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ABSTRACT

In this paper, the definition and basic concepts of M-fuzzy metric
is introduced with some of its basic properties and some fundamental
results concerning this concept, and then these aspects are used to
introduce and prove the completeness of M-fuzzy metric spaces.
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Introduction

The concept of fuzzy sets was introduced by Zadeh in 1965
[1]. Since then, this concept is used in topology and some
branches of analysis, many authors have expensively developed

the theory of fuzzy sets and application.

We start with the obvious definition of fuzzy sets “A fuzzy

set, termed by A, ina space of objects X is a class of events with
a continuous grade of membership and is characterized by a

membership function, termed as p;, which associates for each x

e X a real number in the interval [0, 1]". The value of pj; (X)

represents of grade of membership of x in A, i.e., denotes the
degree to which an element or event x may be a member of A or

belong to A, [2].

Chang, C. L. in 1968 used the fuzzy set theory for defining
and introducing fuzzy topological spaces, while Wong, C. K. in
1973, discussed the covering properties of fuzzy topological

spaces, [3].

Ercey, M. A. in 1979, studied fuzzy metric spaces and its
connection with statistical metric spaces, Ming P. P. and Ming L. Y.
in 1980, used fuzzy topology to define neighborhood structure of
fuzzy point and Moore-Smith convergence, Zike Deng in 1982,
studied the fuzzy point and discussed the fuzzy metric spaces with

the metric defined between two fuzzy points, [4].

George and Veermamani [5], Kramosil and Michalek have
introduced the concept of M-fuzzy topological spaces induced by

M-fuzzy metric spaces which have very important applications in



quantum practical physics particularly in connections which were

given and studied by El-Naschie

The main objective of this paper is to study and prove the
completeness of fuzzy metric spaces using M-fuzzy metric spaces.

1- Basic concepts and preliminaries:

we start with the following definition of D-metric spaces ,

which plays an important role in this paper.
Definition (1.1), [6]:
Let X be a non empty set. A generalized metric (or D-metric)

on X is a function D : XxXxX — [J *, that satisfies the following

conditions for each x, y, z, a € X:

(1) D(x,y, z) > 0.

(2) D(x,y,z)=0ifandonly if x=y = z.

(3) D(x, Yy, z) =D(p{x, vy, z}), where p is the permutation function.
(4) D(x,y, z) <D(x,y, a) + D(a, z, z).

The pair (X, D) is called the generalized metric or D-metric
space.
Definition (1.2), [7]:

A D-metric space (X, D) is said to be D-bounded if there
exists a positive real number N, such that D(x, y, z) <N, for all x, v,

Z e X.

In such a case N is said to be the D-bound for X. Moreover,
if
E < X, then E is said to be D-bounded subspace of X if there



exists a positive real number M, such that D(x, y, z) < M, for all x,

y,Zz € E.

Now, an illustrative examples are considered for

completeness purpose.
Example (1.3), [1], [6]:

Let X=0 and D(x,y, z2)=|x-y| + |y - z|] + |z - x|, for all

X, ¥, Z € X. Then (X, D) is unbounded D-metric space.
Since if we let x, y, z, a € X, then:

I- DX, y,2)=|x-Yy|+|y-2z|] +]|z-x|>0if and only if two of X, y,
zaredistinctand if x=y=zthen|x-y|+|y—-z|+|z-X%] =0
and hence

D(x,y,z)=0

if D(X,y, z)=0,then [x —y| + |y — z| + |z — x| = 0, which is true
iff  x—y|=0,|y-2=0, |z-X%| =0 and therefore x=y = z.

i- DX, y,z)=|x-yl+|y-z|+]z-X]
=Ix-z[+]z-yl+]y—X|
=D(x, z,Y)
Similarly, D(x, y, z) = D(X, z, y) =D(z, X, y) = ...

l.e., DX, vy, z) = D(p{x, y, z}), where p is the permutation

function.

ii- D(X,y,z)=|x-yl+|y—z|+[z-X]
<Ix-yltly-altla-x[+|a-z|+]|z-2|+ |z -3
=D(x,y, a) + D(a, z, 2)

Therefore (X, D) is a D-metric space.



But if there is no positive real number N, such that D(x, y, z) < N,

for all X, y, z € X, then (X, D) is unbounded D-metric space.
Lemma (1.4),[8]:
Let (X, D) be a D-metric space, then D(x, X, y) = D(Xx, VY, ).

The next definition introduces the fuzzy metric spaces by

using M-distance functions

Definition (1.5), [6]:

A 4-tuple (X, Mp, *) is called M-fuzzy metric space if X is an
arbitrary (nonempty) set, * is M-continuous T-norm and M is a
fuzzy subset of XxXxXx(0, ), satisfying the following conditions

for each

X,Y¥,zZ,ae Xandt,s>0:
1. Mp(x,y, z,t) >0.
2. Mp(x,y,z,t)=1ifandonlyifx=y=z.

3. Mp(X, vy, z, t) = Mp(p{x, v, z}, t), where p is a permutation

function of x, y and z.
4. Mp(x,y, a, t)*Mp(a, z, z, ) < Mp(X, Y, z, t + S).
5. Mp(X,Y, z, *) : (0, ®) — [0, 1] is a continuous.
Lemma (1.6),[8]:

Let (X, d) be a metric space and consider the M-fuzzy

metric space (X, My, *) and define My by:



t

Ma(X, Y, t) = ———
d(X, Y, 1) t+d(x,y)
Then My(X, y, t +s) > Mqy(X, y, 1), Vs, t,>0.

The next lemma shows that condition (4) of definition (1.5)
may be proved in all cases and thus this condition may be violated

from the definition.
Lemma (1.7),[8]:

Let (X, Mp, *) be an M-fuzzy metric space. Define
Mp : XxXxXx(0, ) — [0, 1], by:

MD(X’ Y, Z, t) = Md(X’ Y, t)*Md(yl Z, t)*Md(Zl X, t)

Then:

Mp(X, Yy, z, t +S) > Mp(X, Y, a, t)*Mp(a, z, z, S)
foreveryt,s>0and x,y, z € X.
Proof:

Since:

Mp(X, Y, z, t) = My(X, Yy, 1)*Mq(y, Z, t)*Mqy(z, X, t)
Then:

Mp(X, Y, a, t) = My(X, Yy, D*My(y, a, )*Mg(a, X, 1) cceeeerenneeennnees (1.1)
and

Mp(a, z, z, S) = My(a, z, S)*My(z, Z, S)*My(Z, @, S).eevvvvvreerrnnns (1.2)
and hence by definition (2.3.2):

Mp(X, ¥, Z, t +S) = My(X, Y, t + S)*My(y, Z, t + S)*Mqy(z, X, t + S)



> My(X,y,t)*Mq(y,a,t)*Mqy(a,z,s)*My(z,a,8)*Mqy(a,x,t)

= Mp(X, y, a, t)*Mqy(a, z, s)*Mqy(z, a, s) (using
eq.(3.1))

= Mp(X, Y, &, t)*Mq(a, z, S)*Mqy(z, a, s)*1

= Mp(X, Y, &, t)*Mq(a, z, S)*1*My(z, a, S)

= Mp(X, Y, &, t)*Mqy(a, z, S)*Mqy(z, z, S)*My(z, a, S)

= Mp(X, Y, a, t)*Mp(a, z, z, S)
which follows from definition (1.6) and eq.(1.2). =

Among the main results in this paper are the following two

lemmas:

Lemma (1.8),[8]:
Let (X, D) be a D-Metric space, and let:

t

>0
t+D(X,Y,2)

Mp(X, Y, z, t) =

where:

D(x,y,z) = Ix-yl + |y —z| + |z - X|
Then (X, Mp, *) is a fuzzy metric space.
Lemma (1.9),[8]:

Let X =0 and let:

t .
t+D(X,y,2)

Mp(X, Yy, Z, t) =



where:
DX, y,z)=max{ix-y|,ly—-z|,|z-x]}, VX, ¥,z X
Then (X, Mp, *) is M-fuzzy metric space.

The next lemmas are given for completeness without proof
,since their proofs are given in their correspondence references
further more, these results gives and details properties of M-fuzzy

metric spaces
Lemma (1.10), [6]:

Let (X, Mp, *) be an M-fuzzy metric space. Then Mp(X, Y, z,

t) is nondecreasing with respect to t, for all X, y, z € X, where:

MD(X’ Y, Z, t) = Md(X’ Y, t)*Md(yl Z, t)*Md(Zl X, t)

Lemma (1.11),[9]:

Let {U,, n € W}, be a sequence of subsets of XxXxX, such that Uy
= XxXxX, where W is any index set and U, contains the diagonal
(the identity relation is called the diagonal), and U,.+10U,;;0Up1
U,, V n, where o denotes the composition of three uniformly M-
continuous functions is a given

uniformly M-continuous. Then there is a non-negative real

valued function d on XxX, such that:
a. d(x, z) <d(x, y) + d(y, 2).

b. Uy {(x,y) | d(x, y) < 2" = f(x, y)} < U,4, foreach n € [I

and if each U, is symmetric (i.e., U=U™).

Then there is a pseudo-metric d satisfying condition (b).



Lemma (1.12), [9]:

If X is a uniform space which has a countable base, then X

Is pseudo-metrizable.
Proof:

If X has a uniformity U with countable base {U,}, then by the
principle of mathematical induction, we can construct a

subsequence {U,}, such that:
1. Each U, is symmetric.
2. U,oU,oU, c U,;.
3.U,cV,Vnel.

Hence {U,} form a base for U and hence by the metrization lemma

(1.11), we have a uniform space (X, U) is a pseudo-metrizable.
u

Lemma (1.13), [9]:

A regular T;-space whose topology has a o-locally finite

base is metrizable
2-Main results

In this section, the statement and the proof of the completeness of
M-fuzzy metric spaces are given which seems to be a normal
results up to our know lodge. But first we need to start and prove

some other results

Lemma (2.1), [10]:



Let (X, Mp, *) be a M-fuzzy metric space. Then 1y Is a
Hausdorff topological space and for each x € X, {B(x, 1/n, 1/n) | n

e U }is a neighborhood base at x for the topology .

From the above lemma one can note that every fuzzy metric

space indeed is a fuzzy Hausdorff space.
Theorem (2.2):

Let (X, Mp, *) be an M-fuzzy metric space, and let:

t
, 1
t+D(X,Y,2)

Mp(X, Yy, z, t) = >0

where:
D(x,y,2) = [x=y|+|y—z|+|z—X]
then (X, tv) is metrizable fuzzy topological space.

Proof:

For each n € [I , define:
1
Un={(X, ¥, 2) € XxXxX | Mp(X, Y, z,1/n)>1 - —}
n

where;:

t
t+D(X,Y,2)

Mp(X, Y, z, t) =

1

n

1
Slx-ylely-zl+lz-x



It is sufficient to prove that the sequence {U,} is a base for a

uniformity U on X, whose induced topology coincides with .

First, for each n € [I , to prove that:
{(% %, X) | X € X} € Up, Unsz < Up and U, = U;*

Since:

t
t+ | X=X |+|X=X|+|X=X]|

Mp(X, X, X, t) =

t

Hence Mp > 1 and therefore {(X, X, X) | x € X} < U,, i.e., the

diagonal is contained in U,,.

Now, to prove that U,,; c U,, Vn € I ,and sincen + 1 >n,

hence i < l and so:
n+l n

T
n+1 n

Therefore Up,; < U, and U, = Uﬁl

If U=U", then U is called symmetric.

On the other hand, for each n € [J , there is, by the M-

continuity of *, m € [l such that m > 3n. Hence:

1 1
— <

m  3n

and with * to be the usual product, gives:



iR B e

< [1—1}[1—1}[1—3} 1—£, Vne [
n n n n

Therefore U,,0U,oU,, < U, (by lemma (1.12))
Indeed, let (X, y) € Un, (Y, Y) € Uy and (y, a) € U,
Since Mp(X, v, z, *) is non decreasing (by lemma (1.10))
Then My(X, a, 1/n) > My(x, a, 3/m), and so:
Mq(X, a, 1/n) > My(X, y, 1/m)* Mq(y, y, 1/m)*Mq(y, a, 1/m)

1 1 1

m * m * m

1 1 1
—+|x=-y| —+|y-y| —+|y-a
m m m

v

1 1
—+[X=-y| —+|y-a]
SN NP
m m
21—1
n

Therefore, (x, a) € U, and thus {U, : n € [l } is a base for a

uniformity U on X.Since for each x € X and each n € [l



Un(X) ={y eX: Mp(X, Y, Y, 1/n) > 1—%}

= B(x, 1/n, 1/n)

Hence from lemma (2.1), that the fuzzy topology induced by U

coincide with t.

By lemma (1.13), (X, tv) is a metrizable fuzzy topological space.
u

Definition (2.3), [11]:

An M-fuzzy metric space is said to be completely M-fuzzy
metrizable if every M-fuzzy Cauchy sequence is M-fuzzy

convergent.
Theorem (2.4), [10]:

Let (X, Mp, *) be a M-complete fuzzy metric space, and let:

t

,1>0
t+D(X,Y,2)

Mp(X, Y, z, t) =

where:
DX, Y, 2) = [ X=y|+|y—2z|+]|z—X]|

Then (X, ty) is M-completely fuzzy metrizable.

Definition (2.5), [10]:

An M-fuzzy metric space (X, Mp, *) is called precompact if

for each r, with 0 <r <1 and each t > 0, there is a finite subset A of
X, such that:

X=JB(@,rt)

acA



In this case, M is called a precompact M-fuzzy metric space on X.
Definition (2.6),[3,12,13]:

A fuzzy topological space is compact if and only if each

open cover of the space has a finite subcover.
Theorem (2.7):

Compact M-fuzzy metric space is M-complete.

Proof:

Suppose that (X, Mp, *) is a compact fuzzy metric space, for
each r, with 0 <r <1 and each t > 0 the open cover {B(x, r, 1) : X

X} of X, has a finite subcover by definition (2.6)
Hence (X, Mp, *) is precompact (by definition (2.5)

On the other hand, every M-Cauchy sequence {x,} in (X,

Mp, *) has a limit pointy € X

Let {x,} be a fuzzy M-Cauchy sequence in (X, Mp, *) having a limit
point x € X, then there is a subsequence {xx.} of {x,} that M-

converges to y with respect to ty.

Thus, givenr, with O <r< 1l andt >0, thereis ng € [J , such that

for each n > ng

Mpb(X, X, Xkn, %) >1-s,wheres>0

Which satisfies (1 —-s)*(1 —s) > 1 —r

Also, there exists n; > k(np), such that for each n, m > n;
t
MD(an Xm Xm; g) > 1 —S

Therefore, foreach n > n;



t t
MD(X’ X, Xn, t) 2 MD(XI X, Xkns 5)*MD(anl Xn, Xn, 5)

>(1-s)*(1-s)

>1-r

Hence the fuzzy M-Cauchy sequence {x,} M-converges to x.

Thus (X, Mp, *) is an M-complete fuzzy metric space. ®
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