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Abstract :
In this paper we study the commutativity of prime rings satisfying certain identities involving higher left
centralizer on it .
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1.Introduction :

Thraughout this paper R i1s denote to an
associative ring and it is center will denoted by
Z(R) which equal to the set of all elements
x € R suchthat xy =yx forallyeR.

Now forany x, ¥ € R . the symbols [x,¥] and
(x,¥) will denoted to xv — yx and xy + yx
respectively which are called commutator Lie
product) and anti- commutator {Jordan product)
respectively .[ 1 1,[2] . A ring R is called
commutative if [x,¥] =0 forallx,v € R.

The above commutator and anti- commutator
satisties the tollowing[1].[2] :
=[x, 2] v+ x[y.z]

=ylx.z] +[xy] =z
3 yz) = oy z—ylxz]

[xy, 2]
[x, yz]

= ylx,y) +[xy] =

3)

97

=x(nz) —[xz] y
= (x,z) y+x[y 2]

(xy, z)

A ring R is called prime if xRy = {0} implies
that x = 00 ory =0 and it 15 called semi-prime
if ¥Rx = {0} implies that ¥ = 03] .

An addiive mapping F: R = R is called
centralizing on  asubset § of rng R if
[F(x),x] € Z(R) and 1t is called commuting if
[F{x),x] =0 forall x € 5[ 4],[5].

An additive mapping T:R =R s called
left{right) centralizer on a ming R if T{xy) =
Ty ( Txy) =xT(y) ) holds for all

x,VER[O].

Many authors covers the concept of left
centralizer and study the relation between the
commutativity of ring and left centralizers .

K.K.Dey and A.C. Paul in [7] study the
commutativety of I'-ring in which satisfying
certain identities involving left centralizers .
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In this paper , we obtain the commutativity of a
ring satisfying certain identities involving
higher left centralizers on ring R , this work
motivated from the work of K.K.Dey and
ACPaul[7].

We generalized the definition of higher k- left
centralizer on a I'-ring [8] into a higher left
centralizer on a ring Rby taking k as the identity
automorphism as the following

Definition 1.1 :let R bea ring andlet T =
(Ti) ey be a family of left centralizers on R .
then 7;,: R = R is called higher left centralizer
on R if

Taxy) = ) i)y
=1

holds for all x, v E R .

2. Commutativity of prime gamma rings :: in

this section we study the commutativity of the
ringR by using higher left centralizer on it .

Theorem 2.1 : let R be a prime ring and [ be
anon —zero ideal of R. suppose that B admits a
family of non - zero higher left centeralizers T =
(T dien suchthat ¥IL, T (x) # x forallx € [
andi € N. if T ([x.v] —[x,¥] =0 forall
x,y €1 then R is comunutative .

Proof : Given that T =(T; );ey afamily of left
centralizens of R such that.

Tallxy] ) —[xy]
1)

=0

forall x,v 1.

Then  T,(xy—yx)—(xy—yx) =0

So that

(T )y — T ()x) - (xy—yx ) =
0

98

Which lezds to

Chifi(ay=2)y-ZL, i =y x=0
................ (2)

Replace x by xrin {2) we get

QT (o) = ar)y-Eio T () =y Jor =
0

Hence

CiaaTi(x)— 2 )ry-Z T () =y )or =0
............ (3)

Forallx,v €l,r ER
Using (2} in {3 ) tosimplify , we obtain

Qi1 Ti(x)—x) [ry] =0

Forall x,y €l,r R .

Again replacing v by rs  in(4)

Q)= x)r [sy] =0
i=1

Forall ¥,y € [ andr,5s € R

Q.Ti(x) - x)R[s,y] =0
I=1

forall x,y el s€R

by primness' of R and since X[ (T (x) —
x)=0

hence[s,y¥] =10 forallyel ,s ER

there fore | = Z(R) and hence R is
commutative . m

Corollary 2.2 : In theorem 2.1 , if the family T
of higher left centralizers is zero then R is
commutative
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proof : suppose thatT, ([x, v ])-[x,¥] =0
forany x,v €1

ifT, = 0 then [x,¥] =0 for all
x,v el

There fore [ 15 commutative hence R 15
commutative . ®

Theorem 2.3: let R be aprime ring and [ be a
non — zero ideal of R suppose that B admits a
family T of non — zero higher left centralizer

T=(T)iey suchthat ¥, T;(x) # —x forall
x €1 and i €N, for ther if T, ([x,¥] )+
[x,¥] = 0 forallx,y €l.then Ris
commutative .

Proof : Giventhat T ={(T;);cy 15a family of
higher left centralizers of R such that .

To([x,¥] }+ [x,¥] =0 for all

x,y el
Then
Talxy—yx)+ (xy—yx)=0

So that

(X1 T )y = X T vdx) + (xy — yx ) =
0

Which leads to

G+ x)y-EaTi+y)x=0

......... (:2)
In(2) replace x by xr to get

Qi Tilar) + o) y—(Eio T ) +y Jor =
0

Hence

(CETi () + xpy— (T T O +y Jor =
0 sl )

Forallx ,y €f.r ER

99

Using { 2) in{ 3 ) tosimplily , we obtain

(S Ty +2) B[r, ¥ ]a =0

Forallx,y €l.r R

Replace rbhyrs (4}

(ZT[[xj—rxj rls,y] =0
i=1

Forallx,y €l.r,sER
in other words
(X1 Tilx) +x) R[s,y] =o

Forallx,y €/, s R

By primness of R and since Y/— [T (x )+
x) %0

we get =Qforallyel,se R

[s.¥]

Therefore [ © Z(R) and hence R is commutative
.

Theorem 2.4 : - let R beaprime ring and [ be
anait — zero ideal of R . suppose that B adimits
afamily of non —zero higher left centralizers .
T=(T)iensuchthat 3L, T; (x ) # x forall
x€landi € N, furtherif

Tol<x,y > )= (x,3)
Forallx,y €[, then R is commutative .
Proof : - Given that

Ta(< 2,y > )=<x,y > =0

Forallx,y €f

This implies that

QT () — )+ (X T O) =y )x=0
....... (2)
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Replace xby xrin { 2 ) we obtain .

CrTi(er)— xr)y+ (B, T (p) =y )ar =
0

Hence

LT (x) — x )y -EL i) =y Jer =0
.......... (3

Forallx,y El,re R
Using ( 2 ) mn{3) we get

Qin T (x) — x )y + (B, Ti (x) — x Jyr =
0 R PE TS | |

Forall x,vel,re R

That is
mn
Q m) =)y =0
i=1
____________ (5)
Forall x,vy€El,reER
Replace rby rs in (5) we get.
m
Q T ()= x)rls,y] =0
i=1

Forall x,y€l,r.sER

e (SR T(x) - x)Rs,y] =0

By primness of Randsince X (T; (x ) =
x)#0

Then[s,y] =0 forally el

Hence [ < Z(R) there for R is commutative ®

Theorem 2.5 : -let R he a prime ring and [ be
anon — zero ideal of R . suppose that R adimits
afamily of non — zero higher left centralizers .

H

100

T=(T)ieysuchthat )", T; (x) # —x forall

x € land { € N, further if
Te{<x,y > )+ (x,3) =0

Forallx,y € 1.then R iscommutative

Proof : - Given that T = ( T; )y be a family of
non — zero higher left centralizers  of R such that

ThWi<x,y> JH+<x,y>=0

Forallx,y €f.

Then

iy T (xey + yx)}+ (xy +yx) =0

hence

zTr[IjJ’+ZTrL}'}T+ (xy+yx)=0
f=] =1

Q @+ + (). 1) +3)x) =0
i=1 i=1

SRR ity

In the above relation eplacex by xr we obtain .

Qiea T (o) + o )y +
0

=T ) +y )=

So we et

Qisa T x)+ xyry+ (B T () +y Jaor =
0 e 1|

Forallx,y El,re R
Substitute (2) in (3} to get

Q=1 Ti(x)+ x)[r,¥] =0

Forall x»,yvEl,reR

Now again replace r by rs in (4 ) we have
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ChTi{x)+ x)rls.¥y] =0

Forall x,v€land r,sER
ie: QL Ti(x)+ x)R[s,y] =0

By primness of R and since Xi_(T; (x ) +
x)#0

Wehave [5,3¥] =0 forallyel,sehR.

Hence [ < Z(R) there for R is commutative m

Corollary 2 . 6 : In theorem 2.4 and 2.5 if &
higher left centralizers T, is zero .then R is
commutative .

Proof : Forany x,v €[, we have
Th{<€<xy>=<x,¥ >

if T, =0
x,y €1

then < x,¥ = =0 forall

replace x by xz and using the fact
yx = —xy we conclude that
={0}

i1 other words we have

x [z, ¥] forall x v,z €[

IR[z,y] =0 forally,z €.

Since R isprimeand [ # {0}

Sothat [#z,¥] =0 forall y,z €1

then [ i commutative and hence R is
commutative . |

Theerem 2.7 :- let R be a prime ring arid [ be
anaii zero ideal of B . suppose that R admits a
Family of non —zero higher left centralizers
T = (T;)iey such that XL, Ti(x) # x for all
x €/l and forall i € N, further if T, (xy) +
(xy)=0 forallx,y €[ , thenR is
commutative .

101

proof :- for any x, y € I we have
T.-: {x}rj = (.'l‘.'}":l
this implies that

ﬁl{.{xry] }—([.’l‘.',,}'] }__'D

and hance by theorem 2.1 we have R is
commutative

on the other hand i B is satisfy the condition
Tulxy) + (xy) = 0forallx,y €1,

then for any x,% €1

we have T, (xy + yx) = —=(xv + yx)
So that T, ({x, v} 1+ (x, v} 1=0 forall
x,v €1,

Then by theorem 2.5 we have R is commutative
]

Corellary 2.8 : -let R be a prime ring and | be

ancii zero ideal of B . suppose that R admits a
family of non —zero higher left cenwwalizers
T = (T})iey such that ¥'L, Ti(x) # Fx for all
x €/ and foralli € N, further if T, (xy) F
(yx) =0 forallx,y €7 thenR is
commulative .

proof : Forany x,¥ €1 wehave T,(xy) +
(yx) =0

now if Ty, (xy) = (vx) this implies that
Te(lx,y] )= Uyx] Y=Ta(lx,y] )+
([x,y] ) =0

then by theorem 2.5 we have R is commutative

Now when T,,(xy) + (¥x) = 0 then

Talle,y] J+(Iyix] ) =0
this implies that T, ([x, %] 1+ ([x,¥] 1 =0

and hance by theorem 2.1 we have R 1s
commutative
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3.The main results: in this section we introduce
the main results of this paper

Theorem 3.1: :let R be a prime ring and [ be
angii zero ideal of R | suppose that R admits a
Family of non —zero higher left centralizers

T = (T;);en such that 37, T;(x) # x for all
x €1 and for all i € N, then the following
conditions are equivalent :

T:IL{E-TI}"] }—{|x,y] )=10 forall xny =
Ta(lx.¥] )+ ([x.¥] )=0 forallx,y €/
(it} forall x, v €/, either T, ([x, 9] ) —
([e,¥] )=0 or

Tallxy] )+ (xy] )=0

(iv) R 15 commutative
Proof :

()—(iv) suppose that T, ([x, ¥] ) — ([x,¥] ) =
0

Then by theorem 2.1 we have R is commutative

(iv)—=(i) suppose that R is commutative then
[x,y] =0

and hence T, ([x, v] 1—([x,¥] 1=0
(i1) =»(iv) suppose that
Talley] )+ ([xy] )=0
forallax, v €1
Then by theorem 2.3 we have R is commutative

(iv)—+(ii] suppose that R is commutative then
[x,¥] =0 forallx,y €/

And hernce =0 forallx,y €/

- [x¥]

Which implies that T,([x. %] )—([x,»] ) =0
forallx,y €1/

(ifi) =(iv) suppose that forall x,y € [
either T([x.¥] )—(lx,%] )=0 or

Tﬂﬂxr}'] }+([I,,}'] 1=0

102

Then by theorem2.1 or theorem 2.3 we have R
is commutative

(iv)=(iil) suppose that # is commutative
For each fixed ¥ € [ we set
hh ={x € NTy([x.y] )— ([xy] ) =0}
;= 1{x el|Ty([x,¥] )+ (x,y] ) =0}

Then {; and [: are additive subgroups of [
SuChthalf = jl 0] llz .

But a group cannot be the set theoretic union of
two proper subgroups . hance we have either

L=l orlz=1

Further , using a similar argument . we obiain
I={yellh=0or I={yeilll,=1}

Thus we obtain that either T, ([x,»] ) —
([x,¥] )=0 forallx,yv €1

or  T.{|x,v] )+ ([x,v] )=0 forall
xy el

Hence R is commutative in both cases by
theorem 2.1 ( respectively theorem 2.3)m

Theorem 3.2 ::let R be a prime ring and [ be
ancii zero ideal of R . suppose that R admits a
family of non —zero higher left centralizers

T = (T;)iey such that it Ti(x) # x for all
x €l and foralli € N . further if T, (xy) —
(xy) € Z(M) forallx,y €1 then R is

commutative .
Proof: forany x,v €1 wehave

Talxy) — (xy) € Z(R)

im1 Tilx)y —xy €
.......... (2)

This can be written as
Z(R) orallx,y €1
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Thatis [(Lf-, Ti(x) — x)y ,r] = 0 for all
xy el,reR

Which implies that

(EF:l T‘:{x] . x}[_}",f‘]
x,r] v=0

+ [XFy Tix) —

forall x,¥v €el,r e R
in {4) replace ¥ by xz ., we have

(Eiza Tilx) — x)zly, 7]
xyz,r] y=0

+ [ Tilx) -

forallx, v,z el,re R
from (3) we get that (5) becomes

(B, Tilx) — x)z[y, 7]
Lrer,.

=0 forallx,y,z €

This yields that

(=1 Tilx) —x)RI [y, r]

xveElLTrER

= {0} for all

By primness of R implies that

Iy,r] ={0} or L Ti(x)—x=0
and since [ = {0} and Lohilx) #x for
all x €/

we get that [ is central and hence R is
commutative m

Theorem 3.3:let B be a prime ring and { ke
anci zero ideal of . suppose that R admits a
Family of non —zero higher left centralizers

T = (Ti)iey such that XL Ti(x) # —x for all
x€l andforalli € N . further if T, (xy) —
(xv) € Z(M) forall x,¥ E1.then R is

commutative .

proof : suppose that T = (T} )y be a family of
non —zero higher left centralizers satisfying the

103

property Ty (xv) — (xy) € Z(R) forall
xy el

then the non- zero higher left centralizers (=T }
satisfies the condition

(~Ty)xy) — (ey) € Z(R) forallx,y €1

Hance by theorem 3.2 we have R is
commutative . B

Remark 3.4: in theorem 3.2 if the higher lefi
centralizer is zero , then R is commutative .

Theorem 3.5 :let R be a prime ring and [ be
anait zero ideal of R . suppese that R admits a
Family of non —zero higher lefi centralizers
T = (T)iexn such that X7, T;(x) # x for all
x € andforalli €N | further if T, (xv) —
(yx) E Z(R) forallx,y €1 thenRis
comumutative .

Proof : we are given that a higher lefi
centralizer of H such that

Ta(xy) = (yx) €Z(R)
forallx,y €1
this implies that
[Ta(xy) = (x}, r] =0
holds forallx,yv €fl,reR

which implies that

mn
D ey —yx, r} =0
i=1

forallx,v €l,reR
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replacing ¥ by yx nthe above relation
and use it hence

mn
ZT[[xjyx - yx?, r} =0
=1

........................ (3)

forallx,v €l,reR

we find that

(z Ti(x)y—yx)[xr] =0
i=1

forallx,y el ,reR

again replacer by rsin (4) to get

(). Ty —yx) rlx,s]

i=1
+(z Tilx)y —yx)xr] s=0
i=1

..(5)
forall x,v €l ,r,s€R

From (4) the relation (5) becomes

Q) Ty —yx)rlxs] =0
i=1
................... (6
forallx,y €l,r,s€R
ie.
O 1@y —yx) R[] =0
=1

forallx,v €l ,s€R

104

the primness of R implies that either [x,8] =
0 or B, Ti(x)y—yx =0

forallx,» Ef.sER

now pul

Lh={xelllx,s] =0forallseR)
m

Iy ‘—'—}IE [ Zﬂ{x}y—yx =0forallx,y€l
i=1

Then clearly that {; and {; are additive
subgroups of R . moreover by the discussion
given [ is the set- theoretic union of Iy and [,
but can not be the set- theoretic of two proper
subgroups .

Henee I =1 or Iy=1.

and hence R 15 commutative .

If 1, =1 .then [x,5] forall x €

[.s€R

On the other hand iff; =1 then
Y Tilx)y = yx forall forallx,y€el .

Thatis X, Ti(x)y—yx =0
all x,v €]

for all for

This implies that T, ([x,¥] ) — ([x,¥] 1 =0
for all forall x,v € 1.

Hence apply theorem 2.1 yields the required
result . m

References :

1) AliS., Basudeb D. and Khan M. S. ,2014, "
On Prime and Semiprime Rings with Additive
Mappings and Derivations " ,Universal
Journal of Computational Mathematics
,Vol.2, No.3 ,48 -55 .

2) Ur-Rehman N. , 2002,"On Commutativity of
Rings with Generalized Derivations ", Math. J
Okayama Univ. , Vol.44, 43-49.

3) Vukman J. ,1997,"Centralizers on Prime and

Semiprime Rings " , Comment. Math. Univ.
Caroline ,Vol.38 , No.2 , 231- 240.



Al-Qadisiyva Journal For Science Vol.21 No.1 Vear 2016

4) Braser M. ,1993.)" Centralizing Mappings 7) Dey K.K. and Paul A.C ,2014,"commutativity

and Derivations in Prime Rings " ,Journal of of prime gamma rings with left centralizers " ,
Algebra ,Vol.156 ,385 -394 . J. Sci.Res. ,Vol.6 ,No.1, 69-77.

5) Vukman J.,1990,"Commuting and 8) Salih S.M. ,kamal A.M. and hamad B. M.
Centralazing Mappings in Prime Rings", ,2013, “Jordan higher K-centralizer on I'-rings
Proceeding of the American Math. Society , LISOR Jornal of Mathematics ,Vol.7 No.1 ,6-
Vol. 109 ,No.1, 47 -52. 14.

6) AliS. and Dar N. A. ,2014," On Left
Centralizers of Prime Rings with Involution "
,Palestine Journal of
Mathematics,Vol.3,No.1,505-511.

LY il o (g peud) Lladf i3S pal)

2016/1/5 Jsall g )8 2015/11/1 235wy & )1
p S O s (ke a3 T 2
bl aud ludaly ) aud
Al A A Al A
1) dnala iy puaticeal) dalal)

Dr.salahms2014@gmail.commazin792002@yahoo.com

Y1 el el

Gl S A sl daliid) LK)

105



