓 𝑜𝜑𝑛−1)𝐶𝜑𝑛

 

Lemma (2.6):[3]          If the operator  

𝒲𝑓,𝜑:  ℍ2 →  ℍ2 is bounded, then for each 

𝛼 ∈ 𝑈  

𝒲𝑓,𝜑
∗ 𝐾𝛼 = 𝑓(𝛼)̅̅ ̅̅ ̅̅ 𝐾𝜑(𝛼). 

3-  Main Results   

      In this section ,we study the product of a 

weighted composition operator  𝒲𝑓,𝜑 with the 

adjoint of a weighted composition 

operator  𝒲𝑓,𝜓
∗  on the Hardy space ℍ2. First we 

try to obtain some properties of the operator 

𝒲𝑓,𝜑𝒲𝑓,𝜓
∗    . 

Proposition (3. 1):     Suppose  𝜑 𝑎𝑛𝑑  𝜓 be two 

holomorphic self-map of U and 𝑓 ∊ ℍ∞, such 

that 0 is not  a fixed point of U   then   𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  

is self-adjoint if and only if  

 𝜓(𝑧) = 𝜆𝜑(𝑧)   , for all 𝑧 ∈ 𝑈. 

Proof :          Let 𝛽 ∈ 𝑈  , then for each 𝑧 ∈ 𝑈 , 

we have  

 (𝒲𝑓,𝜑𝒲𝑓,𝜓
∗ )∗𝐾𝛽(𝑧) = 𝒲𝑓,𝜓𝒲𝑓,𝜑

∗ 𝐾𝛽(𝑧)          

                                  = 𝑇𝑓𝐶𝜓 (  𝑓(𝛽)̅̅ ̅̅ ̅̅ ̅̅ 𝐾𝜑(𝛽)(𝑧)) 

                                  

= 𝑓(𝛽)̅̅ ̅̅ ̅̅  𝑓(𝑧)𝐾𝜑(𝛽)(𝜓(𝑧))    .  

On the other hand , for each 𝑧 ∈ 𝑈 ,  we have  

𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  𝐾𝛽(𝑧) = 𝑇𝑓𝐶𝜑 (  𝑓(𝛽)̅̅ ̅̅ ̅̅ ̅̅ 𝐾𝜓(𝛽)(𝑧)) 

                                = 𝑓(𝛽)̅̅ ̅̅ ̅̅  𝑓(𝑧)𝐾𝜓(𝛽)(𝜑(𝑧))   .  

Therefore ,  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is self-adjoint if and only 

if for each 𝑧 ∈ 𝑈 

 𝐾𝜑(𝛽)(𝜓(𝑧)) =  𝐾𝜓(𝛽)(𝜑(𝑧)) 

Hence , 

                                    
1

1 − 𝜑(𝛽)̅̅ ̅̅ ̅̅ ̅𝜓(𝑧)

=
1

1 − 𝜓(𝛽)̅̅ ̅̅ ̅̅ ̅𝜑(𝑧)
                          (1) 

In particular letting  𝛽 = 0   in equation  (3.1), 

we get   

𝜓(𝑧) = 𝜆𝜑(𝑧)   𝑤ℎ𝑒𝑟𝑒   𝜆 = (𝜓(0)

𝜑(0)
̅̅ ̅̅ )   (note that  

𝜑(0) ≠ 0  )      .                            ■ 

   

      Recall that [2 ]  an operator  𝑇  is an isometry 

if  ‖𝑇𝑥‖ = ‖𝑥‖   for all 𝑥  or equivalently 

𝑇∗ 𝑇 = 𝐼.  

Nordgren E.M [7 ] characterized the isometry 

composition operator as follows .  

  Theorem  (3. 2):      A composition operator  

𝐶𝜑 is an isometry if and only if 𝜑 is an inner 

function and  𝜑(0) = 0 . 

Lemma (3. 3):     Suppose that   𝜑  be a 

holomorphic self-map of U and 𝑓 ∊ ℍ∞ . If  

𝒲𝑓,𝜑   is an isometry, then  𝜑   must be  inner 

function and   ‖𝑓‖ = 1. 

Proof :      Let the operator  𝒲𝑓,𝜑   is an 

isometry , then   𝒲𝑓,𝜑
∗ . 𝒲𝑓,𝜑 = 𝐼  . Thus for each 

 𝑝 ∊ 𝑈 , we have    
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‖𝒲𝑓,𝜑𝐾𝑝‖ = ‖𝐾𝑝‖  , then   ‖𝑇𝑓𝐶𝜑𝐾𝑝‖ =

‖𝐾𝑝‖    . 

This implies that ‖𝑓(𝐾𝑝 ∘ 𝜑)‖ = ‖𝐾𝑝‖   .Hence , 

by taking  𝑝 = 0, then 𝐾0 = 1 

and thus  ‖𝑓(1 ∘ 𝜑)‖ = ‖1‖   , 𝑡ℎ𝑒𝑛   ‖𝑓‖ =
1               

In addition that, if 𝑔(𝑧) = 𝑧 , then it is clear that 

‖𝑔‖ = 1 . Therefore  

‖𝒲𝑓,𝜑𝑔‖ = ‖𝑔‖ , and then ‖𝑇𝑓𝐶𝜑𝑔‖ = ‖𝑔‖   . 

Thus ,  ‖𝑓(𝑔𝑜𝜑)‖ = ‖𝑔‖ , 𝑡ℎ𝑒𝑛   ‖𝑓. 𝜑‖ = 1  .  

Since |𝜑(𝑒𝑖𝑡)| ≤ 1         𝑎. 𝑒.      𝑡 ∈ [0,2𝜋) 

and both ‖𝑓‖   𝑎𝑛𝑑  ‖𝑓. 𝜑‖   are 1 .Then, by the 

integral representation of ‖𝑓‖ℍ𝟐 

‖𝑓‖
ℍ𝟐
2 =

1

2𝜋
∫ |𝑓(𝑒𝑖𝑡)|

2
𝑑𝑡

2𝜋

0

    . 

So that |𝜑(𝑒𝑖𝑡)| = 1        𝑎. 𝑒.     𝑜𝑛 𝑈 , then  

𝜑   is an  inner function .                    ■  

 

      Gunatillake G. [5 ]  studied the invertible 

weighted composition operator on Hardy space 

ℍ𝟐 . He give the following result .                                        

Theorem (3. 4):[5]      The operator  𝒲𝑓,𝜑 on ℍ𝟐  

is invertible if and only if  𝑓 is both bounded and 

bounded  away from zero on the unit disc and  𝜑 

is an automorphism of  the unit disc . the inverse 

operator is the weighted composition operator  

𝒲𝑓,𝜑
−1 = 𝒲 1

(𝑓∘𝜑−1)
,𝜑−1 .  

Theorem  (3. 5):      Suppose that   𝜑 𝑎𝑛𝑑  𝜓 be 

two holomorphic self-map of  U and 𝑓 ∊ ℍ∞ . 

Then  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is invertible  if and only if  

each of   𝒲𝑓,𝜑  𝑎𝑛𝑑   𝒲𝑓,𝜓  is invertible operator 

.  

Proof :        Suppose that  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is 

invertible , then the operator  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗   is one-

to-one and onto .Hence,  𝒲𝑓,𝜑  is onto . 

Therefore it is clear that ,  𝜑 is non- constant 

map . 

Thus , 𝒲𝑓,𝜑 is one-to-one .  Hence  𝒲𝑓,𝜑 is 

invertible  . 

Now , since each of  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗   and 𝒲𝑓,𝜑  is  

invertible , then  we have  𝒲𝑓,𝜓   must be 

invertible operator . 

The reverse induction follows immediately .                                                       

■ 

A straightforward consequence can obtained 

from theorem (3. 4).   

Corollary  (3. 6):      Suppose that   𝜑 𝑎𝑛𝑑  𝜓 be 

two holomorphic self-map of  U and 𝑓 ∊ ℍ∞ . 

Then  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is invertible  if and only if  𝑓 is 

bounded and  bounded  away from zero on U 

and each of  𝜑  and 𝜓  is an automorphism of  U 

. 

Corollary (3. 7):      Let  𝜑 𝑎𝑛𝑑  𝜓 be two 

holomorphic self-map of  U and 𝑓 ∊ ℍ∞ . If   

𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is invertible , then  (𝒲𝑓,𝜑. 𝒲𝑓,𝜓

∗ )−1 =

𝐶𝜓−1
∗ . 𝒲

[1 (𝑓𝑜𝜓−1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)(𝑓𝑜𝜑−1)⁄ ],𝜑−1 .  

Proof         Since by  theorem (3.1.3) we have  

𝒲𝑓,𝜑
−1 = 𝒲 1

(𝑓𝑜𝜑−1)
,𝜑−1    and   𝒲𝑓,𝜓

−1 =

𝒲 1

(𝑓𝑜𝜓−1)
,𝜓−1 . Then ,  

   (𝒲𝑓,𝜓
∗ )−1 = (𝒲𝑓,𝜓

−1 )∗ = (𝒲 1

(𝑓𝑜𝜓−1)
,𝜓−1)∗ =

(𝑇 1

(𝑓𝑜𝜓−1)

𝐶𝜓−1)∗ 

              = 𝐶𝜓−1
∗ 𝑇 1

(𝑓𝑜𝜓−1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
   .                                       

Hence ,  (𝒲𝑓,𝜑. 𝒲𝑓,𝜓
∗ )

−1
= (𝒲𝑓,𝜓

∗ )−1(𝒲𝑓,𝜑)−1 

                                       

  = (𝐶𝜓−1
∗ 𝑇 1

(𝑓𝑜𝜓−1)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
). (𝑇 1

(𝑓𝑜𝜑−1)
 
𝐶𝜑−1) 
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= 𝐶𝜓−1
∗  𝑇 1

(𝑓𝑜𝜓−1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)(𝑓𝑜𝜑−1)

  𝐶𝜑−1        

                                            =

𝐶𝜓−1
∗ . 𝒲 1

(𝑓𝑜𝜓−1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )(𝑓𝑜𝜑−1)
,𝜑−1       .                                         

■   

Lemma  (3. 8):[9]     If  𝑇  is isometry operator 

and 𝑆 is unitary operator , then 𝑇𝑆∗is an isometry 

. 

Theorem (3. 9):       Suppose that   𝜑 𝑎𝑛𝑑  𝜓  be 

two holomorphic self-maps of  U and  𝑓 ∊ ℍ∞  

such that ‖𝑓‖ℍ∞ = 1  . Then   𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is an 

isometry  if and only if   𝒲𝑓,𝜑 is an isometry and  

𝒲𝑓,𝜓  is an unitary operator . 

Proof :          Suppose that  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is an 

isometry , therefore 

 (𝒲𝑓,𝜑𝒲𝑓,𝜓
∗ )∗  𝒲𝑓,𝜑𝒲𝑓,𝜓

∗ = 𝐼  . Thus   

 𝒲𝑓,𝜓𝒲𝑓,𝜑
∗   𝒲𝑓,𝜑𝒲𝑓,𝜓

∗ = 𝐼 . Hence one can 

easily see that 𝒲𝑓,𝜓  is onto . 

This it is clear that,  𝜓  is non- constant map . 

Therefore by lemma (2.4.3)  we have  𝒲𝑓,𝜓 is 

one-to-one. 

Thus 𝒲𝑓,𝜓  invertible . Therefore by theorem 

(3.1.5) and corollary (3.1.6)  𝜓 must be an 

automorphism of  U.   So that there exists 

𝜂 ∈ 𝜕𝑈   𝑎𝑛𝑑  𝑝 ∈ 𝑈 , that for each 𝑧 ∈ 𝑈 

𝜓(𝑧) = 𝜂 (
𝑝 − 𝑧

1 − 𝑝̅𝑧
) ,    𝑤ℎ𝑒𝑟𝑒 𝜓(𝑝) = 0   . 

But 𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is an isometry , then for 

every 𝑝 ∈ 𝑈, we conclude that  

       ‖𝒲𝑓,𝜑 𝒲𝑓,𝜓
∗  𝐾𝑝‖ = ‖𝐾𝑝‖      . 

Thus ,                             ‖𝒲𝑓,𝜑(  𝑓(𝑝)̅̅ ̅̅ ̅̅ ̅𝐾𝜓(𝑝))‖ =

‖𝐾𝑝‖     .       

Hence ,                                ‖𝑇𝑓𝐶𝜑(  𝑓(𝑝)̅̅ ̅̅ ̅̅ ̅𝐾0)‖ =

‖𝐾𝑝‖      . 

Then ,                                    ‖𝑓(𝑝)̅̅ ̅̅ ̅̅ 𝑇𝑓𝐶𝜑(𝐾0)‖ =

‖𝐾𝑝‖      . 

 Therefore ,                           ‖𝑓(𝑝)̅̅ ̅̅ ̅̅  𝑓(𝐾0 ∘

𝜑)‖ = ‖𝐾𝑝‖    .     

But    ( 𝐾0 ∘ 𝜑 =  1 ∘ 𝜑 = 1 )      ,     

‖𝑓(𝑝)̅̅ ̅̅ ̅̅  𝑓‖ = ‖𝐾𝑝‖       . 

Hence ,                                             

|𝑓(𝑝)̅̅ ̅̅ ̅̅ |‖ 𝑓‖ = ‖𝐾𝑝‖       .   

Then ,                                    |〈𝑓, 𝐾𝑝〉| = ‖𝐾𝑝‖ =

‖𝑓‖‖𝐾𝑝‖       .        

Thus,  by Cauchy –Schwartz inequality , we 

have 

𝑓(𝑧) = 𝛼𝐾𝑝(𝑧) =
𝛼

1 − 𝑝̅𝑧
              𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  𝛼

∈ ℂ 

But ‖ 𝑓‖ = 1  , then it easily see that 𝑓(𝑧) =

𝑟
𝐾𝑝

‖𝐾𝑝‖
  where  |𝑟| = 1  𝑎𝑛𝑑 𝜓(𝑝) = 0  

Hence by theorem (2. 9)  we have 𝒲𝑓,𝜓 is 

unitary operator . 

Conversely , if  𝒲𝑓,𝜑 is an isometry and  𝒲𝑓,𝜓 is 

unitary , then  

𝒲𝑓,𝜑
∗ 𝒲𝑓,𝜑 = 𝒲𝑓,𝜓

∗ 𝒲𝑓,𝜓 = 𝒲𝑓,𝜓𝒲𝑓,𝜓
∗

= 𝐼                                                     (2) 

Hence from (3.2) we have  

(𝒲𝑓,𝜑𝒲𝑓,𝜓
∗ )∗ 𝒲𝑓,𝜑𝒲𝑓,𝜓

∗ =

𝒲𝑓,𝜓 𝒲𝑓,𝜑
∗  𝒲𝑓,𝜑 𝒲𝑓,𝜓

∗ = 𝐼 . 

Therefore   𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is an isometry ,as desired .                                                    

■ 

 

Corollary (3. 10):     Suppose  𝜑 𝑎𝑛𝑑  𝜓 be two 

holomorphic self-map of  U and 𝑓 ∊ ℍ∞ such 

that ‖𝑓‖ℍ∞ = 1 . Then  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is unitary  if 

and only if  each of  𝒲𝑓,𝜑   and  𝒲𝑓,𝜓  
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is an unitary operator . 

Proof :       Suppose that  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is an 

unitary operator , then it is isometry . Therefore 

by theorem (3. 9)  we have 𝒲𝑓,𝜓  is unitary 

operator . But since 𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is unitary , then  

𝒲𝑓,𝜓𝒲𝑓,𝜑
∗   is also unitary , thus by theorem (3.9) 

we have 𝒲𝑓,𝜑 is unitary operator . 

The converse is clear . 

Now , the corollary (3. 9) and theorem (2. 9) we 

get the following consequence . 

Corollary (3. 11):     Suppose  𝜑 𝑎𝑛𝑑  𝜓 be two 

holomorphic self-map of  U and 𝑓 ∊ ℍ∞ such 

that ‖𝑓‖ℍ∞ = 1 . Then  𝒲𝑓,𝜑𝒲𝑓,𝜓
∗  is unitary  if 

and only if  each of  𝜑 𝑎𝑛𝑑 𝜓  is an 

automorphism of  U  and 𝑓(𝑧) = 𝑟
𝐾𝑝

‖𝐾𝑝‖
    such 

that 𝑝 ∊ 𝑈  where  |𝑟| = 1  and  

 𝜑 (𝑝) = 𝜓(𝑝) = 0   . 
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  الخلاصة 

حول فضاء هاردي حاصل الضرب للمؤثر التركيبي الموزون مع الجوينت للمؤثر التركيبي الموزونبدراسة  البحث قمنا في هذا  

 كما وحاولنا  اعطاء صورة واضحة عن المؤثر التركيبي الموزون عندما يكون قابل للعكس و وحدووي
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