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0- Introduction.

The separation axioms is one of the most
important in the study of topological spaces and
dimension theory . In this paper the notions of
0" — regular space and 6" —normal are introduces
and some properties of such spaces are proved. The
6" — regular space can be considered as a
generalization of 6 — regular space [ 1,2,3 ]. The
6" —normal space can be considers as
generalization of normal space. Also the notion of
G — 0" —regular topological space and study some
essential properties of this space. This space being
the generalization of both 6 —regular [1,2,3], and

G —regular [4,5].

Moreover we defined the small inductive dimension
and large inductive dimension in terms of 6" —
regular and 6" —normal spaces and some essential
properties related with small and large inductive
dimensions are proved .The concept of dimension is
based on the work of Urysohn and Menger. The
ind, Ind and c.dim were
in 1975[6]. A

topological space is said to be compact [7,8] if

dimension functions

investigated by A.R. Pears

collection of that cover .

Theorem 1.3 A topological space X is 6" —
regular if and only if for every basic open covering
of X and each x € X there is an open neighborhood
of x its closure can be covered by a countably sub

collection of that cover .

Proof. The "only if" part follows from the fact

that every basic open cove is an open cover .

The "if" part. Suppose that U := {U;: 21 € A} s
an open cover of X and xe€X. If B:=

{B,:y €T} be any open base for X then each U,
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every open cover admits a finite open subcover

A topological space is said to be locally compact[
7,8]
neighborhood

if every point

with

in the space admits a
compact  closure . A
topological space is said to be Lindelof[7,8] if
every open cover admits a countable open

subcover .
1. 8" — regular Topological Space

In this section we introduce the notion of 6" —
regular topological space and study some essential

properties of such space .

Definition 1.1. [1,2,3]. A topological space X is
said to be 6 — regular if for every open covering of
X and each x € X there is an open neighborhood of
X its closure can be covered by a finite sub

collection of that cover .
In the following the new definition is introduce.

Definition 1.2. A topological space X is said to be
6" — regular if for every open covering of X and
each x € X there is an open neighborhood of x its
sub

closure can be covered by a countably

In the following theorem we characterize the
notion of 6" — regular topological space in terms

of basic open cover .

is a union of some members of B and the totality of
all such members of B is evidently a basic open

cover of X By hypothesis there is an open

neighborhood N of x such that
N c U{B, :n € N}.

For each B, we can selecta U; from U such that

B, €U,, . It follows that

NcU{u, :neN} .
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Hence X is 8™ — regular . m

Theorem 1.4 The closed subspace of a 6" —

regular space is 8" — regular .

Proof. Let (X,7) bea 8" — regular and let (Y, 7y)

be a closed subspace of (X,7) . To show that
Y, 1y) Let {U;:2€ A} be a

Ty —open cover of Y and y € Y . Then there is a

is 6" — regular.
T —open set V, such that U, =V, nY . Hence
{vi:1eA}u{X/Y} is a T— open cover and
yeX By hypothesis there is a 7 —open
neighborhood N of y such that

N =U{Uu, nN:n €N} € U{U, :n € N}
This show that (X, 7) is 8 — regular .m

Theorem 1.5 The property of a space being a

0" — regular is topological property .

Proof. Let

X, 1) — (Y, be
homeomorphism function. Suppose that (X,7) is
6" — regular . To show that (Y,u) is 6" —
normal. Let {U;: 1 € A} be a u —open cover of Y
and y €Y . Then {f'(U):1 € A} is a T —open
cover of X and f~'(y) € X . By hypothesis there

is a T —open neighborhood N of f~1(y) such that
NcU{f (U, )neN} .

Since f is homeomorphism, then M = f(N) is a
u —open neighborhood of y and f(N) = f(N) =
M . Therefore

M=f(N)< UU,:neNj} .

Thus (Y,u) is8" —regular .m
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Theorem 1.6 The product X := [[jep X is 6" —
regular if and only if each coordinate space X, is

6" — regular .

Proof. Let each X, is 6" — regular . Let
x = {x;: 1 € A} be any point of the product space X
and {U,:a € A} be any open cover of X . Then
there exists a basic open set V, in X such that
V,<S U, Then{V, a€ A} is a basic open cover
of X. Now, V, = [I;en V(a2 » Where V5 is open
in X; [ Note that V,,; = X, for all but a finite
number of A's but it is immaterial here] Since
X, is " — regular and {V,,:a € A} is an open
cover of X, ,there exists an open neighborhood U,

of x; such that
U/'{ c U{V(an'l):n € N} .

Let = [Taea Uy , then W is an open neighborhood

of x in X Also W=][LeU, =
HAEAEA .

A€EA and for

Further, since U, €V, ; , for every
some n€N we have W =
[TieaUs € [lieaV(a, ), for some n € N. Hence

wecv,, for some neN , ie, Wc

U{V,:neN} . ThusXis®" —regular

Conversely, let the product X :=[[jep X3 = 0

is 8 — regular Let y € A, we shall show that

X, is 0" —regular . Leta, €X, and {G,,:a €

A} be an open cover of X,. Since X # @, there

exists x={x;:A€A}eX such that x, =

14

a, . Let G, =m,"(G,)) where m:X — X,

Since m, is continuous

be the projection map . Y
and onto, then {G,: a € A} is an open cover of X .
Since X is 6" — regular, there exists a basic
neighborhood N :=T[[;eaN;  of x such that

N c U{G,:n € N}. Then x, €N, Since
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N =[LeaN; = [1ea N, then N =[[eaN; €
U{G,,:neN} . Then N, c U {G(an‘y):n € N}
Thus for every open cover {G,,,:a € A} of X,

and each a, €X,, there exists an open

that N, €

neighborhood N, of a, such y €

14
U {G(an’y): ne N}

Hence X, is 8" — regular

Definition 1.7 [7,8] A topological space X is said
to be locally compact (Lindelof) space if every
point of X admits an open neighborhood with

compact (lindelof) closure .

Theorem 1.8 Every locally Lindel6ff space is 6" —

regular .

Proof. Suppose that (X,7) is locally Lindel6ff

space. Let {U;: 1 € A} be a T —open cover of X and
Example 1.12 The real line is 6" —regular

since the real line is locally compact .

2. G — 0" —regular topological space

In this section we introduce the notion of
G — 0™ —regular topological space and study some
essential properties of this space. This space being
the generalization of both 6 —regular [1,2,3], and

G —regular [4,5]

Definition 2.1 Let (X,7) be a topological space
and G be a grill on X . Then X is said to be
G — 6* —regular if for

U={Up;:2€ A} of X and each x € X there is an

every open covering

open neighborhood ¥V of X and a countable

subcollection U = {U;_:n € N} such that

V/U{Uu,:neN}eg .
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x € X. By hypothesis there exists a 7 —open
neighborhood N of x such that N is Lindel6ff.
Since {U, N N: 1 € A} is Ty —open cover of N, by

Lindeloffness of N we have
N = U{Uu, nN:neN}) € U{U, :n € N}.
This show that (X, 7) is 8" — regular .m

Corollary 1.9 Every locally compact space is 8" —

regular.

Corollary 1.10 Every compact (Lindelof) space is

6" — regular .

Corollary 1.11 Every second countable space is

6" —regular .

Proposition 2.2 Every 6" — regular space (X, 1) is

G — 0" —regular for every grill Gon X .

Proof. Suppose that (X, 7) is 8" — regular space.
Let G be any grill on X, U = {U;: 1 € A} be any
open cover of X and x € X. By hypothesis there is

an open neighborhood ¥V of X and a countable

subcollection U = {U,,:n € N} such that
Ve U{u,:nen} .
Then
V/U{u, neN} = 9.

But G is a non-null collection of nonempty set, so
VeU{u,:neN}eg

G — 0" —reqular for every grill Gon X .

Hence (X,7) is
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Theorem 2.3 Let fi(X,7) = (Y,u) be

homeomorphism function. Let G be a grill on X .
If :(X,7) is G— 0" —regular, then (Y,u) is
G — 6" —regular, where G = f[g]

Proof. Let f:(X,t) — (Y,u) be homeomorphism
function. First, since f is bijective, then G’ = f[G]
is grill on Y.Suppose that (X, t) is 6" — regular. To
show that (Y, u) is 8° — regular. Let {U,:1 € A}
be a u—open cover of Y and y €Y. Then
{f'(v,):2€ A} is a v —open cover of X and
f~*(y) € X. By hypothesis there is a T —open
neighborhood N of f~'(y) such that

N/U(f7'(U,):n €N} € 6.

Since f is homeomorphism, then M = f(N) is a
u —open neighborhood of y and f(N) = f(N) =
M. Now

fIN/U{f 7' (Uz,):n € N}] =

FINI/FIU{f~1(Us,):n € N}] € FIG].

That is,
M/{u,:neN} &g

Thus (Y, ) isG — 6" — regular.m

Theorem 2.4 Let G = [5eaGa Where G, is grill
on X;,. Then the product X := [[;ep X3 IS G — 0" —
regular if and only if each coordinate space X, is

G, — 6" —regular .

Proof. Let each X, is 6" — regular . Let x =
{x;: 2 € A} be any point of the product space X and

{U,: @ € A} be any open cover of X . Then there

exists a basic open set V, in X such that vV, € U,,.
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Then {V,: a € A} is a basic open cover of X. Now,
Ve = [TaeaVay » Where V, ;y is openin X; [ Note
that V2 = X, for all but a finite number of A's
but it is immaterial here] . Since X,isG, — 0" —
regular and {V(M): a € A} is an open cover of X,

,there exists an open neighborhood U, of x; such
that

U/'{/ U{V(an‘;{):n (S N} $ gl .

Let = [Taea Uy , then W is an open neighborhood
of x in X. Also W = [[e5 U; = [14e4 U, Further,
since U; €V, 5 , for every 1 € A and for some
n€N we have W = [[1eaUs € [Liea V(e 2), for
some n € N. Hence W €V, , for some neN,
ie, W/U{v,:neN}eg. Thus X is 6" —

regular .

Conversely, let the product X = [[1ep X3 # 0 is

6" —regular . Let y € A, we shall show that X, is

6" — regular . Leta, € X, and {G,,,: @ € A} be

an open cover of X,. Since X # @, there exists

x={x:A €A} €X such that x, =a, . Let

Gy =1, (Gy)), Where m,:X — X, be the

projection map. Since m, is continuous and onto,

Y
then {G,: a € A} is an open cover of . Since X is

6" — regular, there exists a basic neighborhood

N :=[[;eaN; of x such that N c U{Gan:n €

N} . Then x, €N, .Since N=[[;eaN;=
HAEANA’ then N = HAEANA c U{Gan:n € N} .

Then N, c U {G(an'y): ne N} . Thus for every
open cover {G,,,: @ € A} of X, and each a, €
X,, there exists an open neighborhood N, of a,
such that N, € U {G(an,y):n € N} . Hence X, is

6" —regular . m
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3. 8" — normal Topological Space

In this section we introduce the notion of 6* —
normal topological space and study some essential

properties of such space .

Definition 3.1. A topological space X is said to be
6" —normal if for every open covering of X and
each closed set F inX there is an open
neighborhood of F its closure can be covered by a

countably sub collection of that cover .

and by hypothesis there exists an open

neighborhood N of  {x} such that Nc

U{U,,:n € N}. ThusX is@" —regular . m

Theorem 3.3 A topological space X is 6" —
normal if and only if for every basic open covering
of X and each closed set F in X there is an open
neighborhood of x its closure can be covered by a

countably infinite sub collection of that cover .

N<U{B, :neN} .

For each B, we can select a U, from U such

that B, < U, It follows that

N c U{u, :n e N}
Hence X is 8 — normal . m

Theorem 3.4 The closed subspace of a 6" —

normal space is 6" — normal

Proof Let (X,7) bea 6" — normal and let (¥, )
be a subspace of (X, 7). To show that (Y,ty) is
0" — normal Let {U;: 1 € A} be a T, —open

M=Nnyc[U{V,:neN}u{X/T}InY

= U{Vy, nY:n € N} = U{U,:n € N}.
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Proposition 3.2 If a T, —space is 8" —normal,

then itis 8" —regular .

Proof Suppose that X be a 6" —normal

topological space . Let U:={U;:1 € A} be an
open cover of X and x€X . Since X is
T, —space, then every singleton set is closed .
Thus {x} is

Proof The "only if" part follows from the fact that

closed set

every basic open cove is an open cover .

The "if" part . Suppose that U := {U;: 1 € A}
is an open cover of X closed set F inX. If B:=
{B,:y € T} be any open base for X, then each U is
a union of some members of B and the totality of
all such members of B is evidently a basic open
cover of X
neighborhood N of F such that

By hypothesis there is an open

cover of Y and F be a 7, —closed . Then there is

a T—open set V, such that U, =V, NnY
Hence {V,:1€ A} U {X/Y}is a T — open cover
By

hypothesis there is a T —open neighborhood N of K

and there exists at —closed set K

such that a
N c U{v, :n € N} U {X/1}.

Then M = NNnY is a 7, —open neighborhood of

FandM=NnNnY Now,
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Thus (Y,7y) is 8" — normal.m

Theorem 3.5 The property of a space being a

6" — normal is topological property .

Proof Let filX,t) — Y, w be

homeomorphism function. Suppose that (X, 1) is
N c U{f (U, ):n € N}

Since f is homeomorphism, then M = f(N) is a
u —open neighborhood of y and f(N) = f(N) =
M . Therefore

M= f(N) € U(U, :n € N}.

Thus (Y, 1) is8" —normal .m

Theorem 3.6 Every locally Lindel6ff space is

6" — normal .

Proof  Suppose that (X, t) is locally Lindeloff

space . Let{U,:1 € A} be at —open cover of X
and F be a 7 —closed set . By hypothesis there
exists a T —open neighborhood N of F such that
N is Lindeloff. Since {U,NN:1€ A} is
Ty —open cover of N, by Lindel6ffness of N we

have
N =U{u, nN:neN}) € U{U, :n € N}.

This show that (X, 1) is 8 — normal .m

X, is " — regular and {V ,,:a € A} is an open
cover of X, ,there exists an open neighborhood

U, of F, such that

ﬁ/l c U{V(an'@:n € N} .
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0" — regular . To show that (Y,u) is 6" —
normal . Let {U,:1 € A} be a u —open cover of
Y and F be a u— closed set . Then
{f'(,): 1€ A} is a v —open cover of X and
fY(F) is T —closed set . By hypothesis there is

a T —open neighborhood N of f~1(F) such that

Theorem 3.7 The product X := [[;ep X3 is 08" —
normal if and only if each coordinate space X} is

6" — normal .

Proof Let each X, is 6" — normal . Let
F =TI{Fy: A € A} be any closed subset of the
product space X and {U,:a € A} be any open
cover of X . Then there exists a basic open set
V,in X such that V, € U, . Then {V,:a € A}
is a basic open cover of X . Now, V, =
[TreaV(az) » Where V(, ;) is open in X [ Note that
V(an = X, for all but a finite number of A's but it

is immaterial here] Since

Let then W is an

W= H/leA Ux
neighborhood of F in X . Also W = [, U, =
HAGA U/l '

every A€ A and for some neN we have

open

Further, since U, SV, , ., for

W =T U; € [iea V(1) for some n €N .
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Hence W c V, , for some ne€N ,ie, Wc

U{V,,:n €N} . ThusXis®" —normal .

Conversely, let the product X = [[;ea X5 # 0 is
6" — regular . Let y € A. We shall show that
X, is 8" —normal. Let a, € X, and {G ,,,: @ € A}
be an open cover of X, . Since X # @, there
exists a closed subset F = {F;: 1 € A} of X such
that F, =4, . Let G, =m,"(G(,)), Where
m,: X — X, be the projection map . Since 7, is
continuous and onto, then {G,: a € A} is an open
cover of X . Since X is 8* — normal, there exists
a basic neighborhood N :=[];ca N, of F such

that N € U{Gan:n €N} . Then F, € N, . Since
N =[leaN; = [liea Ny then N =[[;e0 N, €

U{G,:neN}. Then N,c {G(an‘y):n €
N}. Thus for every open cover {G(a‘y): a€ A} of

X, and each A, < X, there exists an open

neighborhood N, of A, such that N, <

Y
U {G(an,y):n € N} . Hence X, is 6" — normal .

|
4- Application in Dimension Theory

" In this section we give some applications of
6" —regular and 6* —normal spaces in dimension

theory.

Definition 4.1 Let X be a topological space .
The following conditions define the 6* — small

inductive dimension of X:
o —indX =-1 iff=0,

(ii) 6" —ind X < n if for every open covering of
X and each x € X there is an open neighborhood

N of x can be covered by countably infinite
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subcollection of that cover and ) 8* — ind d(N) <

n—1,

(iii) " — indX =n if " — ind X < n and the

inequality 6" —ind X < n — 1 does not hold,

(iv) 0" —ind X = oo if 8" —ind X = n for no n.

Theorem 4.2 Let X be a topological space . If
0" —ind X = 0, then X is 8" —regular .

Proof Suppose that 8 —indX =0. Let x € X
and let ¥ = {U;: 1 € A} be an open covering of
there is an

X . By hypothesis open

neighborhood N of x such that
N C UAEy UA

where y is countably infinite subset of A, and
0" —indd(N) < -1 . o(N) = 0.

Therefore N is open and closed set and

Hence

consequently N = N. Then N Uje, Uy Wherey
is countably infinite subset of A . Therefore X is

6" —regular .m

Theorem 4.3 If (Y, 7y) be a closed subspace of a

topological space (X, 7), then
0" —indY <0"—ind X .

Proof It is enough to show that if 8 —ind X <

n then 6 —indY <n . Suppose that 8" —

ind X <n . We shall prove by induction on

" —indX =nlIf 0" —indX = —1, then it is
obviously true . Suppose that the statement is
true for n — 1, to prove it is true for n. Let y € Y

and let W = {U,: 1 € A} be a 7, —open cover of
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Y . Then there exists a 7 — open set V, such that

U,=V,nY . The collection

I={V;:1€ A} U {X/Y}

form a T —open cover of X . Since y € X and

0" —indX <n, then there is a 7 —open

neighborhood M of y such that

ably infinite subset of A . Since d,(N) c
o(M) nY,then d,(N) c a(M) .

But 6" —indd(M) <n-—1, therefore 6" —

indd(N) <n—-1 Thus 6* —indY <n—

1 .=

Theorem 4.4 If the two spaces X and Y are
homeomorphic space, then 8 —indX = 6" —

indY .

that X and Y are two
and f be a
We shall

Proof  Suppose

homeomorphic  spaces
homeomorphism from X onto Y .

prove by induction .

If 6" —ind X = —1, then X = @. Since f is

homeomorphism then Y =@ . Hence 6" —

indY =—1 . Suppose that 6* —ind X = 6" —

indY forn—1 To show it is true for n .

Suppose that 6* —ind X =n Let yevY
and let ® = {U,;: 1 € A} be an open cover of Y .
Then x = f~1(y) is a point in X and the

collection
M= {f'[U;]:2 €A}

form an open cover of X . Since 8" —ind X =

n, then there exists an open neighborhood N of x

such that N c Uje, f1[U,], where y is a

countably infinite subset of A and 6" —
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M c Uﬂ.EyV/l

where y is countably infinite subset of A and

6" —indd(M) <n—1 . Thus
MY cUy(anY) = Uz Uy

Hence N = M nY is t, —open neighborhood of

y and N c U, Uy , where y is count

indd(N) =n—1 . Therefore f[N] be an open

neighborhood of y € Y and
fIN] € Uaey Up

where y is a countably infinite subset of A with
6" —indd(f[N]) =n—1 This complete the

proof .m

Definition 4.5 Let X be a topological space .
The following conditions define thed* — large

inductive dimension of X:
O —IndX =—-1iffX =0.

(ii) 6" — Ind X < n if for every open covering of
X and each closed set F inX there is an open
neighborhood N of F can be covered by countably
infinite subcollection of that cover and 6" —

Indd(N) <n -1,

(iii) 0" —IndX =n if 6" —IndX <n and the

inequality 8" — Ind X < n — 1 does not hold,

(iv) 0 —IndX = o if 6" —IndX =n for no

n .

Theorem 4.6 Let X be a topological space . If
0" —Ind X = 0, then X is 6* —normal .

Proof Suppose that 6" —IndX =0 . Let

closed set F inX and let
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Y = {U,: 1 € A} beanopencoveringof X . By N YU/l’

hypothesis there is an open neighborhood N of F Aey

such that

where y is countably infinite subset of A, and consequently N =N . Then N c U, U,

0" —Indd(N) < -1 .
Therefore N

Hence IN)=0 .

is open and closed set and

Corollary 4.7 Let X be a T; — space. If 8" —
Ind X = 0,, then X is 8 —regular .

Proof Combine Proposition(3.2) and Theorem
(4.6).m

Theorem 4.8 If (Y,ty) be a closed subspace of
a topological space (X,t) , then then 6" —

IndX <6*"—IndY .

Proof It is enough to show that if 8" — Ind X <

n, then 8" —IndY < n Suppose that 6% —

IndX <n . We shall prove by induction on

0" —IndX=n. If"—IndX = —1, thenitis
obviously true . Suppose that the statement is
true for n — 1, to prove it is true for n Let F
be aclosed setin Y and let W = {U;:1 € A} bea
Ty —open cover of Y . Then there exists a

T —open set V, such that U; =V, nY . The

collection
M= {V;:1€A}U{X/Y}

Since F is closed
By
6" — Ind X < n, then there is a

form a T — open cover of X .

inY and Y is closed then F is closed in X
hypothesis
T —open neighborhood M of F such that

M C UAE]/ V}_
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where y is countably infinite subset of A

Therefore X is 8* —normal .m

where y is countably infinite subset of A and

0" —Indd(M) <n-—1 Thus
MnY c Uﬂ_ey(VA ny)= Uaey Un

Hence N = M nY is 7, —open neighborhood of

F and N c U Uy , where y is countably

infinite subset of A . Since d,(N) ca(M)nY
, then a,(N) c a(M) But * — Inda(M) <
n—1, therefore 6* —Indd(N) <n—1. Thus

" —IndY=n =

Theorem 4.9 If the two spaces X and Y are

homeomorphic space, then 6" —IndX = 6" —

IndY
Proof Suppose that X and Y are two
homeomorphic  spaces and f be a
homeomorphism from X onto Y We shall
prove by induction

If6"—IndX =—1,then X =0 Since f
is homeomorphism then Y =@ Hence

0" —IndY = -1 Suppose that 8" — Ind X =

0" —IndY forn—1 To show it is true for n
Suppose that 8" —IndX =n Let F
closed set inY and let W = {U;: 1 € A} be an
Then E = f~[F] is a closed

set in X and the collection

open cover of Y

M= {f"[Us]:2 € A}
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form an open cover of X Since " — Ind X =
n,then there exists an open neighborhood N of E

such that N © Uje, f2[U],

where y is a countably infinite subset of A and
0" —Indd(N) <n—1 . Therefore f[N] be an
open neighborhood of F in Y and f[N]c
Usey Uz sWhere y is a countably infinite subset of
A with 8" — Indd(N) = n — 1, which completes

the proof .m

Theorem 4.10  For every T, —space X we have

" —indX <6 —IndX

Proof  Let us show by induction on the number
n that 8" —IndX <n implies 8 —indX <n
Since the validity of the assertion for n = —1,
we shall assume itfor 8 —IndX <n . Now,
assume 6" —Ind X < n and suppose x € X and
Y = {U,;: A1 € A} be an open cover of X
Since X is T, —space, then {x} is closed set. By
hypothesis there exists an open neighborhood N
of {x} such that

N c Uz Uy

where y is a countably infinite subset of A and
0 —Indd(N) <n-—-1 Using the induction
hypothesis we obtain 6 —indd(N) <n —1

Therefore 8" —IndX <n. m

Theorem 4.11 If X is a compact space and

6" —indX =0,then 8" —Ind X = 0.

Proof Let X be a compact space such that
6" —ind X = 0, let Y be a closed set of X and let
Y = {U,: A1 € A} be an open cover of X. Since
0" —ind X = 0, for each x of Y there exists an

open- and — closed set N, such that

XENx C Ule‘yUﬂ.

where y is countably infinite subset of A.
Hence < Uyey Ny € Upe, Uy . Since Y s

closed in the compact space X, Y is compact.
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