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Abstract 

  We introduce and investigate strongly t-continuous modules. A module  ܯ is called strongly t-continuous if ܯ is strongly 
t-extending, and every submodule of ܯ which contains ܼଶ(ܯ) and is isomorphic to a direct summand is a fully invariant 
direct summand of ܯ. It is shown that, while a direct summand of strongly t-continuous inherits the property, a direct sum of 
strongly t-continuous modules don’t. ܯ is strongly t-continuous  if and only if ܯ is strongly t-extending and the 
endomorphism  ring of ெ

మ(ெ)
  is Von Neumann regular, if and only if ܯ = ܼଶ(ܯ)⨁ܯᇱ, where ܯᇱ is a strongly t-continuous 

module. We have shown that strongly t-continuous module and t-continuous module are coinciding under certain conditions. 
Many other properties and example are given. 

 

KEYWORDS: STRONGLY CONTINUOUS MODULES; T-CONTINUOUS MODULES; STRONGLY T-
EXTENDING MODULES AND  STRONGLY T-CONTINUOUS. 
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1. Introduction  

 Through this paper all rings are associative with unity 
and all modules are unitary right modules. We recall 
some relevant notions and results. A submodule ܰ of an 
ܴ-module  ܯ is essential in ܯ (briefly ܰ ≤௦௦  if (ܯ
ܰ ∩ܹ = (0),	ܹ ≤ ܹ implies ܯ = (0)[ Goodearl 
,1976] . A submodule ܰ of ܯ is called closed  in ܯ 
(briefly ܰ ≤  if  ܰ has no proper essential extension  (ܯ
in ܯ, that is if ܰ ≤௦௦ ܹ ≤ ܰ then ,ܯ = ܹ[Gangyong 
,2010]. The set {ݔ ∈ ܫݔ:ܯ = (0) for some essential ideal  
 and ܯ of ܴ} is called the singular submodule of ܫ
denoted by ܼ(ܯ)[Goodearl,1976]. Equivalently ܼ(ܯ) =
ݔ} ∈ (ݔ)݊݊ܽ:ܯ ≤௦௦ ܴ} and   ܽ݊݊(ݔ) = ݎ} ∈ ݎݔ:ܯ =
(ܯ)ܼ is called singular (nonsingular) if ܯ .{0 =
(ܯ)ܼ)ܯ = 0). The second singular submodule of  ܯ 
(denoted by ܼଶ(ܯ)) is defined by ܼ ቀܯ ൗ(ܯ)ܼ ቁ =

ܼଶ(ܯ)
൘(ܯ)ܼ 	[Goodearl,1976]. As a generalization of 

essential submodule,  Asgari in [Asgari,2011], 
introduced the notion of t-essential submodule, where a 
submodule ܰ of ܯ is called t-essential (denoted by 
ܰ ≤௧௦ ܤ	if whenever (ܯ ≤ ܰ ,ܯ ∩ ܤ ≤ ܼଶ(ܯ) 
implies	ܤ ≤ ܼଶ(ܯ). Also, Asgari in [Asgari ,2011] 
introduced t-closed submodule, where a submodule ܰ is 
called t-closed (denoted by ܰ ≤௧  if ܰ has no proper (ܯ
t-essential extension in ܯ[Asgari,2011]. It is known that  
a module ܯ is called extending ( or CS-module or 
module has ܥଵ-condition) if for every submodule ܰ of ܯ 
then there exists a direct summand		ܹ(ܹ ≤⨁  such (ܯ
that ܰ ≤௦௦ ܹ  [Dung,1994]. Equivalently ܯ is 
extending module if and only if every closed submodule 
is a direct summand. 

   Saad in [Saad ,2007] defined the following: an ܴ-
module is called strongly extending if every submodule 
is essential in fully invariant direct summand, that is ܯ is 
strongly extending if and only if every closed submodule 
is fully invariant direct summand.  

  Asgari and  Haghany in [Asgari ,2011] generalized the 
concept of extending module in to t-extending if every 
submodule is t-essential in a direct summand. 
Equivalently, an ܴ-module ܯ is t-extending if and only if 
every t-closed is a direct summand. 

   Elabrhiamy in [Ebrahimi,2016], defined strongly t-
extending module, where an ܴ-module is strongly t-
extending if every submodule is t-essential in fully 
invariant direct summand. Equivalently, ܯ is strongly t-
extending if and only if every t-closed submodule is fully 
invariant direct summand. 

A submodule N of an ܴ-module M is called fully 
invariant if for each	݂ ∈ End(M), ݂(N) ≤ N. A 

submodule N of ܯ is called stable if for each ܴ-
homomorphism ݂:ܰ (ܰ)݂,	ܯ⟼ ≤ ܰ.[ Abbas ,1991]. It 
is clear that every stable submodule is fully invariant, but 
not conversely. However, every fully invariant direct 
summand is stable [Patrick,2015]. An ܴ-module ܯ is 
called duo if every submodule is fully invariant [Özcan 
,2006], and ܯ is called fully stable if every submodule is 
stable [Abbas ,1991]. 

It is known that an ܴ-module ܯ is called continues if ܯ 
satisfies the following conditions: (1) ܥଵ-condition ܯ is 
extending. (2)  ܥଶ-condition, for each	ܰ ≤ ܰ ,ܯ ≃ ܹ 
and   ܹ is a direct summand of   ܯ (ܹ ≤⨁  ,(ܯ
then	ܰ ≤⨁  .ܯ

Saad in [Saad, 2007], introduced and studied strongly 
continuous module, where an ܴ-module ܯ is said to be 
strongly continuous if it satisfies the following 
conditions: 

 is essential in stable direct ܯ  Every submodule of (ଵܥܵ)
summand of ܯ; that is ܯ is strongly extending module  
which is equivalent to every closed submodule is stable 
direct summand. 

 which is isomorphic to a ܯ Every submodule of (ଶܥܵ)
direct summand of ܯ is stable direct summand. 

    In 2017, Asgari   [Asgari,2017] introduced and 
investigated t-continuous modules, where an ܴ-module 
  satisfies the following: (1) ܯ is called t-continuous if ܯ
 which ܯ is t-extending, (2) every submodule of ܯ
contains ܼଶ(ܯ) and is isomorphic to direct summand of 
-is itself a direct summand. A ring ܴ is called t ܯ
continuous if ܴோ is t-continuous. 

 It is clear that every ܼଶ-torsion module is t-continuous 
module.  

   The concept of strongly continuous modules and t-
continuous modules lead us to introduce strongly t-
continuous module, we say that an ܴ-module is strongly 
t-continuous if it satisfies the following: (1) ܯ is strongly 
t-extending. 

(2) For each submodule ܰ of ܯ containing ܼଶ(ܯ) if 
ܰ ≃ ܹ ≤⨁  .then ܰ is stable direct summand ,ܯ

  It is clear that every strongly t-continuous module is t-
continuous and every strongly continuous is strongly t-
continuous, but the converses are not true. 

   The properties of strongly continuous and strongly t-
continuous modules are coincide in the class of 
nonsingular modules. 
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     Asgari introduced t-endoregular module where an ܴ-
module is called t-endoregular if  ܯ

ܼଶ(ܯ)ൗ  is 

endoregular; that is ݀݊ܧ( ெ
మ(ெ)

) is a Von Neumann 

regular ring[Asgari,2017]. Clearly ܴ is a right t-
endoregular if and only if ܴ ܴଶ(ܴ)ൗ   is Von Neumann 

regular ring[Asgari,2017]. 

   Recall that a module ܯ is t-semisimple if for every 
submodule ܰ of ܯ there exists a direct summand ܭ of	ܯ 
such that	ܭ ≤௧௦	 ܰ[Asgari,2013]. 

 In this paper, we study the strongly t-continuous 
property for modules. Many results concerned with these 
concepts are presented. Also, many connections between 
it and other related concepts are introduced. 

 

In the first we list some results about t-continuous 
modules from [Asgari,2017]. 

Theorem (1.1): The following statements are equivalent 
for a module ܯ. 

 .is t-continuous ܯ (1)

 .is t-extending and t-endoregular ܯ (2)

ܯ  (3) = ܼଶ(ܯ)⨁ܯᇱ, where ܯᇱ is a (nonsingular) 
continuous module. 

Theorem (1.2): The following statements are equivalent 
for a ring ܴ. 

(1) Every free (projective) ܴ module is t-continuous. 

(2) Every nonsingular ܴ module is continuous. 

(3) Every ܴ module is t-continuous. 

(4)  ܴ(ே)is t-continuous. 

(5) ܴ is right t-semisimple. 

Corollary (1.3): The following statements are equivalent 
for a ring ܴ. 

(1) Every free (projective) ܴ module is t-endoregular. 

(2) Every nonsingular ܴ module is endoregular. 

(3) Every ܴ module is t-endoregular. 

(4) ܴ(ே) is t-endoregular. 

(5) ܴ is right t-semisimple. 

Theorem (1.4): The following statements are equivalent 
for a ring ܴ. 

(1) Every nonsingular finitely generated ܴ module is 
projective and continuous. 

(2) Every nonsingular finitely generated ܴ module is 
projective and injective. 

(3) Every finitely generated free (projective) ܴ module is 
t-continuous. 

(4) Every finitely generated ܴ module is t-continuous. 

(5) ܴ = ܼଶ(ܴோ)⨁ܴᇱ, where ܴᇱ is injective. 

(6) ܴ(ଶ) is t-continuous. 

2. Strongly t-continuous and strongly t-semisimple 
modules. 

In this section, we introduce and investigate the concept 
of strongly t-continuous module as a proper subclass of 
the class of t-continuous modules. 

Definition (2.1): A module ܯ is called strongly t-
continuous if it satisfies the following conditions: 

 ;is strongly t-extending ܯ (1)
(2)  For each submodule ܰ of ܯ containing ܼଶ(ܯ) 

and ܰ  isomorphic to a stable direct summand 
of ܯ, ܰ is stable direct summand. 

Recall that an ܴ-module ܯ is Rickart if ݂݇݁ݎ is a direct 
summand of ܯ	 for all ݂ ∈  .”[Gangyong ,2010](ܯ)݀݊ܧ

The following Theorem gives characterizations of 
strongly t-continuous module. 

Theorem (2.2): The following statements are equivalent 
for a module ܯ. 

 ;is strongly t-continuous ܯ (1)
-is t ܯ is strongly t-extending and ܯ (2)

endoregular ; 
ܯ (3) = ܼଶ(ܯ)⨁ܯᇱ, where ܯᇱ is nonsingular, 

strongly continuous module. 

Proof (1) (2) By definition of strongly t-continuous 
module, ܯ is strongly t-extending. Hence	ܯ =
ܼଶ(ܯ)⨁ܯᇱ, where ܯᇱ is strongly extending (that is 
every submodule of ܯ is essential stable direct summand 
[Ebrahimi,2016, Theorem 3.2]. It follows that ܯᇱ is 
extending and hence ܯᇱ is Rickart, since for any 
	߮ ∈ (ᇱܯ)߮,(ᇱܯ)݀݊ܧ ≤  .is nonsingular (ᇱܯ)߮ ᇱ, soܯ

But ܯ
ᇱ
ൗ߮ݎ݁ܭ ≃ ܯ hence ,(ᇱܯ)߮

ᇱ
ൗ߮ݎ݁ܭ  is nonsingular; 

that is  ߮ݎ݁ܭ is t-closed in ܯᇱ, thus ߮ݎ݁ܭ is closed in ܯᇱ 
and since ܯᇱ is extending, ߮ݎ݁ܭ ≤⨁  is ܯ  ᇱ; that isܯ
Rickart. To show that ܯᇱ satisfies ܥଶ-condition. Let 
ܣ ≤ ܣ ᇱ andܯ ≃ ܦ ≤⨁ ܣ⨁(ܯ)ᇱ. Then  ܼଶܯ ⊇ ܼଶ(ܯ), 
and   ܼଶ(ܯ)⨁ܣ ≃ ܼଶ(ܯ)⨁ܦ. But ܦ⨁ܦᇱ =  ᇱ forܯ
some ܦᇱ ≤ ᇱܦ ⨁ܦ⨁(ܯ)ᇱ, so ܼଶܯ =  so ,ܯ
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ܼଶ(ܯ)⨁ܦ ≤⨁  is isomorphic to a ܣ⨁(ܯ)Thus ܼଶ .ܯ
direct summand of ܯ, so ܼଶ(ܯ)⨁ܣ ≤⨁  Hence .ܯ
ܼଶ(ܯ)⨁ܤ⨁ܣ = ᇱܯ Now .ܯ = (ܼଶ(ܯ)⨁ܤ⨁ܣ)∩ܯᇱ =
(ܤ⨁(ܯ)ଶܼ)]⨁ܣ ܣ ᇱ] by modular law , thenܯ∩ ≤⨁  .ᇱܯ
Thus ܯᇱ has ܥଶ-condition. Thus by  [Gangyong, 2010, 
Theorem 4.1.1] ܯ ܼଶ(ܯ)ൗ ≃  .ᇱ is  endoregularܯ

(2)(3) Since ܯ is strongly t-extending we have 
ܯ = ܼଶ(ܯ)⨁ܯᇱ, ܯᇱ is nonsingular and strongly 
extending [Ebrahimi ,2016, Theorem 3.2]. As ܯ is t-
endoregular,then ܯᇱ ܯ⋍

ܼଶ(ܯ)ൗ , is endoregular and so 

 ଶ-condition by [Gangyong ,2010, Theoremܥ ᇱ hasܯ
4.1.1]. It follows that if  ܰ ≃ ܹ ≤⨁ ܰ ᇱ, thenܯ ≤⨁  ;ᇱܯ
that is ܰ is closed in ܯᇱ. But ܯᇱ is strongly extending, so 
ܰ is stable direct summand of ܯᇱ. Thus ܯᇱ is strongly 
continuous by definition of strongly continuous. 

(3)(1) ܯ = ܼଶ(ܯ)⨁ܯᇱ, ܯᇱ is nonsingular  strongly 
continuous. But ܯᇱ strongly continuous implies ܯᇱ is 
strongly extending by  ܵܥଵ condition of definition of 
strongly continuous. Thus ܯ is strongly t-extending by 
[Ebrahimi ,2016, Theorem 3.2]. Let ܣ ≤ ܣ,ܯ ⊇ ܼଶ(ܯ) 
and ܣ ≃ direct summand, say ܯ =  are ܧ and ܦ .ܧ⨁ܦ
strongly t-extending by [Ebrahimi ,2016, theorem 3.5]. 
Hence ܦ = ܼଶ(ܦ)⨁ܦᇱ,	ܧ = ܼଶ(ܧ)⨁ܧᇱ where ܦᇱ is 
strongly extending of ܧ ,ܦᇱ is strongly extending of ܧ. 
Also  ܼଶ(ܯ) = ܼଶ(ܦ)⨁ܼଶ(ܧ) since ܯ =  Hence .ܧ⨁ܦ
ܯ = ܼଶ(ܦ)⨁ܦᇱ⨁ܼଶ(ܧ)⨁ܧᇱ =
ܼଶ(ܦ)⨁ܼଶ(ܧ)⨁ܦᇱ⨁ܧᇱ = ܼଶ(ܯ)⨁(ܦᇱ⨁ܧᇱ). Thus 
ᇱܯ ≃ ܣ ᇱ. Butܧ⨁ᇱܦ ⊇ ܼଶ(ܯ),ܯ = ܼଶ(ܯ) ⨁ܯᇱ 
,implies ܣ = ܼଶ(ܯ)⨁(ܯᇱ ∩  by modular law. Thus (ܣ
ᇱܯ ∩ ܣ ≃ ܣ

ܼଶ(ܯ)ൗ ≃ ܦ
ܼଶ(ܦ)ൗ ≃ ᇱܦ ≤⨁  ᇱ, so thatܯ

ᇱܯ ∩ ܣ ≃a direct summand of ܯᇱ. But ܯᇱ is strongly 
continuous, so ܯᇱ ∩  .ᇱܯ is stable direct summand of ܣ
Hence ܣ ≤⨁ ܣ ,Also .ܯ = ܼଶ(ܯ)⨁(ܯᇱ ∩   and (ܣ
ܼଶ(ܯ) is stable  in ܯ) ,ܯᇱ  ᇱ. Now toܯ is stable in (ܣ∩
prove ܣ is stable in ܯ, let 

݂ ∈ (ܯ)݀݊ܧ ≃ ൬݀݊ܧ(ܼଶ(ܯ)) ((ܯ)ᇱ,ܼଶܯ)݉ܪ
0 (ᇱܯ)݀݊ܧ ൰. 

Hence ݂ ≃ ቀ
ଵߙ ଶߙ
0 ଵߙ ଷቁ for someߙ ∈ ଶߙ,((ܯ)ଶܼ)݀݊ܧ ∈

ଷߙ,൯(ܯ)ᇱ,ܼଶܯ൫݉ܪ ∈ (ܣ)݂ Thus .(ᇱܯ)݀݊ܧ =

݂൫ܼଶ(ܯ)⨁(ܣ ᇱ)൯ܯ∩ ≃ ቀ
ଵߙ ଶߙ
0 ଷቁߙ ቀ

ܼଶ(ܯ)
ܣ ᇱቁܯ∩ ⊆

൬
+ܣ)ଶߙ((ܯ)ଶܼ)ଵߙ ܼଶ(ܯ))

ܣ)ଷߙ (ᇱܯ∩ ൰ ⊆ ቀܼଶ(ܯ)
ܣ ᇱቁܯ∩ =  hence  ,ܣ

(ܣ)݂ ⊆  .ܯ is a stable direct summand of ܣ Therefore .ܣ

Remark s and Examples (2.3): 

(1) Every ܼଶ-torsion module is strongly t-continuous. 

Proof It is clear. 

(2) Every strongly continuous module is strongly t-
continuous, but the converse may be not true. For 
example : 

Let ܯ = ܼಮ⨁ܼಮ  as ܼ-module. Then  ܼଶ(ܯ) = 
ܼଶ(ܼಮ)⨁ܼଶ(ܼಮ) =  is ܼଶ-torsion and ܯ so that ,ܯ
hence ܯ is strongly t-continuous by part (1). On other 
hand ܯ is not strongly extending since ܼಮ ≤⨁  ) ܯ
hence ܼಮ is closed in ܯ), but ܼಮ  is not stable direct 
summand because if it is so, then ݉ܪ(ܼಮ ,ܼಮ) = 0 
by [Saad, Lemma 2.6]. However, there exists ݂:ܼಮ ⟼
ܼಮ defined by ݂ ቀ


+ ܼቁ = 

షభ
+ ܼ,݂ ≠ 0. Thus ܯ is 

not strongly continuous.  

(3) It is clear that, every strongly t-continuous is t-
continuous, but the converse may be not true as the 
following examples show. 

(i) Let  ܯ be an ܴ-module such that (ܯ)ܧ is not 
strongly continuous. Let ܯᇱ = ܼଶ⨁଼ܼ⨁(ܯ)ܧ. It is 
clear that (ܯ)ܧ is a complement of  ܼଶ⨁଼ܼ =
ܼଶ(ܼଶ⨁଼ܼ). Hence (ܯ)ܧ is nonsingular. But (ܯ)ܧ 
is continuous and ܼଶ(ܯᇱ) = ܼଶ⨁଼ܼ, that is 
ᇱܯ = ܼଶ(ܯᇱ)⨁(ܯ)ܧ. Hence  ܯᇱ is t-continuous by 
Theorem1.1(3). But ܯᇱ is not strongly t-continuous, 
by Theorem  2.2  

(ii)  Let ܴ = ൬ܼଶ ܼଶ
0 ܼଶ

൰ (ܼଶ is not ܼଶ-torsion ring). Let 

ᇱܯ be an arbitrary ܴ-module. Let ܯ =
ܼଶ(ܯ)⨁ܴ………….(1) . But  ܯᇱ is a t-extending 
ܴ-module and ܯᇱ not strongly t-extending since ܴோ 
is not strongly extending [6, Example 3.4]. Hence 
 ᇱ is not strongly t-continuous by Definition 2.1.Byܯ
(1) ܴ is a complement of  ܼଶ(ܯ), so it is 
nonsingular. However, ܼଶ(ܯᇱ) = ܼଶ(ܯ). hence 
ᇱܯ = ܼଶ(ܯᇱ)⨁ܴ. ܴ is extending. Now let ܰ ≤
ܴ	,ܰ ≃ܹ ≤⨁ ܴ, then ܰ ≤⨁ ܴ. Hence ܴ is 
continuous. Thus ܯᇱ is t-continuous, by Theorem 
1.1(3). 

 

(4) Let ܯ = ܼ⨁ܼ as a  ܼ-module. ܯ is strongly t-
extending [Ebrahimi,2016].  ܯ

ܼଶ(ܯ)ൗ =
ܼ⨁ܼ

ܼ⨁0ൗ ≃ ܼ and ݀݊ܧ(ܼ) ≃ ܼ is not Von 

Neumann regular. It follows that ܯ is not t-
continuous by Theorem 1.2(2).Thus ܯ is not 
strongly t-continuous. 

(5)  Let ܯ be a weak duo (every direct summand is 
fully invariant submodule)[ Özcan ,2006]. Then ܯ 
is t-continuous if and only if ܯ is strongly t-
continuous. 

Proof () It is clear. 

()  Let ܰ be a t-closed submodule of  ܯ. As ܯ is t-
continuous, is a direct summand. Then as ܯ is weak duo, 
ܰ is stable and so  ܯ is strongly t-extending . Let ܰ ≤  ܯ
such that,	ܰ ⊇ ܼଶ(ܯ)   and ܰ is isomorphic to direct 
summand, then ܰ is a direct summand by condition (2) 
of definition of t-continuous. Thus ܯ is strongly t-
continuous.  
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(6) Let ܯ be a duo (hence if ܯ is a fully stable or 
multiplication module). Then ܯ is t-continuous if and 
only if ܯ is strongly t-continuous. Where an ܴ-module 
 is called multiplication if for each submodule ܰ of ܯ
ܰ ܴ such that	 of ܫ there exists an ideal ,ܯ =  .ܫܯ
Equivalently  ܯ is a multiplication ܴ-module if for each 
submodule ܰ of		ܯ, ܰ = (ܯ:ܰ) where ,(ܯோ:ܰ)ܯ =
ݎ} ∈ ݎܯ:ܴ ≤ ܰ}[ El-Bast,1988]. 

It is clear that every multiplication module is duo. 

(7) Let ܯ be a cyclic module over a commutative ring 
ܴ. Then ܯ is t-continuous if and only if ܯ is 
strongly t-continuous, since every cyclic module 
over a commutative ring is a multiplication 
module. 

   In particular, every commutative ring ܴ with unity, ܴ 
is t-continuous if and only if ܴ is strongly t-continuous. 

An ܴ-module ܯ is called comultiplication (if ܽ݊݊ெ 

ܽ݊݊ோܰ = ܰ for every submodule ܰ of ܯ [Ansari ,2007 

]). 

(8) Let ܯ be a comultiplication ܴ-module. Then ܯ is 
t-continuous if and only if ܯ is strongly t-
continuous. 

Proof ܯ is a comultiplication module implies ܯ is a 
fully stable by [Inaam,2017, Lemma 2.11]. Thus the 
result follows by  (6) above. 

(9) Let ܯ be an indecomposable module. Then ܯ is t-
continuous if and only if ܯ is strongly t-
continuous. 

Proof: Since ܯ is an indecomposable module, ܯ is a 
weak duo. Hence the result is obtained by (5) above. 

(10) Let ܯ be an ܴ-module with local endomorphism 
ring. Then ܯ is t-continuous if and only if ܯ is 
strongly t-continuous. 

Proof As ܯ has a local endomorphism ring, then ܯ is 
indecomposable by [Lam ,1998, Theorem 3.5]. Hence 
the required result is obtained by (9) above. 

(11) If ܯ is strongly t-extending and satisfies ܥଶ then ܯ 
is strongly t-continuous. 

Proof Let ܰ ≤ ܰ and ܯ ⊇ ܼଶ(ܯ) such that ܰ ≃
ܹ ≤⨁ ܰ ,(ଶܥ) By .ܯ ≤⨁  Hence ܰ is a closed .ܯ
submodule. But ܰ ⊇ ܼଶ(ܯ), so that ܰ is a t-closed 
submodule of ܯ. Thus by strongly t-extending, ܰ is 
stable direct summand. 

(12) Let ܯ be an indecomposable module. Then ܯ is 
continuous if and only if ܯ is strongly continues. 

Proof()Let ܰ ≤ ܰ ,is extending ܯ Since .ܯ ≤⨁  .ܯ
But ܯ is indecomposable, so ܰ = (0) or ܯ. Hence ܰ is 
fully invariant direct summand. Thus ܯ is strongly 
extending. Now let ܰ ≤ ܰ,ܯ ⊇ ܼଶ(ܯ) such that 
ܰ ≃ܹ ≤⨁ ܰ Hence .ܯ ≤⨁  .is continuous ܯ since ,ܯ
But ܯ is indecomposable ܰ = (0) or ܯ. Thus ܰis 
stable direct summand and hence ܯ is strongly 
continuous. 

() It is clear. 

(13) Let ܯ be a nonsingular ܴ-module. Then ܯ is 
strongly t-continuous if and only if ܯ is strongly 
continuous. 

() Since ܯ is nonsingular, every closed submodule ܰ 
is t-closed, and hence ܰ is stable direct summand. For 
any ܰ ≤ ܰ,ܯ ⊇ ܼଶ(ܯ) = (0)	ܰ ≃ ܹ ≤⨁  By .ܯ
condition (2) of strongly t-continuous, ܰ is stable direct 
summand. Thus ܯ is strongly continuous. 

()It is obvious. 

(14) Let ܯ and ܯᇱ	be two ܴ-modules such that ܯ ≃
 is strongly t-continuous if and only if ܯ ᇱ. Thenܯ
 .ᇱ is strongly t-continuousܯ

    Inaam and Farhan in [Inamm,2017] introduced the notion of 

strongly t-semisimple module, where an R-module ܯ	is called 

strongly t-semisimple if for each submodule ܰ of ܯ  there exists 

a fully invariant direct summand ܭ   such that	ܭ ≤௧௦ 	ܰ. It is 

clear every strongly t-semisimple module is t-semisimple but 

not conversely by [Inaam, 2017]. 

    The following Proposition shows the class of strongly 
t-continuous modules contains the class of strongly t-
semisimple modules. 

Proposition (2.4): Every strongly t-semisimple module 
is strongly t-continuous. 

Proof Since ܯ is strongly t-semisimple, ܯ =
ܼଶ(ܯ)⨁ܯᇱ, ܯᇱ is nonsingular semisimple , fully stable 
and ܯᇱ is stable in ܯ [11, Theorem2.3]. Hence ܯ is 
strongly t-extending by [Ebrahimi ,2016, Theorem 3.2]. 
But ܯᇱ ≃ ܯ

ܼଶ(ܯ)ൗ   is semisimple, so ܯ ܼଶ(ܯ)ൗ  is 

endoregular. Thus ܯ is t-endoregular and so that ܯis 
strongly t-continuous by Theorem 2.3. 

 Remark (2.5): The converse of previous Proposition is 

not true in general for example. 

   Let ܯ = ܼଶ⨁ܳ as ܼ-module. ܼଶ(ܯ) = ܼଶ, so 
ܯ

ܼଶ(ܯ)ൗ ≃ ܳ which is not semisimple, hence ܯ is not 

t-semisimple, by [11, Theorem 2.3]. Thus ܯ is not 
strongly t-semisimple. However we can show that ܯ is 
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strongly t-continuous. ܯ = ܼଶ(ܯ)⨁ܳ, where ܳ is 
nonsingular. Also, ܳ is strongly continuous. To show 
this: As ܳ	 and (0) are the only closed of ܳ and both of 
them are fully invariant direct summands, hence ܳ is 
strongly extending. If ܰ ≤ ܳ and ܰ ≃ ܹ ≤⨁ ܳ. Since ܳ 
has only two direct summands ܳ and (0), so that 
ܹ = (0) or ܳ and  either ܰ ≃ (0) or ܰ ≃ ܳ. If ܰ ≃ (0), 
then ܰ = (0) and ܰ is a fully invariant direct summand. 
If ܰ ≃ ܳ, then ܰ = ܳ, since if we assume that ܰ < ܳ, 
then there exists an isomorphism 0 ≠ ݂ ∈  (ܰ,ܳ)݉ܪ
which is a contradiction. Thus ܳ is strongly continuous 
and then by Theorem 2.2(3), ܯ is strongly t-continuous. 

Proposition (2.6): If ܯ is a fully stable t-extending 
module, then ܯ is strongly    t-continuous. 

Proof: Let ܰ ≤௧ ܰ ,is t-extending ܯ As .ܯ  But .ܯ⨁≥
-is strongly t ܯ is a fully stable, so ܰ is stable. Hence ܯ
extending. Now let ܰ ≤ ܰ and ܯ ⊇ ܼଶ(ܯ) and ܰ ≃
ܹ ≤⨁ ܰ ,Then .ܯ = ܹ since distinct submodules of 
fully stable module cannot be isomorphic. Thus ܰ is 
stable direct summand. 

Corollary (2.7): Every comultiplication t-extending 
module ܯ is strongly t-continuous. 

Proof: Since ܯ is a comultiplication module, then ܯ is 
fully stable by [Inam,2017, Lemma 2.11]. Hence the 
result follows by Proposition 2.6. 

Remark (2.8): Strongly t-continuous module need not be 
fully stable, for example: 

Let ܯ = ܼଶ⨁ܳ as ܼ-module, ܯ is strongly t-continuous 

ܼ-module. Let ܰ = ܼଶ⨁ܼ ≤ ݂ Let .ܯ = ൬ ଵ݂ 0
0 ଶ݂

൰  

where ଵ݂ = identity	on	ܼଶ, ଶ݂ ∈  such that (ܳ)݀݊ܧ

ଶ݂(ݔ) = ଵ
ଶ
(ܰ)݂ .ݔ ≃ ൬ ଵ݂ 0

0 ଶ݂
൰ ቀܼଶܼ ቁ = ൬ ଵ݂ܼଶ

ଶ݂(ܼ)൰ = 

ቆ
ܼଶ

1
2ൗ ܼቇ ≰ ܰ, hence ܰ is not fully invariant in ܯ, so it is 

not stable. Thus ܯ is not fully stable. 

Proposition (2.9): If ܯ is t-extending module and 
satisfies condition (ܵܥଶ), then ܯ is strongly t-continuous. 

Proof Let ܰ ≤௧ ܰ ,is t-extending ܯ As .ܯ ≤⨁  But .ܯ
ܰ ≃ ܰ ≤⨁    implies ܰ is stable direct summand by ,ܯ
condition (ܵܥଶ). Hence  ܯ is strongly t-extending. Also, by 
condition (ܵܥଶ)  for any ܰ ≤ ܰ ,ܯ ⊇ ܼଶ(ܯ),ܽ݊݀		ܰ ≃
ܹ ≤⨁  is  ܯ implies  ܰ is stable direct summand. Thus ,ܯ
strongly t-continuous. 

Remark (2.10): direct sum of strongly t-continuous 
module need not be strongly t-continuous, for example. 

   Let ܯଵ = ܼଶ⨁ܳ	,ܯଶ = ܼଷ⨁ܳ	 as ܼ-modules. Then  
 ଶ is notܯ⨁ଵܯ ଶ are strongly t-continuous, butܯ ଵ andܯ

strongly t-continuous since  ܯଵ⨁ܯଶ is not strongly t-
extending [6, Example 3.10]. 

Proposition (2.11): A direct summand of strongly t-
continuous is strongly t-continuous. 

Proof  Let ܯ be a strongly t-continuous and  let 
ܭ ≤⨁ ܯ Say .ܯ = ܭ ᇱ, for someܭ⨁ܭ ᇱ ≤  Assume .ܯ
ܣ ≤ ܣ  ,ܭ ⊇ ܼଶ(ܭ)		and			ܣ ≃ ܦ ≤⨁ ܣ Since .ܭ ≃  ,ܦ
then ܣ+ ܼଶ(ܭᇱ) ≃ ܦ + ܼଶ(ܭ ᇱ).  But ܣ+ ܼଶ(ܭᇱ) ⊇
ܼଶ(ܭ)⨁ܼଶ(ܭᇱ) = ܼଶ(ܯ), hence ܣ+ ܼଶ(ܭᇱ) ⊇ ܼଶ(ܯ). 
On the other hand, ܦ ≤⨁ ܭ implies ܭ =  ᇱ for someܦ⨁ܦ
ᇱܦ ≤ ܯ and hence   ܭ =  is  ܯ  ᇱ. Asܭ⨁(ᇱܦ⨁ܦ)
strongly t-continuous by hypothesis, then ܯ is strongly t-
extending and by [Ebrahimi ,2016, Theorem 3.5] ܭ and 
ᇱܭ ᇱ are strongly t-extending. Henceܭ = ܼଶ(ܭᇱ)⨁ܹ 
where ܹ is strongly extending module by [Ebrahimi 
,2016, Theorem 3.2(4)]. Thus  ܯ =    ܹ⨁(ᇱܭ)ᇱ⨁ܼଶܦ⨁ܦ
which implies that ܦ⨁ܼଶ(ܭ ᇱ) ≤⨁ (ᇱܭ)ଶܼ⨁ܣ But .ܯ ⊇
ܼଶ(ܯ) and ܣ⨁ܼଶ(ܭᇱ) ≃ (ᇱܭ)ଶܼ⨁	ܦ ≤⨁  so that ,ܯ
  Since .ܯ is a stable  direct summand of (ᇱܭ)ଶܼ⨁ܣ
ܯ = (ᇱܭ)ଶܼ⨁ܣ ᇱ,thenܭ⨁ܭ = ∩(ᇱܭ)ଶܼ⨁ܣ)]
∩(ᇱܭ)ଶܼ⨁ܣ]⨁[ܭ ܭ)ଶܼ⨁ܣ)] ᇱ] whereܭ ᇱ))∩  is fully [ܭ
invariant in  ܭ and [ܣ⨁ܼଶ(ܭᇱ)∩   ᇱ] is fully invariantܭ
in ܭ ᇱ. But ൫ܣ⨁ܼଶ(ܭ ᇱ)൯ ∩ ܭ =  is fully ܣ    hence ,ܣ
invariant submodule of  ܭ. On other hand, ܣ⨁ܼଶ(ܭ ᇱ) 
≤⨁ ܤ⨁(ᇱܭ)ଶܼ⨁ܣ implies that ܯ = ܤ for some ܯ ≤  .ܯ
It follows that  ܭ =  and so  ܭ∩(ܤ⨁(ᇱܭ)ଶܼ⨁ܣ)
ܭ = ܣ Thus .[ܭ∩(ܤ⨁(ᇱܭ)ଶܼ)]⨁ܣ ≤⨁  and therefore ܭ
 .is strongly t-continuous ܭ

Corollary (2.12): For an ܴ-module	ܯ .ܯ is strongly t-
continuous if and only if ܯ is strongly t-extending and 
for every nonsingular submodule ܣ of ܯ which is 
isomorphic to a direct summand of ܣ ,ܯ⨁ܼଶ(ܯ) is a 
stable direct summand. 

Proof () As ܯ is strongly t-continuous, ܯ is strongly t-
extending and so ܯ = ܼଶ(ܯ)⨁ܯᇱ, ܯᇱ is nonsingular 
strongly extending. Let ܣ be a nonsingular submodule of ܯ 
and ܣ ≃ ܤ ≤⨁  then ,ܯ is a direct summand of ܤ  As .ܯ
ܯ = ܦ for some ,ܦ⨁ܤ ≤ (ܯ)Hence  ܼଶ .ܯ =
ܼଶ(ܤ)⨁ܼଶ(ܦ). But ܤ is nonsingular since ܣ ≃  so that ,ܤ
ܼଶ(ܯ) = ܼଶ(ܦ). Moreover ܦ ≤⨁  is ܦ implies that,ܯ
strongly t-extending , that is  ܦ = ܼଶ(ܦ)⨁ܦᇱ where ܦᇱ is 
strongly extending and nonsingular. It follows ܯ =
(ܯ)ଶܼ⨁ܤ ᇱ  and  henceܦ⨁(ܯ)ଶܼ⨁ܤ ≤⨁  hence ,ܯ
 .(ܯ)containg ܼଶ ܯ is a closed submodule of  (ܯ)ଶܼ⨁ܤ
Thus ܤ⨁ܼଶ(ܯ) is t-closed and so that ܤ⨁ܼଶ(ܯ) is a fully 
invariant direct summand of ܯ, since ܯ is strongly t-
extending. Next as  ܣ ≃  then ,ܤ
(ܯ)ଶܼ⨁ܣ ≃ (ܯ)ଶܼ⨁ܤ ≤⨁ -is strongly t ܯ But .ܯ
continuous, implies that    ܣ⨁ܼଶ(ܯ) is a fully invariant 
direct summand (stable direct summand) of ܯ. 

() As  ܯ is strongly t-extending, so ܯ =
ܼଶ(ܯ)⨁ܯᇱwhere ܯᇱ is a nonsingular strongly extending 
module.  To prove ܯ is strongly t-continuous, it is 



43 
 

enough to show that  ܯᇱ is strongly continuous by 
Theorem 2.2(3). Let ܣ ≤ ܣ ᇱ andܯ ≃ ܤ ≤⨁  ᇱܯ ᇱ. Asܯ
is nonsingular, ܣ is nonsingular submodule of ܯ and 
ᇱܯ ≤⨁ ܣ so that ,ܯ ≃ ܤ ≤⨁  ,Hence by hypothesis  .ܯ
 and so that ܯ is stable direct summand of (ܯ)ଶܼ⨁ܣ
൫ܣ⨁ܼଶ(ܯ)൯⨁ܹ = ܹ for some ܯ  It follows that .ܯ≥
that  
ᇱܯ = ൣ൫ܣ⨁ܼଶ(ܯ)൯⨁ܹ൧ ᇱܯ∩ = (ܹ⨁൯(ܯ)൫ܼଶ]⨁ܣ ∩
ܣ  ᇱ] and soܯ ≤⨁  ᇱ isܯ ᇱ, butܯ is closed in ܣ ᇱ. Thusܯ
strongly extending, hence ܣ is a fully invariant direct 
summand of ܯᇱ. Therefore ܯᇱ is strongly continuous by 
definition of strongly continuous.       

  The following statements are characterizations for a 
right strongly t-continuous ring ܴ. 

Theorem (2.13): The following statements are 
equivalent for a ring ܴ. 

(1) Every nonsingular cyclic ܴ-module is 
projective and strongly continuous. 

(2) Every cyclic ܴ-module is strongly t-
continuous. 

(3) ܴ=ܼଶ(ܴோ)⨁ܴᇱ, ܴᇱ is nonsingular strongly 
continuous. 

(4) ܴ is right strongly t-continuous. 

Proof The equivalence (3)  (4) follows by Theorem 
2.2(3), and the implication (2)  (4) is clear. 

(4)(1)  Let ܯ be a nonsingular cyclic ܴ-module. By 
condition (4), ܴோ is strongly t-continuous and so it is t-
extending, hence ܯ is projective by [Asgari,2017, 
Proposition 3.18(2)]. But ܯ ≃ ܴ

ܽ݊݊ோ(ܯ)ൗ   , which 

implies that ܽ݊݊ோ(ܯ) is a t-closed and so 
ܽ݊݊ோ(ܯ) ≤⨁ ܴ and stable ( since ܴோ is strongly t-
continuous). It follows that ܯ ≃ a direct summand of ܴ. 
However a direct summand of ܴ is strongly t-continuous 
by Proposition (2.11), hence ܯ is a strongly t-continuous 
by Remarks and Examples 2.3(14). Then as ܯ is 
nonsingular, ܯ is strongly continuous by Remarks and 
Examples 2.3(12). 

(1)(2) Let ܯ be a cyclic ܴ-module. Clearly, 
ܯ

ܼଶ(ܯ)ൗ is nonsingular cyclic ܴ-module. By condition 

ܯ ,(1) ܼଶ(ܯ)ൗ  is projective and strongly continuous. 

Thus ܯ = ܼଶ(ܯ)⨁ܯᇱ and ܯᇱ ≃ ܯ
ܼଶ(ܯ)ൗ  is strongly 

continuous. Therefore ܯ is strongly t-continuous by 
Theorem 2.2(3). 

Corollary (2.14): The following statements are 
equivalent for a ring ܴ. 

(1) Every nonsingular cyclic ܴ-module is strongly 
continuous. 

(2) ܴ
ܼଶ(ܴ)ൗ  is a right strongly continuous. 

Proof: (1)(2) Since ܴ ܼଶ(ܴ)ൗ  is a nonsingular cyclic 

ܴ-module. The result is clear by (1). 

(2)(1) Let ܯ be a nonsingular cyclic ܴ-module and 
set തܴ=ܴ ܼଶ(ܴ)ൗ . Then ܯ as തܴ-module is a nonsingular 

cyclic തܴ-module, hence ܯோത   is strongly continuous (by 
Theorem 2.13). So that ܯோ is strongly continuous. 

Theorem (2.15): The following statements are 
equivalent for a ring ܴ. 

(1)  ܴ is a right t-semisimple. 
(2) Every nonsingular ܴ-module is strongly t-

continuous (strongly continuous). 
(3) Every ܴ-module is strongly t-continuous. 
(4)  Every ܴ-module is t-continuous. 
(5) Every free (projective) ܴ-module is strongly t-

continuous. 
(6) ܴ(ே)is strongly t-continuous. 

Proof (1)(3) Since ܴ is t-semisimple, then every ܴ-
module ܯ is t-semisimple by [asgari,2013, Theorem 
3.2], and ܯ = ܼଶ(ܯ)⨁ܯᇱ, for some injective 
submodule ܯᇱ of ܯ  by [Asgari,2013, Proposition 3.2(5)]. 
Hence ܯᇱ is t-semisimple by [Asgari,2013, Corollary 
2.4(1)]. It follows that ܯᇱ is strongly t-semisimple by 
[Inaam,2017, Corollary 2.13]. Hence ܯᇱ is strongly t-
continuous by Proposition 2.4. But ܯᇱ is nonsingular, 
so that ܯᇱ is strongly continuous. Thus ܯ is strongly t-
continuous by Theorem 2.2(3). 

(3)(2) It is obvious. 

(2)(1) Since every nonsingular ܴ-module is strongly 
t-continuous (strongly continuous), then every 
nonsingular module is continuous ܴ-module. Hence by 
Theorem 1.2(25), ܴோ is t-semisimple. 

(3)(4) , (3)  (5) and (5) (6) are clear. 

(4)(1) It follows by Theorem 1.2(35). 

(6)(1) Since ܴே is strongly t-continuous, ܴே is t-
continuous by Remarks and Examples 2.3. Hence ܴ is a 
right t-semisimple by, Theorem 1.3. 

    Recall that an ܴ-module ܯ is called F-regular (simply 

regular) if every submodule is pure, where a submodule 

ܰ of ܯ is pure if for every ideal ܫ of ܴ we have 

ܰ⋂ܫܯ =  .[Asgari, 2011]ܫܰ

Theorem (2.16): The following statements are 
equivalent. 

(1) Every nonsingular finitely generated is projective 
and strongly continuous. 

(2) Every finitely generated is strongly t-continuous. 
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(3) ܴ(ଶ) is strongly t-continuous. 

Proof (1)(2) If  ܯ is a finitely generated ܴ-module  
then ܯ ܼଶ(ܯ)ൗ  is finitely generated nonsingular. Hence 
ܯ

ܼଶ(ܯ)ൗ  is projective and strongly continuous.  It 

follows that ܯ = ܼଶ(ܯ)⨁ܯᇱ (ܯᇱ ≃ ܯ
ܼଶ(ܯ)ൗ ). Hence 

 .is strongly t-continuous by Theorem 2.3(3) ܯ

(2)(3) It is clear. 

(3)(1) ܴ(ଶ) is strongly t-continuous implies ܴ(ଶ) is t-
continuous. Hence every finitely generated nonsingular 
is projective and continuous by Theorem 1.4(61). 
Hence every finitely generated nonsingular is projective 
and strongly continuous by Remarks and Examples 
2.3(12). 

 

References 

 Goodearl K.R. Ring Theory, Non Singular Rings and 
Modules Marcel Dekker, Inc. New York and Basel.1976. 

  Gangyong Lee, M.S. Theory of Rickart Modules. Ph.D 
.Thesis. The Ohio State University,2010. 

  Asgari, Sh., Haghany, A. t-Extending modules and t-
Baer modules, Comm.Algebra, (2011) 39:1605-1623. 

 Dung, N. V., Huynh, D. V., Smith, P. F, Wisbauer, R.  
Extending Modules. Pitman Research Notes in 
Mathematics 313, Longman, Harlow.1994  

 
 Saad, A. Al-Saadi. S-Extending modules and related 
Concepts., Ph.D. Thesis, College of Science, Al- 
Mustansiriyah University.2007. 

  Ebrahimi S., Dolati Pish Hesari and Khoramdel, M. 
Strongly t-extending and strongly t-Baer. International 
Electronic Journal of Algebra (2016) 20:86-98. 
 

  Abbas, M.S. On Fully Stable Modules, Ph.D. Thesis, 
College of Science, University of Baghdad,1991. 

 

 Patrick F. Smith,Fully Invariant Multiplication Modules. 
Palestine Journal of Mathematics, (2015) 4: 462–470. 

 
  Özcan A.C., Harmanci, A. and  Smithp.F. , Duo Modules, , 
Glasgow Math.J.48(2006): 533-545. 

 
Asgari, Sh.T-continuous comm. Algebra, (2017) 45(5): 
1941-1952. 
 

 Asgari, Sh., Haghany, A.,Tolooei Y. T-semisimple 
modules and T-semisimple rings comm. Algebra, (2013) 
41(5):1882-1902. 
 

   Ansari, H.-Toroghy and  Farshadifar,F. The dual 
notion of multiplication module,  Taiwanese J. Math. 
(2007) 11(4):1189–1201. 

 El-Bast, Z.A., Smith, P.F. Multiplication modules. Comm. 

Algebra 16(1988): 755–779. 

  Inaam M.A. and Farhan D.Shyaa. Strongly t-
semisimple modules and Strongly t-semisimple Rings. 
International Journal of Pure and Applied Mathematics 
Volume (2017) 15 (1): 27-41 

 
Lam, T. Y. Lectures on Modules and Rings. Graduate Texts in 
Mathematics, Vol. 189, Springer-Verlag, New 
York/Berlin,1998. 

  

 

 


