AL-Qadisiyah Journal of pure Science Vol.23 No. 2 Year 2018

*The product of a weighted composition operator Wy , with the adjoint of
a weighted composition operator Wy, on the Hardy space H?

Alaa Hussien Mohammed Eiman H. Abood
College of Education , University of Al-Qadisiya College of science, University of Baghdad
alaa.hussien@qu.edu.iqg eiman.mat@yahoo.com
Received:-  13/7/2017 Accepted:-28/11/2017
Abstract:

In this paper we study the product of a weighted composition operator W, ,, with the adjoint of a
weighted composition operator W, on the Hardy space HZ. We will try to completely describe

when the operator Wy , Wy, is invertible , isometric and unitary .
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1. Introduction

Let U denote the open unite disc in the
complex plan ,let H* denote the collection of
all holomorphic function on U and let H? is
consisting of all holomorphic self-map on U
suchthat f(z) = YXp—oanz™ whose Maclaurin
coefficients are square summable (i.e)

f(2) = ¥%_ola,|? < o. More precisely
f(z) =Yn—oa,z™ ifandonly if

FIl = Ee_olan|? < o0.The inner product
inducing theH> norm is given by

(f.9) = Xn=0 an by .

Given any holomorphic self-map ¢ on U, recall
that the composition operator

Is called the composition operator with symbol
@, is necessarily bounded. Let

€ H®, the operator T,: H? — H? defined by
f

Tr(h(2)) = f(2)h(2),
€ H?

forallze U,h

is called the Toeplitz operator with symbol f .
Since f € H,then we call Tr a holomorphic
Toeplitz operator. If T is a

holomorphic Toeplitz operator, then the operator
T¢C, is bounded and has the form

TrCpg = f(gowp) (g € H?).
We call it the weighted composition operator
with symbols f and ¢ [1] and [3], the linear
operator

Wy, 9 = f(gop) (g € H?).
We distinguish between the two symbols of
weighted composition operator Wy, , by
calling f the multiplication symbol and ¢
composition symbol.
For given holomorphic self-maps f and ¢ of
U, W, is bounded operator even if f & H* .To
see a trivial example, consider ¢(z) = p where
p € Uand f € H?, then for all
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g € HZ?, we have
W gll, = @Iz = IfI2Kg, k)| <

||f||z||g||z||Kp||2-
In fact, if f € H” ,then Wk, is bounded
operator on H? with norm
[ Wro | = 1T Coll < 1Nl ||Co ]| =

1+]9(0)|
Il [£H12OL

2. Basic Concepts

We start this section,
following

properties
operators.

Lemma (fofg)éﬁ hci_(pet goh S8
self-map of U, then

@) CoTr = Tfop Co.

(b) Ty Ty = Tyy.

(C) Tf+]/g = Tf + ]/Tg

(d) Tr =Tf.
Proposition (2.2):J1] Let ¢ and y be two
holomorphic self-map of U, then

1. (r=C

by giving the
results which are collect some
of Toeplitz and composition

2
Rolomorphic

o, forall positive integer n.

2. C, isthe identity operator if and only if ¢ is
the identity map.

3. C,=C, ifandonlyif ¢ =y.

4.  The composition operator cannot be zero
operator.

For each a € U ,the reproducing kernel at
. 1

,defined by K,,(z) = Py

It is easily seen foreacha € U and f €

H?, f(2) = Y- a,z™ that

(FK) = ) ana™ = ().
n=0

When ¢ (z) = (az + b)/cz + d) is linear-
fractional self-map of U, Cowen in [2]
establishes C<Z = TgCaT;;, where the Cowen
auxiliary functions g, o and h are defined as
follows:
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9D =5 o@D =55 ad k(D)= =Ty Cy (FBWKp)(2)
cz+d .

If ¢ is linear fractional self-map U, then —FB) f(OK 6 W)
= ¢

Wip = (TrCp)" = CoT} = TyC,T;.

Proposition (2.4):[5] Let each of
©1, P2, - Py be holomorphic self-maps of U and

Wf1'(P1 'Wf2-§02 e an@n = ThC¢’

Where
Th =

fl'd(fzoq)l)- (f3002001). ... (f200,_100y_30 ....0¢1)
an

Cp = Pn0Pn_10 ....001.

Corollary (2.5): Let ¢ be a holomorphic
self-map of U and f € H® then

Wio =Tf (f 00 )F 002)-f 0@n-1)Con

Lemma (2.6):[3] If the operator
W; ,: H? — H? is bounded, then for each
acelU

W;,(pKa = f(a)K(p(a)

3- Main Results

In this section ,we study the product of a
weighted composition operator W , with the
adjoint of a weighted composition
operator Wy, on the Hardy space HZ2. First we
try to obtain some properties of the operator
Wr o Wry

Proposition (3. 1):  Suppose ¢ and 1 be two
holomorphic self-map of U and f € H™, such

that 0 is not a fixed point of U then Wy, Wr,,
is self-adjoint if and only if

Y(z) = Ap(z) ,forallz e U.

Proof :
we have

LetB e U ,thenforeachze U,

(W o Wy ) K (2) = Wy, Wy K (2)
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On the other hand , for each z € U, we have
Wy Wiy Ks (@) = T;Co (FBK ) ()

= f(B) f(@)Kyp (9(2)) .

Therefore , Wy , Wy, is self-adjoint if and only
if foreachz € U

Koip@(2)) = Ky (9(2))

Hence ,
1
) 1-o(BY(2)
"1 0e@ =

In particular letting g = 0 inequation (3.1),
we get

Y(z) = Ap(z) where A= (%) (note that

p0)+0) . n

Recall that [2 ] an operator T is an isometry
if ||Tx|| = ||x|| forall x orequivalently
T"T =1.

Nordgren E.M [7 ] characterized the isometry
composition operator as follows .

Theorem (3.2): A composition operator
C, is an isometry if and only if ¢ is an inner
functionand ¢(0) =0.

Lemma (3. 3): Supposethat ¢ bea
holomorphic self-map of U and f € H™ . If

Wr, isanisometry, then ¢ must be inner
functionand ||f]| = 1.

Proof :  Let the operator Wy, isan

isometry , then W ,. Wy, =1 . Thus for each
p € U, we have
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Wr o Koll = 1K ]|+ then [T Co k|| =
(Lo

This implies that || f (K, ° ¢)|| = ||Kp|| -Hence,
by taking p = 0,then K, =1

and thus [[f(1e @)l = 1]l ,then |If]l =
1

In addition that, if g(z) = z, then it is clear that
llgll = 1. Therefore

Wrpgll = llgll , and then [T g]| = llgll -

Thus, [If(gop)ll = ligll, then |If.oll=1.

Since [p(e')| <1 a.e. te[02m)

and both ||f|| and ||f. ]|l arel.Then, by the
integral representation of || £z

21
)
11122 = 2 f IF(e)[Pdt
0

Sothat |p(e*)|=1 a.e. onU,then
@ isan inner function . ]

Gunatillake G. [5] studied the invertible
weighted composition operator on Hardy space
H? . He give the following result .

Theorem (3. 4):[5]  The operator Wy, on H?
is invertible if and only if f is both bounded and
bounded away from zero on the unit disc and ¢
is an automorphism of the unit disc . the inverse
operator is the weighted composition operator
W_l =W 1 1 -

I Fo ¥

Theorem (3.5):  Suppose that ¢ and  be
two holomorphic self-map of U and f € H™ .

Then Wy , W, is invertible if and only if
eachof Wy, and W, isinvertible operator

Proof : Suppose that Wy , Wy, is
invertible , then the operator Wy , Wy, is one-
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to-one and onto .Hence, W is onto .

Therefore it is clear that, ¢ is non- constant
map .

Thus Wrg is one-to-one . Hence W, is
invertible .

Now , since each of Wy ,W¢,, and W, , is

invertible , then we have W, must be
invertible operator .

The reverse induction follows immediately .
|

A straightforward consequence can obtained
from theorem (3. 4).

Corollary (3.6):  Suppose that ¢ and vy be
two holomorphic self-map of Uand f € H™ .

Then W, , Wr,, is invertible if and only if fis
bounded and bounded away from zero on U
and each of ¢ and iy is an automorphism of U

Corollary (3. 7):  Let ¢ and i be two
holomorphic self-map of Uand f € H® . If

Wy , Wi, isinvertible , then (W, W7 )™ =

Cp=1- W/ Grow ) (Fop) ot -
Proof Since by theorem (3.1.3) we have

-1 _ -1 _
Wf,(P —_ W 1_ (,0_1 and Wf,ll) —_

(fop~1y

w . _, - Then,

Fov=1¥

(Wr)™h = Wr)' = W . )=

(foyp~1y

(T_1+ Cya)

) v

= C;;)—1T 1_
(foyp™h

Hence, (W, . Wi,) = (Wiy) t(W, )"
! fro VI iy fo

= (CaT_s (T s

C,1)
(Fop=0)  (foe™1)
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=Cya T L C,p-t Then, |f@)TrC, (Ko =
(Fop=D)(fop™1) 1%, ||
= Therefore , IF @) f(Ko o
C’-a.
v Wmﬂ’_l ol = 1Kl
. But (Kpegp=1c¢p =1)
Lemma (3.8):[9] If T isisometry operator IF @) £l = |IK |l
and S is unitary operator , then TS*is an isometry
F@IIFIl =[5

Theorem (3. 9): Suppose that ¢ and ¢ be
two holomorphic self-maps of Uand f e H® Then, |Kf KM = || Ko || =
such that || f|lge = 1 . Then W, , Wy, isan 1|y ||

isometry if and only if W, is an isometry and
Wk, is an unitary operator .

Proof : Suppose that Wy , Wy, is an
isometry , therefore

(Wf@W;_lp)* Wf@ijﬂp =1. ThUS

Wr yWr , Wr o, Wr,, = 1. Hence one can
easily see that W, is onto .

This it is clear that, 1 is non- constant map .
Therefore by lemma (2.4.3) we have W, is
one-to-one.

Thus W, invertible . Therefore by theorem

(3.1.5) and corollary (3.1.6) ¥ must be an
automorphism of U. So that there exists
n€dU and p € U ,thatforeachz e U

V@ =n({==), wherey@) =0 .

But Wy , Wr, is an isometry , then for
every p € U, we conclude that

Wy Wi Kol = 1Kl

Thus, W o (F@ Ky =
1Kl
Hence , IT¢C ( fF(P)Ko)|| =
|16 |l
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Thus, by Cauchy —Schwartz inequality , we
have

a

f(2) = aKy(2) = 1= pz for some «a

eC
But|| fIl =1 , then it easily see that f(z) =

r—2_ where |r| =1 and Y (p) = 0
(B

Hence by theorem (2. 9) we have W, is
unitary operator .

Conversely , if W, is an isometry and W, is
unitary , then

Wr o Wr.p = WryWry = Wy Wry

=1 (2)

Hence from (3.2) we have
WroWry)™ Wy o Wry =
Wrw Wrio Wro Wryp =1

Therefore Wy , W; , is an isometry ,as desired .
u

Corollary (3. 10):  Suppose ¢ and ¥ be two
holomorphic self-map of U and f € H* such

that ||f|lge = 1. Then wf,q,w;lw is unitary if
and only if each of Wy, and W,
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IS an unitary operator .

Proof :  Suppose that W, ,W¢ ,, is an
unitary operator , then it is isometry . Therefore
by theorem (3. 9) we have W, is unitary
operator . But since W, W, is unitary , then
W Wr,, is also unitary , thus by theorem (3.9)
we have W , is unitary operator .

The converse is clear .

Now , the corollary (3. 9) and theorem (2. 9) we
get the following consequence .

Corollary (3. 11):  Suppose ¢ and 1 be two
holomorphic self-map of U and f € H* such

that || f|lge = 1. Then fopwf.w is unitary if

and only if each of ¢ and v isan
automorphism of U and f(z) = rﬁ
14

such
thatp € U where |r| =1 and

@ =y@E =0 .
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