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Abstract. 
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0- Introduction.  

   "The separation axioms is one of the most 

important  in the study of topological spaces and 

dimension theory".  In this paper the notions of 

𝜃∗ − regular space and 𝜃∗ −normal are introduces 

and some properties of such spaces are proved. The 

𝜃∗ − regular space can be considered as a 

generalization of 𝜃 − regular space [ 1,2,3 ]. The 

𝜃∗ −normal space can be considers as  

generalization of normal space. Also the notion of  

𝒢 − 𝜃∗ −regular topological space and study some 

essential properties of this space. This space being 

the generalization of both 𝜃 −regular [1,2,3], and 

𝒢 −regular [4,5].  

Moreover we defined the small inductive dimension 

and large inductive dimension in terms of  𝜃∗ − 

regular and 𝜃∗ −normal spaces and some essential 

properties related with  small and large inductive 

dimensions are proved .The concept of dimension is 

based on the work of Urysohn and Menger.  The 

dimension functions  ind, Ind and c.dim were 

investigated by A.R. Pears in 1975[6]. "A 

topological space is said to be compact [7,8] if 

"every open cover admits a finite open subcover"". 

"A topological space is said to be locally compact[ 

7,8] if every point in the space admits a 

neighborhood with compact closure". "A 

topological space is said to be Lindelof[7,8] if 

every open cover admits a countable open 

subcover".  

1. 𝜽∗ − regular Topological Space  

   " In this section we introduce the notion of  𝜃∗ − 

regular topological space and study some essential 

properties of such space". 

Definition 1.1. " [1,2,3]. A topological space 𝑋 is 

said to be 𝜃 − regular if for every open covering  of 

𝑋 and each 𝑥 ∈ 𝑋 there is an open neighborhood  of 

x  its closure  can be covered by a finite  sub 

collection of  that cover". 

In the following the new definition is introduce. 

Definition 1.2. "A topological space 𝑋 is said to be 

𝜃∗ − regular if for every open covering  of 𝑋 and 

each 𝑥 ∈ 𝑋  there is an open neighborhood  of 𝑥 its 

closure  can be covered by a countably  sub 

collection of  that cover".   " In the following theorem we characterize the 

notion of  𝜃∗ − regular topological space in terms 

of basic open cover". 

Theorem 1.3" A topological space 𝑋 is 𝜃∗ − 

regular if and only if  for every basic open covering  

of 𝑋 and each 𝑥 ∈ 𝑋  there is an open neighborhood  

of 𝑥 its closure  can be covered by a countably sub 

collection of  that cover". 

Proof. "The "only if" part follows from the fact 

that every basic open cove is an open cover". 

    The "if" part. Suppose that 𝒰 ≔ {𝑈𝜆: 𝜆 ∈ Λ}   "is 

an open cover of  𝑋 and 𝑥 ∈ 𝑋. "If  ℬ ≔

{𝐵𝛾: 𝛾 ∈ Γ} be any open base for 𝑋 ",then each 𝑈𝜆 

is a union of some members of  ℬ and the totality of 

all such members of ℬ is evidently a basic open 

cover of  𝑋". . "By hypothesis there is an open 

neighborhood 𝑁  of 𝑥  such that  

                     𝑁̅ ⊆ ⋃{𝐵𝛾𝑛
: 𝑛 ∈ ℕ}. 

For each 𝐵𝛾𝑛
 we can select a  𝑈𝜆𝑛

 from 𝒰 such that  

𝐵𝛾𝑛
⊆ 𝑈𝜆𝑛

"." It follows that 

               𝑁̅ ⊆ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ}". 
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Hence 𝑋 is 𝜃∗ − regular". ■ 

Theorem 1.4 "The closed subspace of a 𝜃∗ − 

regular space is 𝜃∗ − regular". 

Proof. "Let (𝑋, 𝜏) be a 𝜃∗ − regular and let (𝑌, 𝜏𝑌)  

be a closed subspace of (𝑋, 𝜏) ". To show that 

(𝑌, 𝜏𝑌)   is 𝜃∗ − regular. " Let {𝑈𝜆: 𝜆 ∈ Λ} be a 

𝜏𝑌 −open cover of 𝑌 and 𝑦 ∈ 𝑌". Then there is a 

𝜏 −open set 𝑉𝜆 such that  𝑈𝜆 = 𝑉𝜆 ∩ 𝑌 ". Hence  

{𝑉𝜆: 𝜆 ∈ Λ} ∪ {𝑋/𝑌} is a 𝜏 − open cover and  

𝑦 ∈ 𝑋 ". "By hypothesis there is a 𝜏 −open 

neighborhood 𝑁 of  𝑦 such that"   

𝑁̅ = ⋃{𝑈𝜆𝑛
∩ 𝑁̅: 𝑛 ∈ ℕ}) ⊆ ⋃{𝑈𝜆𝑛

: 𝑛 ∈ ℕ}. 

"This show that (𝑋, 𝜏) is 𝜃∗ − regular".■ 

Theorem 1.5 "The property of a space being a 

𝜃∗ − regular is topological property". 

Proof. "Let  𝑓: (𝑋, 𝜏) ⟶ (𝑌, 𝜇) be 

homeomorphism function. Suppose that (𝑋, 𝜏) is 

𝜃∗ − regular". "To show that  (𝑌, 𝜇) is 𝜃∗ − 

normal. Let {𝑈𝜆: 𝜆 ∈ Λ} be a 𝜇 −open cover of 𝑌 

and 𝑦 ∈ 𝑌". "Then {𝑓−1(𝑈
𝜆
): 𝜆 ∈ Λ} is a 𝜏 −open 

cover of 𝑋 and 𝑓−1(𝑦) ∈ 𝑋". "By hypothesis there 

is a 𝜏 −open neighborhood 𝑁 of  𝑓−1(𝑦) such that  

               𝑁̅ ⊆ ⋃{𝑓−1(𝑈𝜆𝑛
): 𝑛 ∈ ℕ}". 

"Since 𝑓 is homeomorphism, then 𝑀 = 𝑓(𝑁) is a 

𝜇 −open neighborhood of 𝑦 and  𝑓(𝑁) = 𝑓(𝑁)̅̅ ̅̅ ̅̅ ̅ =

𝑀̅". "Therefore  

                 𝑀̅ = 𝑓(𝑁̅) ⊆ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ}". 

"Thus (𝑌, 𝜇)   is 𝜃∗ − regular" .■ 

 

Theorem 1.6"The product 𝑋 ≔ ∏ 𝑋𝜆𝜆∈Λ  is 𝜃∗ − 

regular  if and only if each coordinate space 𝑋𝜆 is 

𝜃∗ − regular". 

Proof. "Let each 𝑋𝜆 is 𝜃∗ − regular". "Let 

𝑥 = {𝑥𝜆: 𝜆 ∈ Λ} be any point of the product space 𝑋 

and {𝑈𝛼: 𝛼 ∈ Δ} be any open cover of  𝑋 ". Then 

there exists a basic open set  𝑉𝛼 in 𝑋 such that 

𝑉𝛼 ⊆ 𝑈𝛼. "Then {𝑉𝛼: 𝛼 ∈ Δ} is a basic open cover 

of  𝑋. Now, 𝑉𝛼 = ∏ 𝑉(𝛼,𝜆)𝜆∈Λ  , where 𝑉(𝛼,𝜆) is open 

in 𝑋𝜆 [ Note that 𝑉(𝛼,𝜆) = 𝑋𝜆 for all but a finite 

number of  𝜆's but it is immaterial here] " . "Since  

𝑋𝜆 is 𝜃∗ − regular and {𝑉(𝛼,𝜆): 𝛼 ∈ Δ} is an open 

cover of  𝑋𝜆 ,there exists an open neighborhood 𝑈𝜆 

of 𝑥𝜆 such that  

                   𝑈̅𝜆 ⊆ ⋃{𝑉(𝛼𝑛,𝜆): 𝑛 ∈ ℕ}". 

"Let = ∏ 𝑈𝜆𝜆∈Λ  , then 𝒲 is an open neighborhood 

of 𝑥 in 𝑋 ".Also 𝒲̅̅̅ = ∏ 𝑈𝜆𝜆∈Λ
̅̅ ̅̅ ̅̅ ̅̅ ̅ =

∏ 𝑈̅𝜆𝜆∈Λ "." Further, since 𝑈̅𝜆 ⊆ 𝑉(𝛼𝑛,𝜆) , for every 

𝜆 ∈ Λ and for some 𝑛 ∈ ℕ we have 𝒲̅̅̅ =

∏ 𝑈̅𝜆𝜆∈Λ ⊆ ∏ 𝑉(𝛼𝑛,𝜆)𝜆∈Λ , for some 𝑛 ∈ ℕ. Hence 

𝑊̅ ⊆ 𝑉𝛼𝑛
, for some  𝑛 ∈ ℕ , i.e., 𝒲̅̅̅ ⊆

⋃{𝑉𝛼𝑛
: 𝑛 ∈ ℕ}". " Thus 𝑋 is 𝜃∗ − regular ". 

    "Conversely, let the product 𝑋 ≔ ∏ 𝑋𝜆𝜆∈Λ ≠ ∅ 

is 𝜃∗ − regular" . "Let  𝛾 ∈ Λ, we shall show that  

𝑋𝛾 is 𝜃∗ − regular". "Let 𝑎𝛾 ∈ 𝑋𝛾 and {𝐺(𝛼,𝛾): 𝛼 ∈

Δ} be an open cover of  𝑋𝛾. "Since 𝑋 ≠ ∅, there 

exists 𝑥 = {𝑥𝜆: 𝜆 ∈ Λ} ∈ 𝑋 such that 𝑥𝛾 =

𝑎𝛾".""Let  𝐺𝛼 = 𝜋𝛾
−1(𝐺(𝛼,𝛾)), where 𝜋𝛾: 𝑋 ⟶ 𝑋𝛾 

be the projection map". "Since 𝜋𝛾 is continuous 

and onto, then {𝐺𝛼: 𝛼 ∈ Δ} is an open cover of 𝑋". 

Since 𝑋 is 𝜃∗ − regular, there exists a basic 

neighborhood 𝑁 ≔ ∏ 𝑁𝜆𝜆∈Λ   of 𝑥 such that 

𝑁̅ ⊆ ⋃{𝐺𝛼𝑛
: 𝑛 ∈ ℕ}. "Then 𝑥𝛾 ∈ 𝑁𝛾 ".  "Since 
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𝑁̅ = ∏ 𝑁𝜆𝜆∈Λ
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = ∏ 𝑁̅𝜆𝜆∈Λ , then  𝑁̅ = ∏ 𝑁̅𝜆𝜆∈Λ ⊆

⋃{𝐺𝛼𝑛
: 𝑛 ∈ ℕ}". Then 𝑁̅𝛾 ⊆ ⋃ {𝐺(𝛼𝑛,𝛾): 𝑛 ∈ ℕ} ". 

"Thus for every open cover {𝐺(𝛼,𝛾): 𝛼 ∈ Δ} of  𝑋𝛾  

and each 𝑎𝛾 ∈ 𝑋𝛾, there exists an open 

neighborhood 𝑁𝛾 of  𝑎𝛾 such that 𝑁̅𝛾 ⊆

⋃ {𝐺(𝛼𝑛,𝛾): 𝑛 ∈ ℕ}  ". "Hence  𝑋𝛾 is 𝜃∗ − regular  

". ■  

Definition 1.7 [7,8] "A topological space 𝑋 is said 

to be locally compact (Lindelof) space if every 

point of  𝑋 admits an open neighborhood with 

compact (lindelof) closure".  

Theorem 1.8"Every locally Lindelöff space is 𝜃∗ − 

regular". 

Proof. "Suppose that (𝑋, 𝜏) is locally Lindelöff 

space. Let {𝑈𝜆: 𝜆 ∈ Λ} be a 𝜏 −open cover of 𝑋 and 

𝑥 ∈ 𝑋. By hypothesis there exists a 𝜏 −open 

neighborhood 𝑁 of  𝑥 such that  𝑁̅ is Lindelöff. 

Since {𝑈𝜆 ∩ 𝑁̅: 𝜆 ∈ Λ} is 𝜏𝑁̅ −open cover of 𝑁̅, by 

Lindelöffness of 𝑁̅ we have 

  𝑁̅ = ⋃{𝑈𝜆𝑛
∩ 𝑁̅: 𝑛 ∈ ℕ}) ⊆ ⋃{𝑈𝜆𝑛

: 𝑛 ∈ ℕ}. 

This show that (𝑋, 𝜏) is 𝜃∗ − regular".■ 

Corollary 1.9 Every locally compact space is 𝜃∗ − 

regular. 

Corollary 1.10"Every  compact (Lindelof) space is 

𝜃∗ − regular". 

Corollary 1.11 "Every second countable space is 

𝜃∗ −regular". 

Example 1.12 The real line is 𝜃∗ −regular 

since the real line is locally compact". 

 

2. 𝓖 − 𝜽∗ −regular topological space 

    In this section we introduce the notion of 

𝒢 − 𝜃∗ −regular topological space and study some 

essential properties of this space. "This space being 

the generalization of both 𝜃 −regular [1,2,3], and 

𝒢 −regular [4,5] " .  

 

Definition 2.1"Let (𝑋, 𝜏) be a topological space 

and 𝒢 be a grill on 𝑋". "Then 𝑋 is said to be 

𝒢 − 𝜃∗ −regular if for every open covering 

𝒰 = {𝑈𝜆: 𝜆 ∈ Λ}  of 𝑋 and each 𝑥 ∈ 𝑋 there is an 

open neighborhood 𝑉 of x  and a countable 

subcollection  𝒰 = {𝑈𝜆𝑛
: 𝑛 ∈ ℕ} such that  

            𝑉/ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ} ∉ 𝒢". 

Proposition 2.2 "Every 𝜃∗ − regular space (𝑋, 𝜏) is 

𝒢 − 𝜃∗ −regular for every grill 𝒢 on 𝑋". 

Proof. "Suppose that (𝑋, 𝜏) is 𝜃∗ − regular space. 

Let 𝒢 be any grill on 𝑋, 𝒰 = {𝑈𝜆: 𝜆 ∈ Λ}  be any 

open cover of 𝑋 and  𝑥 ∈ 𝑋.  By hypothesis there is 

an open neighborhood 𝑉 of x  and a countable 

subcollection  𝒰 = {𝑈𝜆𝑛
: 𝑛 ∈ ℕ} such that  

                   𝑉 ⊆ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ}". 

Then 

               𝑉/ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ} = ∅. 

But 𝒢 is a non-null collection of nonempty set, so  

𝑉 ⊆ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ} ∉ 𝒢 . "Hence (𝑋, 𝜏) is 

𝒢 − 𝜃∗ −regular for every grill 𝒢 on 𝑋". 
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Theorem 2.3"Let  𝑓: (𝑋, 𝜏) ⟶ (𝑌, 𝜇) be 

homeomorphism function. Let 𝒢 be a grill on 𝑋". 

"If  : (𝑋, 𝜏) is 𝒢 − 𝜃∗ −regular, then (𝑌, 𝜇) is 

𝒢′ − 𝜃∗ −regular, where  𝒢′ = 𝑓[𝒢] ". 

Proof. Let  𝑓: (𝑋, 𝜏) ⟶ (𝑌, 𝜇) be homeomorphism 

function. First, since 𝑓  is bijective, then 𝒢′ = 𝑓[𝒢] 

is grill on 𝑌.Suppose that (𝑋, 𝜏) is 𝜃∗ − regular. To 

show that  (𝑌, 𝜇) is 𝜃∗ − regular. Let {𝑈𝜆: 𝜆 ∈ Λ} 

be a 𝜇 −open cover of 𝑌 and 𝑦 ∈ 𝑌. Then 

{𝑓−1(𝑈
𝜆
): 𝜆 ∈ Λ} is a 𝜏 −open cover of 𝑋 and 

𝑓−1(𝑦) ∈ 𝑋. By hypothesis there is a 𝜏 −open 

neighborhood 𝑁 of  𝑓−1(𝑦) such that  

               𝑁̅/ ⋃{𝑓−1(𝑈𝜆𝑛
): 𝑛 ∈ ℕ} ∉ 𝒢. 

Since 𝑓 is homeomorphism, then 𝑀 = 𝑓(𝑁) is a 

𝜇 −open neighborhood of 𝑦 and  𝑓(𝑁) = 𝑓(𝑁)̅̅ ̅̅ ̅̅ ̅ =

𝑀̅. Now   

  𝑓[𝑁/ ⋃{𝑓−1(𝑈𝜆𝑛
): 𝑛 ∈ ℕ}] = 

 𝑓[𝑁]/𝑓[⋃{𝑓−1(𝑈𝜆𝑛
): 𝑛 ∈ ℕ}] ∉ 𝑓[𝒢].  

That is,  

             𝑀̅/{𝑈𝜆𝑛
: 𝑛 ∈ ℕ} ∉ 𝒢′  

Thus (𝑌, 𝜇)   is 𝒢′ − 𝜃∗ − regular.■ 

 

Theorem 2.4" Let 𝒢 = ∏ 𝒢𝜆𝜆∈Λ  where 𝒢
𝜆
 is grill 

on 𝑋𝜆. Then the product 𝑋 ≔ ∏ 𝑋𝜆𝜆∈Λ  is 𝒢 − 𝜃∗ − 

regular  if and only if each coordinate space 𝑋𝜆 is 

𝒢
𝜆

− 𝜃∗ − regular". 

Proof. "Let each 𝑋𝜆 is 𝜃∗ − regular". Let 𝑥 =

{𝑥𝜆: 𝜆 ∈ Λ} be any point of the product space 𝑋 and 

{𝑈𝛼: 𝛼 ∈ Δ} be any open cover of  𝑋 ". "Then there 

exists a basic open set  𝑉𝛼 in 𝑋 such that 𝑉𝛼 ⊆ 𝑈𝛼. 

Then {𝑉𝛼: 𝛼 ∈ Δ} is a basic open cover of  𝑋. Now, 

𝑉𝛼 = ∏ 𝑉(𝛼,𝜆)𝜆∈Λ  , where 𝑉(𝛼,𝜆) is open in 𝑋𝜆 [ Note 

that 𝑉(𝛼,𝜆) = 𝑋𝜆 for all but a finite number of  𝜆's 

but it is immaterial here] "."Since  𝑋𝜆 is 𝒢
𝜆

− 𝜃∗ − 

regular and {𝑉(𝛼,𝜆): 𝛼 ∈ Δ} is an open cover of  𝑋𝜆 

,there exists an open neighborhood 𝑈𝜆 of 𝑥𝜆 such 

that  

                   𝑈̅𝜆/ ⋃{𝑉(𝛼𝑛,𝜆): 𝑛 ∈ ℕ} ∉ 𝒢
𝜆
". 

"Let = ∏ 𝑈𝜆𝜆∈Λ  , then 𝒲 is an open neighborhood 

of 𝑥 in 𝑋. Also 𝒲̅̅̅ = ∏ 𝑈𝜆𝜆∈Λ
̅̅ ̅̅ ̅̅ ̅̅ ̅ = ∏ 𝑈̅𝜆𝜆∈Λ . Further, 

since 𝑈̅𝜆 ⊆ 𝑉(𝛼𝑛,𝜆) , for every 𝜆 ∈ Λ and for some 

𝑛 ∈ ℕ we have 𝑊̅ = ∏ 𝑈̅𝜆𝜆∈Λ ⊆ ∏ 𝑉(𝛼𝑛,𝜆)𝜆∈Λ , for 

some 𝑛 ∈ ℕ. Hence 𝒲̅̅̅ ⊆ 𝑉𝛼𝑛
, for some  𝑛 ∈ ℕ , 

i.e., 𝒲̅̅̅/ ⋃{𝑉𝛼𝑛
: 𝑛 ∈ ℕ} ∉ 𝒢. Thus 𝑋 is 𝜃∗ − 

regular". 

"Conversely, let the product 𝑋 ≔ ∏ 𝑋𝜆𝜆∈Λ ≠ ∅ is 

𝜃∗ − regular". Let  𝛾 ∈ Λ, we shall show that  𝑋𝛾 is 

𝜃∗ − regular". "Let 𝑎𝛾 ∈ 𝑋𝛾 and {𝐺(𝛼,𝛾): 𝛼 ∈ Δ} be 

an open cover of  𝑋𝛾. Since 𝑋 ≠ ∅, there exists 

𝑥 = {𝑥𝜆: 𝜆 ∈ Λ} ∈ 𝑋 such that 𝑥𝛾 = 𝑎𝛾". " Let  

𝐺𝛼 = 𝜋𝛾
−1(𝐺(𝛼,𝛾)), where 𝜋𝛾: 𝑋 ⟶ 𝑋𝛾 be the 

projection map. Since 𝜋𝛾 is continuous and onto, 

then {𝐺𝛼: 𝛼 ∈ Δ} is an open cover of  . Since 𝑋 is 

𝜃∗ − regular, there exists a basic neighborhood 

𝑁 ≔ ∏ 𝑁𝜆𝜆∈Λ   of 𝑥 such that 𝑁̅ ⊆ ⋃{𝐺𝛼𝑛
: 𝑛 ∈

ℕ}"."Then 𝑥𝛾 ∈ 𝑁𝛾 "."Since 𝑁̅ = ∏ 𝑁𝜆𝜆∈Λ
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =

∏ 𝑁̅𝜆𝜆∈Λ , then  𝑁̅ = ∏ 𝑁̅𝜆𝜆∈Λ ⊆ ⋃{𝐺𝛼𝑛
: 𝑛 ∈ ℕ}" . 

"Then 𝑁̅𝛾 ⊆ ⋃ {𝐺(𝛼𝑛,𝛾): 𝑛 ∈ ℕ}". "Thus for every 

open cover {𝐺(𝛼,𝛾): 𝛼 ∈ Δ} of  𝑋𝛾  and each 𝑎𝛾 ∈

𝑋𝛾, there exists an open neighborhood 𝑁𝛾 of  𝑎𝛾 

such that 𝑁̅𝛾 ⊆ ⋃ {𝐺(𝛼𝑛,𝛾): 𝑛 ∈ ℕ}  "."Hence  𝑋𝛾 is 

𝜃∗ − regular". ■  
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3. 𝜽∗ − normal Topological Space 

   " In this section we introduce the notion of  𝜃∗ − 

normal topological space and study some essential 

properties of such space". 

Definition 3.1. "A topological space 𝑋 is said to be 

𝜃∗ −normal if for every open covering  of 𝑋 and 

each closed set 𝐹 in 𝑋 there is an open 

neighborhood  of 𝐹 its closure  can be covered by a 

countably  sub collection of  that cover". 

 

 Proposition 3.2 "If a 𝑇1 −space is 𝜃∗ −normal, 

then it is 𝜃∗ −regular". 

Proof "Suppose that  𝑋 be a 𝜃∗ −normal 

topological space". "Let 𝒰 ≔ {𝑈𝜆: 𝜆 ∈ Λ} be an 

open cover of  𝑋 and  𝑥 ∈ 𝑋". "Since 𝑋 is 

𝑇1 −space, then every singleton set is closed". 

"Thus  {𝑥} is closed set 

and by hypothesis there  exists an open 

neighborhood 𝑁 of  {𝑥} such that    𝑁̅ ⊆

⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ}. "Thus 𝑋  is 𝜃∗ −regular". ■ 

 

Theorem 3.3 "A topological space 𝑋 is 𝜃∗ − 

normal if and only if  for every basic open covering  

of 𝑋 and each closed set 𝐹 in 𝑋  there is an open 

neighborhood  of 𝑥 its closure  can be covered by a 

countably infinite  sub collection of  that cover". 

Proof" The "only if" part follows from the fact that 

every basic open cove is an open cover". 

    "The "if" part". Suppose that 𝒰 ≔ {𝑈𝜆: 𝜆 ∈ Λ}   

is an open cover of  𝑋 closed set 𝐹 in 𝑋. If  ℬ ≔

{𝐵𝛾: 𝛾 ∈ Γ} be any open base for 𝑋, then each 𝑈𝜆 is 

a union of some members of  ℬ and the totality of 

all such members of ℬ is evidently a basic open 

cover of  𝑋" . "By hypothesis there is an open 

neighborhood 𝑁  of 𝐹  such that  

                 𝑁̅ ⊆ ⋃{𝐵𝛾𝑛
: 𝑛 ∈ ℕ} ". 

"For each 𝐵𝛾𝑛
 we can select a  𝑈𝜆𝑛

 from 𝒰 such 

that  𝐵𝛾𝑛
⊆ 𝑈𝜆𝑛

 ". "It follows that 

                      𝑁̅ ⊆ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ}. 

Hence 𝑋 is 𝜃∗ − normal". ■ 

Theorem 3.4"The closed subspace of  a  𝜃∗ − 

normal space is   𝜃∗ − normal ". 

Proof " Let (𝑋, 𝜏) be a 𝜃∗ − normal and let (𝑌, 𝜏𝑌)  

be a subspace of (𝑋, 𝜏). To show that (𝑌, 𝜏𝑌)   is 

𝜃∗ − normal" . " Let {𝑈𝜆: 𝜆 ∈ Λ} be a 𝜏𝑌 −open 

cover of 𝑌 and  𝐹 be a 𝜏𝑌 −closed "."Then there is 

a 𝜏 −open set 𝑉𝜆 such that  𝑈𝜆 = 𝑉𝜆 ∩ 𝑌 " . 

"Hence  {𝑉𝜆: 𝜆 ∈ Λ} ∪ {𝑋/𝑌} is a 𝜏 − open cover 

and there exists a 𝜏 −closed set 𝐾 ". " By 

hypothesis there is a 𝜏 −open neighborhood 𝑁 of  𝐾 

such that a  

       𝑁̅ ⊆ ⋃{𝑉𝜆𝑛
: 𝑛 ∈ ℕ} ∪ {𝑋/𝑌}." 

"Then 𝑀 = 𝑁 ∩ 𝑌 is a 𝜏𝑌 −open neighborhood of  

𝐹 and 𝑀̅ = 𝑁̅ ∩ 𝑌 " . " Now,  

  𝑀̅ = 𝑁̅ ∩ 𝑌 ⊆ [⋃{𝑉𝜆𝑛
: 𝑛 ∈ ℕ} ∪ {𝑋/𝑌}] ∩ 𝑌  

         = ⋃{𝑉𝜆𝑛
∩ 𝑌: 𝑛 ∈ ℕ} = ⋃{𝑈𝜆𝑛

: 𝑛 ∈ ℕ}. " 
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"Thus (𝑌, 𝜏𝑌)   is 𝜃∗ − normal.■ " 

 

 Theorem 3.5 "The property of a space being a 

𝜃∗ − normal is topological property". 

Proof"Let  𝑓: (𝑋, 𝜏) ⟶ (𝑌, 𝜇) be 

homeomorphism function. Suppose that (𝑋, 𝜏) is 

𝜃∗ − regular"." To show that  (𝑌, 𝜇) is 𝜃∗ − 

normal". "Let {𝑈𝜆: 𝜆 ∈ Λ} be a 𝜇 −open cover of 

𝑌 and 𝐹 be a 𝜇 − closed set". "Then 

{𝑓−1(𝑈
𝜆
): 𝜆 ∈ Λ} is a 𝜏 −open cover of 𝑋 and 

𝑓−1(𝐹) is 𝜏 −closed set". "By hypothesis there is 

a 𝜏 −open neighborhood 𝑁 of  𝑓−1(𝐹) such that  

               𝑁̅ ⊆ ⋃{𝑓−1(𝑈𝜆𝑛
): 𝑛 ∈ ℕ}. " 

"Since 𝑓 is homeomorphism, then 𝑀 = 𝑓(𝑁) is a 

𝜇 −open neighborhood of 𝑦 and  𝑓(𝑁) = 𝑓(𝑁)̅̅ ̅̅ ̅̅ ̅ =

𝑀̅ "."Therefore  

                 𝑀̅ = 𝑓(𝑁̅) ⊆ ⋃{𝑈𝜆𝑛
: 𝑛 ∈ ℕ}. " 

"Thus (𝑌, 𝜇)   is 𝜃∗ − normal".■ 

 

Theorem 3.6" Every locally Lindelöff space is 

𝜃∗ − normal". 

Proof " Suppose that (𝑋, 𝜏) is locally Lindelöff 

space". "Let {𝑈𝜆: 𝜆 ∈ Λ} be a 𝜏 −open cover of 𝑋 

and 𝐹 be a 𝜏 −closed set". "By hypothesis there 

exists a 𝜏 −open neighborhood 𝑁 of  𝐹 such that  

𝑁̅ is Lindelöff. "Since {𝑈𝜆 ∩ 𝑁̅: 𝜆 ∈ Λ} is 

𝜏𝑁̅ −open cover of 𝑁̅, by Lindelöffness of 𝑁̅ we 

have 

  𝑁̅ = ⋃{𝑈𝜆𝑛
∩ 𝑁̅: 𝑛 ∈ ℕ}) ⊆ ⋃{𝑈𝜆𝑛

: 𝑛 ∈ ℕ} . 

"This show that (𝑋, 𝜏) is 𝜃∗ − normal".■ 

 

Theorem 3.7"The product 𝑋 ≔ ∏ 𝑋𝜆𝜆∈Λ  is 𝜃∗ − 

normal  if and only if each coordinate space 𝑋𝜆 is 

𝜃∗ − normal". 

Proof "Let each 𝑋𝜆 is 𝜃∗ − normal". "Let 

𝐹 = ∏{𝐹𝜆: 𝜆 ∈ Λ} be any closed subset of the 

product space 𝑋 and {𝑈𝛼: 𝛼 ∈ Δ} be any open 

cover of  𝑋". "Then there exists a basic open set  

𝑉𝛼 in 𝑋 such that 𝑉𝛼 ⊆ 𝑈𝛼". "Then {𝑉𝛼: 𝛼 ∈ Δ} 

is a basic open cover of  𝑋". " Now, 𝑉𝛼 =

∏ 𝑉(𝛼,𝜆)𝜆∈Λ  , where 𝑉(𝛼,𝜆) is open in 𝑋𝜆 [ Note that 

𝑉(𝛼,𝜆) = 𝑋𝜆 for all but a finite number of  𝜆's but it 

is immaterial here] ". "Since  

𝑋𝜆 is 𝜃∗ − regular and {𝑉(𝛼,𝜆): 𝛼 ∈ Δ} is an open 

cover of  𝑋𝜆 ,there exists an open neighborhood 

𝑈𝜆 of 𝐹𝜆 such that  

                 𝑈̅𝜆 ⊆ ⋃{𝑉(𝛼𝑛,𝜆): 𝑛 ∈ ℕ}". 

"Let 𝑊 = ∏ 𝑈𝜆𝜆∈Λ  then 𝑊 is an open 

neighborhood of 𝐹 in 𝑋"."Also 𝑊̅ = ∏ 𝑈𝜆𝜆∈Λ
̅̅ ̅̅ ̅̅ ̅̅ ̅ =

∏ 𝑈̅𝜆𝜆∈Λ ".""Further, since 𝑈̅𝜆 ⊆ 𝑉(𝛼𝑛,𝜆) , for 

every 𝜆 ∈ Λ and for some 𝑛 ∈ ℕ we have 

𝑊̅ = ∏ 𝑈̅𝜆𝜆∈Λ ⊆ ∏ 𝑉(𝛼𝑛,𝜆)𝜆∈Λ , for some 𝑛 ∈ ℕ". 
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"Hence 𝑊̅ ⊆ 𝑉𝛼𝑛
, for some  𝑛 ∈ ℕ , i.e., 𝑊̅ ⊆

⋃{𝑉𝛼𝑛
: 𝑛 ∈ ℕ}". "Thus 𝑋 is 𝜃∗ − normal". 

"Conversely, let the product 𝑋 ≔ ∏ 𝑋𝜆𝜆∈Λ ≠ ∅ is 

𝜃∗ − regular". "Let  𝛾 ∈ Λ. We shall show that  

𝑋𝛾 is 𝜃∗ −normal. Let 𝑎𝛾 ∈ 𝑋𝛾 and {𝐺(𝛼,𝛾): 𝛼 ∈ Δ} 

be an open cover of  𝑋𝛾". "Since 𝑋 ≠ ∅, there 

exists a closed subset 𝐹 = {𝐹𝜆: 𝜆 ∈ Λ} of 𝑋 such 

that 𝐹𝛾 = 𝐴𝛾". "Let  𝐺𝛼 = 𝜋𝛾
−1(𝐺(𝛼,𝛾)), where 

𝜋𝛾: 𝑋 ⟶ 𝑋𝛾 be the projection map". "Since 𝜋𝛾 is 

continuous and onto, then {𝐺𝛼: 𝛼 ∈ Δ} is an open 

cover of 𝑋". "Since 𝑋 is 𝜃∗ − normal, there exists 

a basic neighborhood 𝑁 ≔ ∏ 𝑁𝜆𝜆∈Λ   of 𝐹 such 

that 𝑁̅ ⊆ ⋃{𝐺𝛼𝑛
: 𝑛 ∈ ℕ}"."Then 𝐹𝛾 ⊆ 𝑁𝛾 . Since 

𝑁̅ = ∏ 𝑁𝜆𝜆∈Λ
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = ∏ 𝑁̅𝜆𝜆∈Λ , then  𝑁̅ = ∏ 𝑁̅𝜆𝜆∈Λ ⊆

⋃{𝐺𝛼𝑛
: 𝑛 ∈ ℕ}". "Then 𝑁̅𝛾 ⊆ ⋃ {𝐺(𝛼𝑛,𝛾): 𝑛 ∈

ℕ}. "Thus for every open cover {𝐺(𝛼,𝛾): 𝛼 ∈ Δ} of  

𝑋𝛾  and each 𝐴𝛾 ⊆ 𝑋𝛾, there exists an open 

neighborhood 𝑁𝛾 of  𝐴𝛾 such that 𝑁̅𝛾 ⊆

⋃ {𝐺(𝛼𝑛,𝛾): 𝑛 ∈ ℕ}"."Hence  𝑋𝛾 is 𝜃∗ − normal". 

■  

4- Application in Dimension Theory 

    " In this section we give some applications of  

𝜃∗ −regular and 𝜃∗ −normal spaces in dimension 

theory. 

Definition 4.1 "Let 𝑋 be a topological space". 

"The following conditions define the 𝜃∗ −  small 

inductive dimension of 𝑋:   

(i) 𝜃∗ − ind 𝑋 = −1  iff = ∅
 
, 

(ii) 𝜃∗ − ind 𝑋 ≤ 𝑛  if for every open covering of 

𝑋 and each 𝑥 ∈ 𝑋 there is an open  neighborhood 

𝑁 of 𝑥 can be covered by countably infinite 

subcollection of that cover and ) 𝜃∗ − ind 𝜕(𝑁) ≤

𝑛 − 1, 

(iii) 𝜃∗ − ind 𝑋 = 𝑛 if 𝜃∗ − ind 𝑋 ≤ 𝑛 and the 

inequality  𝜃∗ − ind 𝑋 ≤ 𝑛 − 1  does not hold, 

(iv) 𝜃∗ − ind 𝑋 = ∞  if  𝜃∗ − ind 𝑋 = 𝑛 for no 𝑛. 

" 

 

Theorem 4.2" Let 𝑋 be a topological space". "If  

𝜃∗ − ind 𝑋 = 0 , then 𝑋 is 𝜃∗ −regular". 

Proof "Suppose  that 𝜃∗ − ind 𝑋 = 0. Let 𝑥 ∈ 𝑋  

and let Ψ = {𝑈𝜆: 𝜆 ∈ Λ}  be an open covering of 

𝑋". "By hypothesis there is an open 

neighborhood 𝑁 of 𝑥 such that   

                       𝑁 ⊂ ⋃ 𝑈𝜆𝜆∈𝛾    

where 𝛾 is countably infinite subset of Λ, and  

𝜃∗ − ind 𝜕(𝑁) ≤ −1"."Hence 𝜕(𝑁) = ∅. 

"Therefore 𝑁 is open and closed set and 

consequently 𝑁 = 𝑁. Then 𝑁̅ ⊂ ⋃ 𝑈𝜆𝜆∈𝛾   where 𝛾 

is countably infinite subset of Λ". "Therefore 𝑋 is 

𝜃∗ −regular".■ 

 

Theorem 4.3 "If (𝑌, 𝜏𝑌) be a closed subspace of a 

topological space (𝑋, 𝜏), then 

            𝜃∗ − ind 𝑌 ≤ 𝜃∗ − ind 𝑋". 

Proof "It is enough to show that if 𝜃∗ − ind 𝑋 ≤

𝑛  then 𝜃∗ − ind 𝑌 ≤ 𝑛"."Suppose that 𝜃∗ −

ind 𝑋 ≤ 𝑛"."We shall prove by induction  on 

𝜃∗ − ind 𝑋 = 𝑛.If 𝜃∗ − ind 𝑋 = −1, then it is 

obviously true". "Suppose that the statement is 

true for 𝑛 − 1, to prove it is true for 𝑛. Let 𝑦 ∈ 𝑌 

and let Ψ = {𝑈𝜆: 𝜆 ∈ Λ} be a 𝜏𝑌 −open cover of 
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𝑌". "Then there exists a 𝜏 − open set 𝑉𝜆 such that 

𝑈𝜆 = 𝑉𝜆 ∩ 𝑌". "The collection  

   Π = {𝑉𝜆: 𝜆 ∈ Λ} ∪ {X/Y} 

form a 𝜏 −open cover of 𝑋". "Since 𝑦 ∈ 𝑋 and 

𝜃∗ − ind 𝑋 ≤ 𝑛, then there is a 𝜏 −open 

neighborhood 𝑀 of y  such that  

                               𝑀 ⊂ ⋃ 𝑉𝜆𝜆∈𝛾         

where 𝛾 is countably infinite subset of Λ and   

𝜃∗ − ind𝜕(𝑀) ≤ 𝑛 − 1"."Thus  

 𝑀 ∩ 𝑌 ⊂ ⋃ (𝑉𝜆 ∩ 𝑌)𝜆∈𝛾 = ⋃ 𝑈𝜆𝜆∈𝛾  ". 

"Hence  𝑁 = 𝑀 ∩ 𝑌 is 𝜏𝑌 −open neighborhood of 

𝑦 and 𝑁 ⊂ ⋃ 𝑈𝜆𝜆∈𝛾   , where 𝛾 is count

ably infinite subset of Λ"."Since 𝜕𝑌(𝑁) ⊂

𝜕(𝑀) ∩ 𝑌, then 𝜕𝑌(𝑁) ⊂ 𝜕(𝑀)".  

"But 𝜃∗ − ind𝜕(𝑀) ≤ 𝑛 − 1, therefore 𝜃∗ −

ind𝜕(𝑁) ≤ 𝑛 − 1 ". "Thus 𝜃∗ − ind 𝑌 ≤ 𝑛 −

1".■ 

Theorem 4.4 "If the two spaces 𝑋 and 𝑌 are 

homeomorphic space, then 𝜃∗ − ind 𝑋 = 𝜃∗ −

ind 𝑌". 

Proof "Suppose that 𝑋 and 𝑌 are two 

homeomorphic spaces and 𝑓 be a 

homeomorphism from 𝑋 onto 𝑌". "We shall 

prove by induction".  

 " If 𝜃∗ − ind 𝑋 = −1, then 𝑋 = ∅. Since 𝑓 is 

homeomorphism then 𝑌 = ∅"."Hence 𝜃∗ −

ind 𝑌 = −1". "Suppose that 𝜃∗ − ind 𝑋 = 𝜃∗ −

ind 𝑌 for 𝑛 − 1" . "To show it is true for 𝑛". 

"Suppose that 𝜃∗ − ind 𝑋 = 𝑛" . " Let 𝑦 ∈ 𝑌  

and let Φ = {𝑈𝜆: 𝜆 ∈ Λ}  be an open cover of 𝑌". 

"Then 𝑥 = 𝑓−1(𝑦) is a point in 𝑋 and the 

collection 

                 Π = {𝑓−1[𝑈𝜆]: 𝜆 ∈ Λ}                           

form an open cover of 𝑋". "Since 𝜃∗ − ind 𝑋 =

𝑛, then there exists an open neighborhood 𝑁  of 𝑥 

such that  𝑁 ⊂ ⋃ 𝑓−1[𝑈𝜆]𝜆∈𝛾 , where 𝛾 is a 

countably infinite subset of Λ and 𝜃∗ −

ind𝜕(𝑁) = 𝑛 − 1". "Therefore 𝑓[𝑁]  be an open 

neighborhood of 𝑦 ∈ 𝑌  and  

                 𝑓[𝑁] ⊂ ⋃ 𝑈𝜆𝜆∈𝛾                                                

where 𝛾 is a countably infinite subset of 𝛬 with 

𝜃∗ − ind𝜕(𝑓[𝑁]) = 𝑛 − 1" . "This complete the 

proof".■  

 

Definition 4.5 "Let 𝑋 be a topological space". 

"The following conditions define the𝜃∗ − large 

inductive dimension of 𝑋:   

(i) 𝜃∗ − Ind 𝑋 = −1 iff 𝑋 = ∅. 

(ii) 𝜃∗ − Ind 𝑋 ≤ 𝑛  if for every open covering of 

𝑋 and each closed set 𝐹  in 𝑋 there is an open  

neighborhood 𝑁 of 𝐹 can be covered by countably 

infinite subcollection of that cover and 𝜃∗ −

Ind𝜕(𝑁) ≤ 𝑛 − 1, 

(iii) 𝜃∗ − Ind 𝑋 = 𝑛 if 𝜃∗ − Ind 𝑋 ≤ 𝑛 and the 

inequality 𝜃∗ − Ind 𝑋 ≤ 𝑛 − 1 does not hold, 

(iv) 𝜃∗ − Ind 𝑋 = ∞ if  𝜃∗ − Ind 𝑋 = 𝑛 for no 

𝑛". 

Theorem 4.6" Let 𝑋 be a topological space". "If 

𝜃∗ − Ind 𝑋 = 0, then 𝑋 is 𝜃∗ −normal". 

Proof "Suppose  that 𝜃∗ − Ind 𝑋 = 0"."Let 

closed set 𝐹 in 𝑋 and let 
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Ψ = {𝑈𝜆: 𝜆 ∈ Λ}   be an open covering of 𝑋". "By 

hypothesis there is an open neighborhood 𝑁 of 𝐹 

such that  

                     ,






 UN                                           

where 𝛾 is countably infinite subset of Λ, and 

𝜃∗ − Ind𝜕(𝑁) ≤ −1"."Hence 𝜕(𝑁) = ∅". 

"Therefore 𝑁 is open and closed set and 

consequently 𝑁 = 𝑁". "Then 𝑁̅ ⊂ ⋃ 𝑈𝜆𝜆∈𝛾   

where 𝛾 is countably infinite subset of Λ ". 

"Therefore 𝑋 is 𝜃∗ −normal".■ 

 

Corollary 4.7 "Let 𝑋 be a 𝑇1 − space. If 𝜃∗ −

Ind 𝑋 = 0,, then 𝑋 is 𝜃∗ −regular". 

Proof Combine Proposition(3.2) and Theorem 

(4.6).■ 

 

Theorem 4.8 "If
 
(𝑌, 𝜏𝑌)

 
 be a closed subspace of 

a topological space (𝑋, 𝜏) , then then 𝜃∗ −

Ind 𝑋 ≤ 𝜃∗ − Ind 𝑌". 

Proof "It is enough to show that if 𝜃∗ − Ind 𝑋 ≤

𝑛, then 𝜃∗ − Ind 𝑌 ≤ 𝑛 ". "Suppose that 𝜃∗ −

Ind 𝑋 ≤ 𝑛". "We shall prove by induction   on 

𝜃∗ − Ind 𝑋 = 𝑛". "If 𝜃∗ − Ind 𝑋 = −1, then it is 

obviously true". "Suppose that the statement is 

true for 𝑛 − 1, to prove it is true for 𝑛" . "Let 𝐹 

be a closed set in  𝑌 and let Ψ = {𝑈𝜆: 𝜆 ∈ Λ} be a 

𝜏𝑌 −open cover of 𝑌". "Then there exists a 

𝜏 −open set 𝑉𝜆  such that 𝑈𝜆 = 𝑉𝜆 ∩ 𝑌". "The 

collection  

              Π = {𝑉𝜆: 𝜆 ∈ Λ} ∪ {X/Y} 

form a 𝜏 − open cover of 𝑋". "Since 𝐹 is closed 

in 𝑌 and 𝑌 is closed then 𝐹 is closed in 𝑋  ".  "By 

hypothesis   𝜃∗ − Ind 𝑋 ≤ 𝑛, then there is a 

𝜏 −open neighborhood 𝑀 of 𝐹 such that  

                      𝑀 ⊂ ⋃ 𝑉𝜆𝜆∈𝛾                           

where 𝛾 is countably infinite subset of Λ and  

𝜃∗ − Ind𝜕(𝑀) ≤ 𝑛 − 1 " . "Thus  

             𝑀 ∩ 𝑌 ⊂ ⋃ (𝑉𝜆 ∩ 𝑌)𝜆∈𝛾 = ⋃ 𝑈𝜆𝜆∈𝛾  ". 

"Hence 𝑁 = 𝑀 ∩ 𝑌 is 𝜏𝑌 −open neighborhood of 

𝐹 and  𝑁 ⊂ ⋃ 𝑈𝜆𝜆∈𝛾   , where 𝛾 is countably 

infinite subset of Λ ". "Since  𝜕𝑌(𝑁) ⊂ 𝜕(𝑀) ∩ 𝑌 

, then  𝜕𝑌(𝑁) ⊂ 𝜕(𝑀) ". "But 𝜃∗ − Ind𝜕(𝑀) ≤

𝑛 − 1, therefore 𝜃∗ − Ind𝜕(𝑁) ≤ 𝑛 − 1. Thus 

𝜃∗ − Ind 𝑌 = 𝑛. "■ 

 

Theorem 4.9  "If the two spaces 𝑋 and 𝑌 are 

homeomorphic space, then 𝜃∗ − Ind 𝑋 = 𝜃∗ −

Ind 𝑌  " . 

Proof  "Suppose that 𝑋 and 𝑌 are two 

homeomorphic spaces and 𝑓 be a 

homeomorphism from 𝑋 onto 𝑌 ".  "We shall 

prove by induction ".  

  " If 𝜃∗ − Ind 𝑋 = −1, then  𝑋 = ∅ " . "Since 𝑓 

is homeomorphism then 𝑌 = ∅  ".  "Hence 

𝜃∗ − Ind 𝑌 = −1 ". "Suppose that 𝜃∗ − Ind 𝑋 =

𝜃∗ − Ind 𝑌 for 𝑛 − 1 ". "To show it is true for 𝑛 

". "Suppose that 𝜃∗ − Ind 𝑋 = 𝑛  ". "Let 𝐹 

closed set  in 𝑌 and let Ψ = {𝑈𝜆: 𝜆 ∈ Λ} be an 

open cover of 𝑌  ". "Then 𝐸 = 𝑓−1[𝐹]
 
is a closed 

set  in 𝑋 and the collection  

                  Π = {𝑓−1[𝑈𝜆]: 𝜆 ∈ Λ} 
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form an open cover of 𝑋 ". "Since 𝜃∗ − Ind 𝑋 =

𝑛,then there exists an open neighborhood 𝑁 of 𝐸 

such that 𝑁 ⊂ ⋃ 𝑓−1[𝑈𝜆]𝜆∈𝛾 , 

where 𝛾 is a countably infinite subset of Λ and  

𝜃∗ − Ind𝜕(𝑁) ≤ 𝑛 − 1 ". "Therefore 𝑓[𝑁]  be an 

open neighborhood of 𝐹 in 𝑌 and  𝑓[𝑁] ⊂

⋃ 𝑈𝜆𝜆∈𝛾  ,where 𝛾 is a countably infinite subset of 

Λ with 𝜃∗ − Ind𝜕(𝑁) = 𝑛 − 1, which completes 

the proof ".■  

Theorem 4.10 " For every 𝑇1 −space 𝑋 we have 

𝜃∗ − ind 𝑋 ≤ 𝜃∗ − Ind 𝑋 " . 

Proof  " Let us show by induction on the number 

𝑛 that 𝜃∗ − Ind 𝑋 ≤ 𝑛  implies 𝜃∗ − ind 𝑋 ≤ 𝑛  

". "Since the validity of the assertion for 𝑛 = −1, 

we shall assume it for 𝜃∗ − Ind 𝑋 ≤ 𝑛   ".  "Now, 

assume 𝜃∗ − Ind 𝑋 ≤ 𝑛 and suppose 𝑥 ∈ 𝑋  and 

Ψ = {𝑈𝜆: 𝜆 ∈ Λ} be an open cover of 𝑋   ". " 

Since 𝑋 is 𝑇1 −space, then {𝑥} is closed set. By 

hypothesis there exists an open neighborhood 𝑁 

of {𝑥} such that  

                 𝑁 ⊂ ⋃ 𝑈𝜆𝜆∈𝛾  

where 𝛾 is a countably infinite subset of Λ and 

𝜃∗ − Ind𝜕(𝑁) ≤ 𝑛 − 1 ". "Using the induction 

hypothesis we obtain 𝜃∗ − ind𝜕(𝑁) ≤ 𝑛 − 1 ".  

"Therefore  𝜃∗ − Ind 𝑋 ≤ 𝑛. "■ 

 

Theorem 4.11  "If 𝑋 is a compact space and 

𝜃∗ − ind 𝑋 = 0, then 𝜃∗ − Ind 𝑋 = 0. " 

Proof  "Let 𝑋 be a compact space such that 

𝜃∗ − ind 𝑋 = 0, let 𝑌 be a closed set of 𝑋 and let  

Ψ = {𝑈𝜆: 𝜆 ∈ Λ} be an open cover of 𝑋. "  "Since 

𝜃∗ − ind 𝑋 = 0, for each 𝑥 of  𝑌 there exists an 

open- and – closed set 𝑁𝑥  such that    

               𝑥 ∈ 𝑁𝑥 ⊂ ⋃ 𝑈𝜆𝜆∈𝛾      

where 𝛾 is countably infinite subset of  . 

"Hence ⊂ ⋃ 𝑁𝑥𝑥∈𝑌 ⊂ ⋃ 𝑈𝜆𝜆∈𝛾  . "Since 𝑌 is 

closed in the compact space 𝑋, 𝑌 is compact. " 
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