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Abstract

In this work , some mathematical properties and several inequalities

for uncertain

variables that based on uncertain measure and expected value are proved. Finally the relation
between convergence in pth moment and convergence in measure for uncertain sequence

were investigated.
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1-Introduction

Liu [2] in 2007 founded uncertainty theory,
and Liu [8] refined it in 2010 . The first basic
concepts of uncertainty theory is an uncertain
measure which defined as a set function from
M : F — R, satisfies the following axioms:
(A1) (Normality) : M (Q) =1.
(A2)(Monotonicity ) : M (A) < M (B) whenever
AcB.
(A3)(Self-duality ): M (A)+ M (A®) =1for any
event A.
(A4)(Countable  Subadditivity): For every
countable sequence of events {A}, we have

M(Y A)<I M(A)
i=1 i=1

(A5)  (Product

(€. F,M,) be

k=212,A ,n. Then the product uncertain

measure M is an uncertain measure on the

Measure ~ Axiom):  Let

uncertainty  spaces for

product o -filed F, x F, xA x F, satisfying :

Definition (1-1) [3]
The triple (2, F, M) is called an uncertainty

space which Q be a nonempty set, F bea o -
field over Q, and M be an uncertain measure.

Definition (1-2) [1]

An uncertain variable X defined as
measurable function from an uncertainty space

M (ﬁAk) =min{M, (A): A €F, k=12,...n}

That is, for each event

AeF =F xF,xA xF_, we have

a, a>0.5
M(A) =11-p, p>0.5
0.5, o.w

where

A xA xA xA cA
min{M, (A)}:k=12,A ,n}:}

. :Sup{min{Mk(Ak)}: k=12A ,n};}

ﬂ:SUp{AlezxA x A, < A°

to the set of real numbers such that { X € B}
is an event for any set B of R
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Definition (1-3) [7]
Assume that X, X,,..., X, be an uncertain

variables. We say that X,,i=12,..,n be an
independent uncertain variables if
Definition(1-4)[10]

Assume that {x,} be an uncertain variables
sequence .we say that {x,} convergence in p
th moment to wuncertain variable X if
IimE{xn —x|p}:0for any pellw). we

N—o0

Definition(1-5)[9]

Assume that {X,} be an uncertain variables

sequence . we say that {X,} is convergence in

Theorem (1-6) [9]

Assume that X be an uncertain variable.
E(X]")
gp
given numbers £ >0 and p > 0.

Then we get M(|X|>¢)<

, for any

Theorem (1-7)[5]

Assume that X and Y be two independent
uncertain variables such that E(X|") and

E(Y[") finite. ~ Then

E(XY) <¥E(X|") +YEQ¥["),
Theorem (1-8)[5]

are we  get

for any

Assume that X and Y be two independent
uncertain variables such that E(X|") and

E(Y|") are finit. Then we get

2- Expected value of uncertain variables
Definition (2-1) [6,8]

The expected value operator of uncertain
variable X is defined by

TM(X <r)dr,

—00

E(X)= TM (X =>r)dr -

provided that at least one of the two integrals is

100

M([ (X, <B))=minM (X, €B), for

any Borel B, B,,..., B, of R.

say that {x,, }convergence in mean to uncertain
variable X whenever p=21and we say that
{x,} convergence in mean square to uncertain
variable X whenever p=2.

measure to uncertain variable Xx if
IimM{]xn—X|Zg}=0,foreveryg>0.

n—o

positive numbers P and ( such that
£+£:1

P qQ

oE(X +Y|") <YE(X|") + YE(Y[*) for any

real number P such that p=>1.
finite. The variance of X is defined by
E(X)=E(X —€)® whereX is the finite

expected value of X . Generally, the expected
value E((X)*) is called the kth absolute
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moment of the uncertain variable X for any
positive integer Kk .

Theorem(2-2) [5]
Assume that X and Y be two independent
uncertain variables such that E(X) <, and

E(Y)<oo. Then we get

Theorem(2-3)

Assume that X be an uncertain variable.
Then E(—X)=-E(X).

Proof:
By using definition (2-1), then we get

E(-X) = TM (=X =r)dr- j‘M (=X <r)dr

:TM(X <-r)dr-— jJ'M(X > —r)dr

Theorem(2-4)

Assume that X andY be two an independent
uncertain variables such that E(|X|)<oo, and

Proof:
By wusing theorem (2-2), then we

E(X +Y]) < E(X|+|Y]) = E(X]) + E(Y))
3- Main Results

Theorem(3-1)
Assume that X and Y be two independent

uncertain variables, and f : R?> — R a convex

get

Proof:
Since f : R> > R

then for any given (x,,y,) € R?, then there exist

is a convex function,

a,,a, € R such that
f(xyy)_f(Xpyl)Zai(X_X1)+a2(y_y1)’
forall X,y € R

Putx, =E(X),y, =E(Y) and x= X,y =Y

Th f(X,Y)=f(E(X),E(Y))
s a, (X —E(X))+a,(Y —E(Y))

101

E(aX +bY)=aE(X)+bE(Y) for  any
a,beRn.

= j)'M(X < r)dr—TM(X >r)dr

= _DZOM (X =r)dr— TM (X < r)dr}
=—E(X)

E(Y[) <. Then we get

E(X +Y]) < E(X])+E(Y)

function such that E(X) <o, and E(Y) <.
Then f(E(X),E(Y))<E(f(X,Y))

E[T(X,Y) - f(E(X),E(Y))]

> E[a, (X —E(X))+a,(Y —E(Y))]
From theorem (2-2),
E(f(X,Y))- T(E(X).E(Y))=

a (E(X)-E(X))+a,(E(Y)-E(Y))=0
f(E(X),E(Y)) < E(f(X,Y))

we get
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Theorem(3-2)
Assume that X and Y be two an
independent uncertain variables such that

E(X|") <o and E(Y|")<o, where p>0.

Then E(X +Y|") <CE(X|")+CE(Y|").
Proof:
forany a;,a, € R, we get
la, +a,|” <Cla|” +Cla,|’
Putt @ = Xand
X +Y|” <C|X]” +C|y|®
Theorem (3-3)

Assume that{x,} be an uncertain variables
sequence and X, Y be two uncertain variables .

If X, = X as n— o (in p th moment) , and
Proof:

a=Y, we get

lim Eixn —x|p}: 0

n—oo

Since and

IimE{xn —y|p}:0

nN—o0

By using Theorem (3-2) that

Theorem (3-4)

Assume that {x,}, {y,} be two uncertain
variables sequence and X,y be two uncertain
variables. If X, - X a N—>o (inpth
moment), andy, >y as N-—>oo (inpth
Proof:

Since IimEﬁxn —x|p}:0 and

nN—oo

ILTOOE{V“ —y| }: 0

By using Theorem (3-2) that

102

1

Jf0< p<1
Holds, where C =<
201

Jifp>1

E[X +Y|"1<E[C|X|” +C|Y|"].by theorem
(2-2), then we
E(X +Y|") <CE(X|")+CE(Y|")

get

X, =Yy as N—oo (in pth moment) , Then
X=Y.

Eix—y|p}=Eix—xn+xn—y|p}
sCE{xn—x|p}+CEhyn—y|p]—>0 ’

as N-—>o. we get E{x—y|p}=0.

moment), if E{xn —x|p} and E{yn -y’ } are
independent for alln. Then X, -y, > X-Y
as N — oo .

{0, = vo)— (= y)° |

el -0+ (y- v

< CE{Xn —x|p}+CE{yn - y|p}—> 0,
As n— oo, then
imE(x, ~¥,) - (x-y)" }=0.

we get
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Theorem (3-5)

Assume that {X,} be an uncertain variables
sequence and X be an uncertain variable . If

Proof:

There is two cases:

Case(1) :
and X=X, +(X—X,)

If 0<p<1. Put X,=X+(X,—X)

By using theorem (3-2), we get
E{xn|p}£ E{x|p}+ E{x —x|p} and
E{x|p }S E{ } furthermore

Eb, "}
(e b} E 6" < timlE s, =0,

Which implies tim(E{x,|” {)= (E{4"

nN—o0

Case(2) :

X=X, +(X—=Xx,)

If p>1.Put x,=x+(X,—X) and

Theorem (3-6)

Assume that {x,} and {y,} be two
uncertain variables sequence and X, Yy be two
uncertain variables . If X, — Xas N — oo (in

pth moment),and y, =Yy as Nn— oo (in

Proof:

Sincelim E{x —x° }:

n—oo

: IinerE{yn —y* }: 0 and
lime "= E '
by using theorem a-7)

103

X, = X (inpth moment), then
lim E{xn|p}= E{x|p} :
By using theorem (1-8), that

(e} < (edoe o +eb - )
(e <Ebor (b7}

Then get
"

LL@((E{ ) -l }i]
e o el (e

Since f(X) = xp is continuous function , thus
lim E{xn|p}: E{x|p}

nN—o0

o

o

g th moment) , for any positive numbers p and

that 1+£:1,and p>1. Then

P q
X,Y, = Xyas n — oo (in mean).

g such

imfe b, ) o



AL-Qadisiyah Journal of pure Science Vol.28 No.1Year 2018

Eﬂxnyn - XY|}: Eﬂxnyn XYt X Y- Xy|}
< E{x,(y, = Y)[}+ E{y(x, - )|}

SEARES

JEMREN Ao

Theorem (3-5)
Assume that {X,} be an uncertain variables

sequence and X be an uncertain variable . If

Proof:

By using theorem (1-6) then for any given
numbers & >0 we get

E[|Xn - X| p]
p

g

M[x, — X >&] < then

E _y|P
[1%, ; N
&

limMI|x, — x| > e]< lim(
n—o n—o0

Example(3-9)

The convergence uncertain sequence in
measure does not be convergence uncertain
sequence in pth moment. for example , Let

(QF,M)to be {y,,¥,,...} such that
M(yk)zé for k=12,3,.... ,and define the

uncertain variables by

Since
p

E[|xn—x|p]=jM(|xn—x| >r)dr
0

> [M(X, - X|>ndr=E(X, - X)) =1

O ey 8

Thus, limE[|X, — X|"]=1=0.

104

As n— oo, then we get
lim Eﬂxn Y, — xy|}= 0

X, = X as n—oo (inpth moment ), then

X, = X as N —oo (in measure).

Which means that {X,}is converges to

uncertain  variable X in  measure.

n ,ifn=k
Xalyd=1, "

X =0, then for any small number & >0 we

} for n=1,2,3,.... and

get that IimM[|Xn—X|25]:Iim(%):0 ,

but E[[X,, — X[1=1
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4-Conclusion

We obtained in this present paper some inequality. Then by using this inequality, we
properties of expected value and several discussed some mathematical properties of
inequalities that based on expected value and convergence in pth moment for uncertain
uncertain  measure, which is analogous sequence.
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