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Introduction

A right near — ring (resp. left near ring)
is a set N together with two binary
operations (+) and (.) such that (i) (N,+) is
a group (not necessarily abelian). (ii) (N,.)
is a semi group. (iii) For all a,b,c € N ; we
have (a + b).c =a.c + b.c (resp. a.(b +¢) =
a.b + b.c . Through this paper, N will be a
zero symmetric left near — ring (i.e., a left
near-ring N satisfying the property 0.x = 0
for all x€ N). We will denote to the
product of any two elements x and y in N
,i.e.; X.y by xy . The symbol Z will denote
the multiplicative centre of N, that is Z
={xeN|xy=yxforally e N} . Let o
and t be two endomorphisms, for any x, y
€ N the symbol [x, y] =xy - yx and (x , y)
=X *+y — x -y stand for multiplicative
commutator and additive commutator of x
and y respectively. while the symbol [x,
y]s » Will denote xo(y) - ©(y)x. N is called
a prime near-ring if XNy = {0} implies
either x = 0 or y = 0. For terminologies
concerning near-rings ,we refer to Pilz [1].

An additive mapping d :N —N is said
to be a derivation if d(xy) = d(x)y +
x d(y), (or equivalently d(xy) = x d(y) +
d(x)y forall x,y €N, as noted in [2].
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The concept of right derivation has been
already introduced in a ring R by S. Ali
[3]. An additive mapping d :R —R is said
to be right derivation if d(xy) = d(x)y +
d(y)x, for all x, y€ R. In this work and
by the same way as in the classical ring
theory, we define the concept of right
derivation in near-rings and we explore the
commutativity of addition and
multiplication of near-rings satisfying
certain identities involving right derivation
on prime near-rings. The concept of
derivation has been generalized in several
ways by various authors. Mohammad
Ashraf and Mohammad Aslam Siddeeque
defined the notions of n-derivation, (c,1)-
n-derivation and generalized n-derivation
in near-ring in [4], [5] and [6] respectively
and examined some properties of these
derivations. In this work, motivated by
these concepts we define the concept of
right n-derivation. Also we investigate the

commutativity of addition and
multiplication of near-rings satisfying
certain identities involving right n-
derivation.

Definition 1.1 Let N be a near-ring. An
additive mapping d :N —N is said to be
right derivation of N if d(xy) = d(x)y +
d(y)x, for all x, yeN.
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Definition 1.2 Let N be a near-ring. Let n
be a fixed positive integer. An n-
additive(i.e.; additive in each argument)

mapping
d:N X N X...X N —N is said to be right n-
~—_—_———
n—times

derivation if the relations

d(xq X1 ,X2, -, Xp) =d(X1 ,Xp, o, Xp)Xq T
d(X1,X2, ., Xp)Xq

Y Xn)XZ '+

(X1 ,X2Xp ) oo, Xp) = d(Xy ,Xg, o

d(xq ,Xp ) e, Xp)Xs

’ ’
d(xl , X2, e XnXn )= d(Xq , X2, ey Xp)Xp T+
’
d(X1 ,X2, -, Xn ) Xp
’ ’ r
hold for all X4, X1 ,X2,X5 , «.., Xp, Xn € N.

Example 1.3 Let S be a 2-torsion free
zero-symmetric left near-ring. Let us
define :

0 x vy
N={<0 0 0),X.y,0€S}
0 0 0

It is clear that N is a zero symmetric near-
ring with respect to matrix addition and
matrix multiplication.

Now we define d: N — N by
0 x vy 0 x O

d(o 0 o)=(o 0 o)
0 0O 0 0 O

Define d; :NxXNX...x N—N by

n—times
0 % »n 0 % ¥ 0 X, Vn
d; 00 o0/,/l0 0 0],..., 0 0 0
0 0 0 0 0 0 0 0 0

0 x1X3..%X, O
= (O 0 O)
0 0 0
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It can be easily seen that d is a nonzero
right derivation of near-ring N and d, is a
nonzero right n-derivations of near-ring N.

2. Preliminary results

We begin with the following lemmas
which are essential for developing the
proofs of our main results.

Lemma 2.1 [7] Let N be a near-ring . If
there exists a non-zero element z of Z such
that z + z € Z, then (N, +) is an abelian

group.

Lemma 2.2 [8] Let N be a prime near-
ring. If zEZ\{0} and x is an element of N
such that xz €Z or zx €Z, then xEZ.

Lemma 2.3 [8] Let N be a prime near-ring
and Z contains a nonzero semigroup left
ideal or nonzero semigroup left ideal, then
N is a commutative ring.

Lemma 2.4.]9] Let N be a prime near-
ring, d a nonzero n-derivation of N and x€
N.

(1) fd(N, N, ..., N)x= {0}, thenx = 0.
(1) If xd(N, N, . . ., N) ={0} , then x = 0.

Lemma 2.5. Let N be a prime near-ring, d
is a nonzero right n-derivation of N and a€
N.Ifd(N,N,...,N)a= {0} ,thena=0.

Proof . Given that
dN, N, ..., N)a={0},ie.;
d(Xla X250 e o Xn)a = 03

for all x, X, ...,x, EN (1)

Putting x,a in place of x; in relation (1),
we get

0=d(x;a, Xa, . . ., Xp)a
=(d(x1, X2, - - -, Xp)a +
d(a, xo, ..., X,) X)a
=d(a, xp, . . ., Xy) Xj@
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So we get d(a, Xy, . . ., X,) Na = {0} for all
X, . . ., X, € N. Primeness of N implies

that

either a = 0 or d(a, X, . . ., X,) = 0 for all

X2, . . ., Xp € N.
Ifd(a, x3,...,%x,)=0
forallx,, ..., x, EN )

Since d(x(ay), Xy, . - ., Xp) = d((xa)y, Xa, . .
. Xy) forall X, y, x5, . . ., X, € N, we get

d(x, X,, . . ., Xpay + d(ay, X, . . ., X)X =
d(xa, Xs, . . ., Xp)y + d(¥, Xa, . . ., Xp)Xa, 1.€.;
d(x, Xz, . . ., Xp)ay + (d(a, xa, . . ., X))y +
d(y, Xa, . . ., Xp)a) x = (d(x, Xa, - - ., Xp)a +
d(a, xa, . . ., X))X)y + d(y, X, . . ., Xp)Xa

Using relations (1) and (2) in previous
relation we get d(y, x», . . ., x,)Na ={0} for
all y, X, . . ., X, € N. Since d # 0,
primeness of N implies that a = 0.

As a result of Lemma 2.5 we can prove
the following Lemma:

Lemma 2.6 Let N be a prime near-ring, d
is a nonzero right derivation of N and a€
N. Ifd(N)a= {0} , thena=0.

3.Main Results

Theorem 3.1 Let N be a prime near-ring
and d be a nonzero right n-derivation of N.
If dNN,..N) € Z, then N is a
commutative ring.

Proof. Since d(N,N,...N) € Z and d is a
nonzero right n-derivation, there exist
nonzero elements x;, X,, . . ., X, € N, such
that d(xy, Xa, . . ., X,)€ Z\{0}. We have

d(xi+ x1,X0, . . ,Xy) = d(X,X2, . . HXp) T
d(x1, X2, . . ,X,)€ Z. By Lemma 2.1 we
obtain that (N, +) is an abelain group.

By hypothesis we get
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Y)Y = yd(y1,y2, - . .ya) for all

.yn€ N. 3)

d(yi,y2, - -
Y>YI, Y2, ..

Now replacing y, by y,y; where y; €N
in (3) we have

(d(Y1.y2, - - ¥a) Y1 T A1 552 - - Y)Y
=y(dy1.y2 - oY) Y1+
d(Y1’aY2, YY)
for all y,y.,y1.y2, - . ., yn€ N. 4)

By definition of d we get. for all y.,y,',y>, -
.., ¥a€ N that

A1 Y1535 - - 5¥n) = A1, Y, - - YY1+
(Y1, Y2, - - Y)W Q)

and

dY1'Y1Y2, - - Yn) = (1Y - - YY1+
d(y1,y2, - - »Yn¥1 (6)

Since( N, + ) is an abelaian group, from
(5) and (6) we conclude that

d(yr y1i'y2, - - ¥o) =d(y1'V1,Y2, - - ., Yn) for
all y,y1,y2, - - ,¥n€ N.

So we get

d(lyr, y1'ly2 - - »yn) =0

for all y1,y1.y2, . . .,ya€ N. @)

Replacing y,' by y; yi'in (7) we get
0=d(ly1, yiy1'l:y2 - - -¥n)

=d(yilyi, yi'l.y2 - - ->¥n)

=d(yi, y2 - - Y)ly1, yi'T + d(lys, yi'l,
Y25 o YY1

= d(Yb Yo, o0 ey Yn)[}’1, Y1']
we conclude that d(y.y», . . ..yo)N[y: ,
yi'l= {0} for all y.,yi\y2, . . .yn€ N.

Primeness of N implies that for each y,€
N either d(y, ¥2, . . ., o) =0 forall y,, . . .,
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v.€ Nory € Z Ifd(y.yz, - - -¥n) = 0, then
equation (4) takes the form d(y; .ys, . .
YN[y, yi] = {0}. Since d # 0, primeness
of N implies that y;€ Z. Hence we find
that N = Z, and N is a commutative ring.

Corollary 3.2 Let N be a prime near-ring
and d is a nonzero right derivation of N. If
d(N) € Z, then N is a commutative ring.

Theorem 3.3 Let N be a prime near-ring
and d; and d, be any two nonzero right n-
derivations. If [d;(N,N, . . ,N), da(N,N, . .
,N)] = {0} then (N,+) is an abelian group.

Proof. Assume that [d;(N,N, . . ,N) ,
d(NLN, .. ,N)] = {0}. If both zand z + z
commute element wise with d;(N, N, . . .,
N), then for all x;,X,, . . .,Xx,€ N we have

ZdZ(XlaX29 .. -aXn) = dZ(XhXZa .. 'aXn)Z (8)
and

(z+ 2)dy(x1.X2, + .« Xp) =

SXo)(Z +2)

)

da(X1,X2, . .

Substituting x; + x,' instead of x; in (9)
we get

(z + 2)da(X1 + X1 X, - . Xn) = do(X F X)X,
.. wXy)(z + z) for all x1,X;",Xz,...,X,€ N.

From (8) and (9) the previous equation
can be reduced to

zdr(x1 + X X1- X', X, . . .,X,) = 0 for all

1 5 .
X1,X1,X0,...,X,€ N., 1.e.;

zdo((X1, X1"), X2, . . ., Xu) = 0 for all xy, X',

Xs, ..., Xy EN.

Putting z=d,(y1, y2, - - -, Yn) We get

di(yi, y2, - - o Yo)da((X1, X1), X2, . ., X)) =0
for all Xy, X1', X2y + « oy Xn s Y1 > Y25 - - o» Yn €
N.

By Lemma 2.5 we conclude that
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., Xp) = 0 for all x, x;',

(10)

da((x1, X1, X2, . .
X2, .., Xp EN

Since we know that for cach w € N,
w(xi, X1') = WX+ x1'- X5- X;')
=wx; T wx;'- wx;- wx;' = (Wx;, wx;')

Which is again an additive commutator,
putting w(x; , x,') instead of (x;, x;') in
(10) we get

do(w(x1, x1"), X2, . . ., X,) = 0 for all w, x,

X', X2, .. ., Xn EN. 1.e.;

do(w, Xa, . . ., Xo)(X1, X1") + da( (X1, X1"), Xa,

. Xy w = 0, using (10) in previous
equation yields dy(w, X,, . . ., Xp)(X1, Xi') =
0. Using Lemma 2.5 we conclude that (x;

, X;') = 0. Hence (N, +) is an abelain group.

Corollary 3.4 Let N be a prime near-ring
and d; and d, be any two nonzero right
derivations. If [di(N),d2(N)] = {0} then
(N,+) is an abelian group.

Theorem 3.5 Let N be a prime near-ring
and d; and d, be any two nonzero right n-
derivations. If di(x1,X2, . . X0)da(Y1,Y2, - -
oYn) T da(XXa, - LX) di(YLY2, - - Yn) =0
for all xi,X,....X0Y1,¥2,...,.¥n € N, then
(N,+) is an abelian group.

Proof. By our hypothesis we have,

dl(X19X2a . ',Xn)dz(yl9y29 .. ',Yn) + dZ(Xl,XZa .

. «,Xn)dl(}’l,}’b .. an) = O
for all x| ,X5,...,Xn, ¥1,¥2,---yn EN.  (11)

Substituting y; + y,' instead of y; in (11)
we get

oYn) T

yn) =0

di(X1,X2, - - X)) do(Y1 + y15Yo, -
da(X1,X2, « - X)) (Y1 T y1hYo, -
for all x1,X,. .., Xn,Y1,Y15Y2,- - ->Yn€E N.

Therefore
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dl(XbXZs .. '3Xn)d2(y19y29 .. ~,Yn) + d](XbXZs .

. ‘,Xn)dz(YI',YZ, .. 'ayn) + d2(X15X29 ..
SX)di(Y1,Y2, oY) T da(XXo,
«,Xn)dl(}’l',}’z, .. -,Yn) = O

for all X1,X25. -5 Xp, YI,Yl'aYZs .. "Yﬂe N-

using (11) again in preceding equation we
get

dl(X1,X2, .. .,Xn)dz(yl,yZ, .. .,yn) + d](Xl,Xz, .
X)) da(Y1Y2, - - oYn) T di(Xe,Xa, - Xg)da(-
YLY2s - - »¥n) T di(Xi,Xa, - o Xn)da(-y1hY2, -
Lyn) = 0 for all xi,%5,...,.X0,Y1,¥1'5¥25- - -»Y0€
N.

Which means that

dl(xla X2y o v oy Xn) d2((Y19 YI'),YZ, . -,Yn) = 0
for all x;,Xz,....X0Y1,Y15Y2,---,¥n € N. By
Lemma 2.5 we obtain

d((y1,1)5y2, wyn) = 0 for all

Y1,Y1'5Y2,-+-»Yn€ N.

Now putting w(yi,y;') instead of (y1,y1"),
where weN in previous equation we get
bW (yLy1),y2, s¥n) 0 for all
YLY15Y2--->Yn€ N. So we have dy(w, ya, . .
- Y01, v1") = 0, using Lemma 2.5; as
used in the Theorem 3.3 we conclude that
(N, +) is abelain.

Corollary 3.6 Let N be a prime near-ring
and d; and d, be any two nonzero right
derivations. If d;(x)dy(y) + dx(x)di(y) = 0
for all x, y €N, then (N,+) is an abelian
group.

Theorem 3.7 Let N be a prime near-ring,
let d; be a nonzero right n-derivation and
d, be a nonzero n-derivation.

(1) If dy(x1,X2, « « X0)d2(Y1, V2, -« oY)
+ do(X1,X2, - - X)) 1(YV1,¥25 - - -Yn)
=0 for all x4,Xs,...,X0,Y1 Y25+ - -»Yn€
N, then (N,+) is an abelian group.

(11) If da(x1,Xs, .

+ di(x1,X2, -

»Yn)
»¥n)

. -,Xn)dl(YbYL ..
. '9Xn) dz(}’b}’b ..

35

= 0 for all X;,Xs,...,X0,Y1,Y2,- - ->Yn€
N, then (N,+) is an abelian group.

Proof. (i) By our hypothesis we have,

di(X1,X2, « + X)da(Y1,Y2, - - 5Yn) F da(X1,Xa,
SXn)di(y1,y2, Ly = 0 for all
X1,X250 05Xy Y 15 Y25« -,ynE N. (12)

Substituting y; + y;', where y;'e N, for y,
in (12) we get

oYn) T

»yn) =0

di(X1,X2, -« X)) da(y1 + y15Yo, -
d(X1,X2, « - LX) (Y1 T Y1LY2s - -

for all X ,Xy,. .., Xn,Y1,¥15Y2,- - -Yn€ N.

So we have

di(X1,X2, « « X)) do(Y1,Y2, - - Yn) T di(X1,Xo,
. -,Xn)dz(YI',YZ, .. -,Yn) + d2(X15X29 © e ey
Xn)di(Y1,¥2, LYn) T da(Xi.Xo,
-,Xn)dl(}’l'a}’z, -3Yn) =0 for all

X1,X25. - -;XmYIsYI' »Y25. - -,Yne N.
Using (12) in previous equation implies

di(x1,X2, -« X)) d(Y1,Y2, - - -¥0) T di(X1,X0, .
coX)da(Y1Y2, - oYn) T di(Xp,Xa, - Xg)da(-
YLY2s - - ¥n) T di(X1,Xs, - . oXo)da(-y1 Yo, -
Lyn) = 0 for all x4,Xs,....X0, Y1, Y15¥2,- - -»Yn€
N.

Which means that

dl(Xls XZ, c ey Xn)d2((ylayl')ay25 .. ')yn) = O
for all x1,X,. ., Xn,Y1,Y1'>Y25- - -yn€ N.

Now using Lemma 2.5 we conclude that
d((yr 5 ¥1).¥2 Ly = 0 for all
Y9152, ¥a€ N.

Now putting w(y;, v;') instead of (yi1, y1'),
where we N in previous equation we get
d(w(y, v1).y2, - Lyn) = 0 for all
W,Y1,Y1,Y2,- - -,YnEN, s0 we have dy(w, y, .
- Yo) 1, y1) = 0, using Lemma 2.4(i); we
conclude that (y,, y;") = 0 for all y;,y,'"€ N.
Thus (N, +) is an abelain group.

(i)If N satisfies
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dZ(XbXZs .. -an) dl(y13y29 .. ‘3y11) +

d1(X1,X2, N &) dz(}’1,}’2, .. .,yn) =0

for all xi,X3,...,X0,Y1,Y2,-..,.¥a € N, then
again using the same arguments as in (i)
we get the required result.

Corollary 3.8 Let N be a prime near-ring,
let d; be a nonzero right derivation and d,
be a nonzero derivation.

(@) If di(x)dx(y) + do(x)di(y) = O for
all x,y € N, then (N,+) is an
abelian group.

(i) If dy(x)di(y) + di(x)da(y) = O for

all x,y € N, then (N,+) is an

abelian group.

Theorem 3.9 Let N be a prime near-ring,
then N admit no nonzero right n-derivation
d such that

x1d(¥1,¥2, - - »¥n) = d(X1,X2, - - .,Xn)y; for all

X15X2y -9 Xny Y1,¥25- -+ 9Yn€ N.

Proof. Assume that there is a nonzero
right n-derivation d of N such that,

o Xn)Y1

(13)

X1d(y1, Y2, -+ oY) = d(X1, X, . .
for all x; ,Xy,...,Xn, ¥1,Y2,...,Yn€ N.

Substituting y;z;, where z,€ N, for y; in
(13), we get

x1d(Y1Z1,Y2, - - ¥n) = d(X1,X2, . . Xn)Y1Z1
X1d(yny2, - - Y0zt T X1d(Z1,yo, - . LYn)Y1 =
d(x1,X2, . . .,X4)Y121, using (13) in previous

equation we get

x1d(z1, ¥y o Vyr = 0 for all
XLZLY1,Y2,---sYn€ N, primeness of N
implies that d(zi, y, - . ., Yo)y1 = 0 for all
Z1,¥1,Y2- - -,Yn€ N. Hence we get

& YoY1d(z1, y2, - - ., Ya) = 0 for
Z1,Y1,Y2,.-.yn € N, primeness of N

d(z1,ys, . .
all
implies that d = 0. which contradicts our
original assumption that d # 0.
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Corollary 3.10 Let N be a prime near-
ring, then N admit no nonzero right
derivation d such that xd(y) = d(x)y for all
X,YE N.

Theorem 3.11 Let N be a prime near-ring,
let d be a nonzero right n-derivation d. If
d([x, y].X2, . . ..Xy) = 0 for all x,y,xs,...,X,€
N, then N is a commutative ring.

Proof. By hypothesis, we have

d([x,y],X2, . . X)) =0
for all x,y,Xa,...,X.€ N. (14)
Replace y by xy in (14) to get
d([x, xy],Xa, - . .Xn) =0
for all x,y,X,,...,X,€ N.
Which implies that
d(x[x, yl,x2, . . ,X,) =0
for all x,y,x,,...,X,€ N.

Therefore

d(x,Xa, . . X)X, y] + A([X, Y].X2, - . X0)X
= 0 for all x,y,x5,...,Xx,€ N. Using (14) in
previous equation we get

d(x,Xa, . . Xp)[Xx, ¥] = 0 for all X,y,Xs,...,X,
€ N, or equivalently

d(x, Xz, . . ., Xp)Xy = d(X, Xa, . . ., X)¥X

for all x, y, Xa,...,X, € N.

(15)

Replacing y by yz in (15) and using it
again, we get

d(x,x2, SX)y[x , z] = 0 for all
X,Y,Z,X2,- - -, Xn€ N.
Hence we get
d(x,x2, . . . Xa)N[X, z] = {0}
for all x,z,X,,...,X,€ N (16)

This yields that
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for each fixed x€ N
either d(x,x5, . . .,X;) =0

for all X,,...,Xx, € N or XE Z.

)

If d(x, xa, . . ., Xy) = 0 for all x,,...,x,E N
and for each fixed x€ N. We get d = 0,
leading to a contradiction as d is a nonzero
right n-derivation of N. Therefore there
exist Xi,X,...,X,€ N, all being nonzero such
that d(x;,X;,""*,%) # 0 such that x,€Z.
Since x; € Z, we conclude that [xyy,z] =
x1ly, z], where y,z€ N, by hypothesis we
get

d([x1y, 7] , X2, . . ., X,) = 0. This implies

that
0=dxly, z].x2, - - -,Xn)
=d(x1,X2, - - XY, ] +
d([y, z],x2, . . - Xn)X1
=d(x1,X2, - - -Xn)Y, Z]
for all y,z,x5,...,X, € N.
which implies that

d(xi, Xa, - . - Xn)yZ = d(X1, X2, . . ., Xy)Zy for
all y,z,x,,...,x, € N. Replacing z by zt,
where t€ N, in previous equation, and
using it again, we get

d(xy, X2, . - ., Xp)Z[y, t] =0
for all y,t,z,X5,...,x,€ N, i.e.;
d(x1,x2, . . XuN[y, t] = {0} for all

Y,0,Xa,...,.X, € N, since d(x1,Xp,""",%) # 0,
primeness of N implies that N = Z. By
Lemma 2.3, we conclude that N is a
commutative ring.

Corollary 3.12 Let N be a prime near-ring
and let d be a nonzero right derivation d. If
d[x , y] = 0 for all x, y €N, then N is a
commutative ring.
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Theorem 3.13 Let N be a 2-torsion free
prime near-ring. Then N admits no
nonzero right n-derivation d such that
d(xoy, x5, . . ., Xp) = 0 for all x, vy,
X2,...,Xn€ N.

Proof. Assume that
d( xoy,x5, . . .,X,) =0
for all x,y,X,,...,X,€ N. (18)
Replace y by xy in (18) to get

d(x0xy.Xs, . . .,.Xy) = 0 for all x,y,xs,...,X,€

N.

which implies that d(x(xoy),xs, . . .,x,) =0
for all x,y,X,,...,x,€ N.

d(x,xs, . . .,Xp)(x0y) + d(x0Y.X3, .
0 for all x,y.xy,...,X,€ N.

. X)X =

Using (18) in previous equation we get
d(x, X2, . . ., Xp)(x0y) =0

for all X, y, Xa,...,X4EN, or equivalently,
d(x,X0, . . ,Xp)YX = - d(X,X, . . .,Xp)XY
(19)

for all x,y,x,,...,x,€ N.

Replacing y by yz, where z€ N, in (19) we
get

d(x,Xa, . . Xp)yZX =-d(X,Xa, . . -.Xn)XYZ
=d(x,X2, . - -Xn)XY( - Z)

- Xa)Y(- X)( - 2)

=d(x, xa, . .
for all x,y,2,X5,...,X,€ N.

Using the fact

- d(X,Xa, - - LXn)YZX = d(X,X, . . ., Xn)YZ(- X)
for all x,y,2,X5,...,X,€ N.

Hence we get

d(x, xa, . .
x)z=0

o X)YZ(- X) - d(X, X, - - ., Xp)Y(-
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for all x,y,z,X,,...,x, € N, which implies
that

d(x,Xs, . . Xp)y[ - X, z] = 0 for all

X,Y,Z,X2,. .., Xn€ N.

Replacing x by —x in previous equation

we get
d(-x,xa, SXo)Y[x, z] = 0 for all
X,Y,Z,X2,. . -»Xn€ N.
Hence we get
d(_X9X2a .. 'aXn)N[X’ Z] = {O}

for all x,z,X»,...,X,€ N. (20)
This yields that
for each fixed xe N either d(- x, x», . . ., Xp)
=0 for all x,,...,X,€ N or X€ Z.
Since d( X, Xa, . . ., X)) =-d(-X, X3, . . ., Xp)
=0, so we get
for each fixed xe N either d( x, X, . . ., X,)

= 0 for all x,,...,x,€ N or X€ Z.

If d(x, xa, . . ., X,) = 0 for all x,,...,x,EN
and for each fixed x€N, we getd = 0,
leading to a contradiction as d is a nonzero
right n-derivation of N. Therefore there
exist X,X,...,X,€ N, all being nonzero such
that d(x;,Xxo,"-,%) # 0 and Xx;E€ Z. Since
x€ Z, we conclude that (x,;yoz) = x;(yo z),
where y,z€ N. By hypothesis we get

d(x;yoz,xy, . . ,X,) =0
for all x1,y,z,X2,...,X,€ N.
Therefore
0 = d(xy(yoz),x2, - . -,Xp)
=d(x1,X2, . . .Xy)(yoz) +
d(yoz,X,, . . ., Xp)X]
=d(x1,X2, . . -Xn)(y0Z)

for all y, z, x,,...,x,€ N.
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which implies that

d(x1,x2, . . ,Xn)¥Z = - d(X1,Xz, . . .,X,)zy for
all y,z,x,,...,x, € N. Replacing z by zt,
where t€ N, in previous equation and
using it again, we get d(xy, X, . . ., X,)Z[Y,
t] = 0 for all x;,Xp,...,X,,Y,Z,t€ N. i.e.; d(xy,
. XpN[y, t] = {0} for all
X1,X25- - -, Xn,Y,Z,t€ N. Since d(x1,X,," " *,%) #
0, primeness of N implies that N = Z. So
we conclude that N is a commutative ring
in view of Lemma 2.3. In this case, return
to hypothesis we find that 2d(xy,xa,...,X,)
= 0 for all x,y,xs,...,Xx,€ N. Since N is 2-
torsion free we get d(xy,X,,...,.X,) = 0 for
all x,y,%,...,X,€ N.

X2,

Hence we get

d(x,Xz,....X,)y + d(y,Xs,....X)x = 0 for all
X,¥,X2,...,X,€ N, replacing x by zx, where
z€ N, in previous equation yields

d(zx,X2,....Xp)y + d(y,Xs,....X5)zx = 0 for all
X,Y,Z,X2,. .., Xn€ N.

Which implies that

d(y,Xa,....x)zx = 0 for all x,y,z ,X,....X,€
N.

Which means that

d(y,xs,....x,)Nx = {0} for all x,y,Xy,...,.X,
€ N. Since N is prime and d # 0 , we
conclude that x = 0 for all X€ N, a
contradiction.

Corollary 3.14 Let N be a 2-torsion free
prime near-ring. Then N admits no
nonzero right derivation d such that d(xoy)
= () for all x,y€ N.

Theorem 3.15 Let N be a prime near-ring,
let d be a right n-derivation. If [d(x,x,, . .
.Xn), Y€ Z for all x,y,Xs,...,X,€ N, then N
is a commutative ring.

Proof. Assume that

[d(x, X2, ...,X,) , Y] EZ
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for all x,y,X,,...,x,€ N. (21
Hence[[d(x, X3, - . -, X4), V], t] =0
for all x,y.t, x5,...,X,E N, 22)
Replacing y by d(x,Xz, . . .,Xn)y in (22), we

get
[d(x,x2, . . X)[d(X,Xs, . . -.Xn), V], ] =0
for all x,y,t,x,,...,X,€ N. (23)

In view of (21), equation (23) assures that

[d(x,X2, . . Xn), Y] N [d(X,X2, .
{0} for all x,y,t,X,,...,X,€ N.

. »Xn), t] =
(24)

Primeness of N implies that

[d(x, xa, . .
X2,...,Xn € N.

- Xn) , y] = 0 for all x, vy,

Hence d(N,N,...,N) € Z and application of
Theorem 3.1 assures that N is a
commutative ring.

Corollary 3.16 Let N be a prime near-
ring, let d be a right derivation of N. If
[d(x), y]e Z for all x, yEN, then N is a
commutative ring.

Theorem 3.17 Let N be a prime near-ring,
let d be a right n-derivation. If d(x,x,, . .
.Xp)oye Z for all x,y,X,,...,X,€ N, then N is
a commutative ring.

Proof. Assume that
d(x,Xz, . . .,X,)OYE Z

for all x,y,X,,....x,€ N.  (25)

(@) If Z = 0, then equation (25)
reduces to
yd(xX,Xs, . . X)) = - (XX, . . LX)Y) =

d(x,Xa, . . X0)(-y)
for all x,y,X,,...,x,€ N. (26)
Substituting zy for y in (26), we obtain

Zyd(XaXZ’ .. .,Xn) =- (d(Xa X2y o v ey Xn)ZY)

39

=d(X, Xa, - - -, Xn)Z(-Y)

. Xn)) ('Y)

= zd(-x, Xa, . .
for all x,y,2,X5,...,X,€ N.
Using the fact
s Xn)’

- zyd(X, X, - . ., Xp) = zyd(- X, Xa, . .

implies that

zyd(- X,X2, . . Xy) = zd(-X,Xa, . . ..X4))Y

for all x,y,2,X5,...,X,€ N.

Which implies that

Z(yd(-X,Xa, . . ,Xp) - d(-X,Xs, . . .X,)Y) =0
for all x,y,z,%5,....Xx,€ N.  (27)

Taking -x instead of x in (27), we get

ZN(yd(x, X, . . ., X,) - d(X, Xa, . .
{0} forall x,y, zX,,...,X; €N.

o Xp)y) =
(28)

Primeness of N implies that

d(NLN,..,.N)©€ Z and application of
Theorem 3.1 assures that N is a
commutative ring.

(b) Suppose that Z # 0, then there
exists 0 # z€ Z and by hypothesis
we have d(x,X,, . . .,X,)0z € Z for

all x,xs,...,x,€ N.

Thus we get d(X,Xs, . . .Xn)Z + zd(X,Xy, . .
.,Xn) € Z for all x,X,,...,X,€ N. Since z€ Z,
we get

z(d(x, Xa, . . ., Xp) T d(X, X, . .
for all x,x,,...,X,E N.

W Xy)EZ

By Lemma 2.2 we conclude that

d(x,Xa, . . Xp) T d(X,X2, . . .,Xy) EZ

for all x,X,,...,X,€ N. (29)
By (25), we get
d(xt X,Xp, . . X))y T yd(X + X,Xo, . . ,Xp)E
Z for all x,x,,...,.x,€ N. (30)
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Using equation (29) in (30) we conclude
that

y(d(x+ X,Xp, . . Xp) T d(X + X,Xo, .
Z for all x,y,z,X,,...,X,E N.

. Xn))E

(1)
Therefore, for all x,y,t,x,,...,X,€ N, we get

ty(d(x+ X,Xa, .
= y(dx+ x,x), . .
SX))t = (d(x+ X,Xa, .
- Xp))YL.

c Xy Hd(X XX, LX)
SXg) tdx T XX, ..
CoXy) HAdX XX, ..

Which implies that
(d(X+ X, X2, - - .,Xn) +
d(x + x,X,, . . ., X,))N[t, y] = {0}

for all x, y, t, Xp,...,X, € N. (32)

Primeness of N implies that

either d(x+ x, Xz, . . ., Xp) T d(X + X, Xa, . .
., Xp) = 0 and thus d = 0, a contradiction, or
N = Z, hence d(N,N,...N)© Z and
application of Theorem 3.1 assures that N
is a commutative ring.

Corollary 3.18 Let N be a prime near-
ring, let d be right derivation. If d(x)oye Z
for all x, y€ N, then N is a commutative
ring.

The following example demonstrates
that N to be prime is essential in the
hypothesis of our results

Example 3.19 Let S be a 2-torsion free
zero-symmetric left near-ring. Let us
define :

0 x vy
N={<O 0 0>,x,y,O€S}.Thus is a

0 0 O
zero symmetric left near-ring with regard

to matrix addition and matrix
multiplication .

Define d;, d; : NX N X...Xx N >N such
n—times

that

40

0 %X y; 0 X vy, 0 X, Va
d; o o0 O0/[f)l0O 0O O0],..., 0 0 0
0 0 0 0 0 0 0 0 O

0 x%Xp..%X, 0
=10 0 0
0 0 0

0 % y; 0 % 2 0 x, Y
ds <0 0 0),(0 0 0) ..... (0 0 0)
(0 0 0 0 0 0 0 0 0
<0 0 Y1YZ"'Yn>
=10 0 0
0 0 0

It can be easily seen that d; , d, are nonzero
right n-derivations of near-ring N which is
not prime. We also have

0 x vy
(i) Let AEN, A = (0 0 0) such that
0 0 O

X, y # 0, we can see that d;(N,N,....N)A =
0. However A #0.

(i) di(N,N,...,N) € Z. However (N,+) is
not abelian group.

(iii) [N, N, .. , N), (N, N, . . ., N)] =
{0},

(IV) dl(A17A27 .. ~,An)d2(B1 7B29 ..
dr(ALA,, .. L, ADAI(By,B,, ..
ALA,,... A, B;,B,,....B,EN.

»Bu) *
., By) for all

(V) Aldl(Bl,Bz, A .,Bn) = dl(Al,Az, .o
.,An)B1 for all A],Az,...,An,Bl ,Bz,...,BnE
N.

(vi) di([A , BLA,, . .
ABA,,.. AEN.

LA = 0 for all

(vii) di(AoB,A,, . . .,Ay) = 0 for all
AB,A,,...,A € N. However (N, +) is not
abelain group.
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