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Abstract: In this paper we are proved that if the function f € Ly, ,,(I) nA* (1) ,
change the monotone finitely many times in an interval I = [—b, b], then there exist
an algebraic polynomial p,, € [],, , which comonotony of approximation with fat
every point in an interval I, such that the best approximation can be estimate by

c(p, &) wd (F,n™1)y,,.

Keyword: Monotony, Comonotony, Degree of best approximation, Modulus of
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1. Introduction and definitions:



We are interested in this paper in how well can approximations of a function
€ Ly,(DNAY (1) ] €R, 0 < p < 1 which changes its monotony by a polynomial
#n € [In - In this case the polynomial p,, are comonotony of approximation with the
function f at every point in an interval I . Let f be a function which changes
monotonicity finitely many time say § > 1,timeson/ say —-b<Js<:<J; <
b =17, for Js € Js and a function f in Al (J5) we denote to the error of best

approximationby :  EV (£,J)pp = Inf, qn1gollAK (If,.)||L¢p(I) and note that

ELP ()5 pp = ESV(E,0,)5)p



(where Al(Js) be the set of all functions f which change monotony at the points
Js € Js . Recall that the order Ditizain-Totik modulus of smoothness is given by ([3]

):
w(];(ff, 5, I)lﬂ,p = Oiligé‘”All‘i (If")”Lw_p(I)

Where ”'”Lw,p(’) denotes the weighted quasi normed space [3] on an interval
[—b,b] S 1 S R . The weighted quasi normed space Ly, (I),0 < p < 1 have form :

1

p P
X
f&) dx) <o, 0<p<1

Y(x)

Ly,(D) = faf:IcR—>R:<fI

and the quasi normed ||f||pr(,) < oo, and

kh .
k (k k—i [(x——ih) kh
< () (=1 —2_—— x+—€]
BECE %, 1y = B(E )y = | 2= () D = om 2
0 o.w

is the symmetric difference ([3]) and in this paper we used new chebyshev partition
X; = acos% ([3]), and proved the following theorem:

Theorem (1.1): There exists absolute constant ¢ = ¢(p,§) such that for every f
which change monotony in 1,0 < p < 1 there is a polynomial p, € [, which is
comonotony of approximation with f and satisfies:

IE = pallsy, 0 < (0, )36, 1)yp -

2. Auxiliary Results: Now the following Lemmas are crucial for the proof of theorem
(1.2).

Lemma (2.1): Let ff be the same as in theorem (1.1) then there exist a function
an € Ly, (I),comonotony of approximation with f in £; ,such that:

If = gnlle,, i) < c@wpEn Dy, .11

[an8ill, = w3 (EnDy, (212

yp(D
are satisfy.

Proof: To prove (2.1.1) we must to show that

16: = Fll,, 0y < c@ISER )y



LetL(x, ) = £(x,£,, 9,7, )—j =G 7‘If(:7)+—lif(:7 ),

is the Lagrange polynomial of degree < 2 ([2]), which interpolates at 7;, 7; and i— by
using the inequality

IE—LC Dy, o) < c(pwsEn Ny,

when k = 3, for x € £; we set g; be the polynomial of degree < 2 which vanishes at
J; in the form

50 = 272 e, (B) + 2 50))

Ji=39; "1;=7;

and by using the above presentation of §; and L(x, f), x € £; we get

18 = fll,, 0y < @6 — £6, Dl ) + 126,10 = Fll,, o
(x=7)(x=7;)

= |G| 15 (3 =< (@),

< c(p)wy(E,n ™)y, ...(21.3

Hence (2.1.3) is proved. It is well known ([5],[6]) that there exists a polynomial
Q(x), of degree< n satisfying

If=Qll.,, ) < c@)wG(En" )y, .. (214

(x—:zi)(x—y‘-
T ldam

5:(9) - ﬁ(ji)||L¢p(1)

And by using definition the piecewise polynomial function &(x), and the function
g, (x) ,x € £;([3]), not that g,, is comonotony of approximation with f in J; , hence it
is comonotony of approximation with f in UJ;,hence

If = 8nllzy,, o < c@I@En Dy,
Satisfy from the inequality (2.1.3) and (2.1.4) .

Know to prove (2.1.2) for x € #; we use the above presentation g;

X—ji jv

§; =z 7 g; ji
5:(x) ﬁi—ii(ﬂ’i—vig() R 1)
Where ([1]),
5.(9) = {2%@ (£, 0)sign(f(%)) if [£TD)| < cAjpe(£1)
e £(9)) o.w

and



(i) - 283 oy (B 0)sign(E () if [E)| < Al (B 1)
i\Ji) — .
() 0.w
Since §; € 1, &;(J;) and §i(5i)are monotony then the only zero of g§; in ¢; is J; .
hence g; is comonotony of approximation with f in £; .Also

9;-J; 2x77

§i(x) = G j)(‘j L )gl(a‘)-(j oD

is a linear function and

2 7;-7; 2

Ji=7;

8 (giwi) = 2800 and § (gi”") =50 " are of the same monotony which implies

that §; does not change monotony at J; for x € J; we get

> 2inf {| h«;(x)j(“)|,|Ah<;<x>jﬂf x>|}
= %gi“A?l(p(x)(ﬂ:' 0|}
Since |/;] === when k = 3 and 2|/;| = |#;] ,then

I8l o 2 I8k @0l ]
Hiyp0ry = 4, (1R, L0
From the relationship |#;] = A,(x) and x € J* = U=, J; ([3]),we get

1 1
— < — hence

Vil < 14l = Ap () (x) It’l 173l

6,0 > 5o {100 @, )
||An§i||Lw’p g Z @pEn )y,

Lemma (2.2): Let f be the same as in theorem (1.1) then there exist a polynomial
0,,(x) €I, , € N, such that

e, =i

Proof: by (2.1.4) in Lemma (2.1) there exist a polynomial @,,(x) comonotony of
approximation with ff by a well-known on difference

(2) 670 = (2) D0n0) = th0n0)



< c(p)
Lyp(D

(&) o

By definition of w(’; (f,n™ 1)y, » when k = 3 we get

A3(E,.)

n

A%(ﬁ - Qn’ . )

+c(p)

Ly,p (D) Ly,p(D)

” (3)

- < c(P)wy(F,n )y
1

||¢3Q(3)|| Lyp(D < e, 6)0)‘%(1&”_1)#}.? :

Lemma (2.3): Let f be the same as in theorem (1.1), then there exist a function
f, €Ly, (I) , comonotony of approximation with f in J;, such that

loo]),, = c®owi@n ™y,

Proof: Now by using Kolmogorov type inequality ([4]),

B0, % @I, g+ @8Nl - (231

po)

Where heLy,,(I) ,0 < v <, using fact that ¢ (x)~nA, (x)~nl¢;| , x € €; , ([3])
we get 3ﬁ(3) < cend3|e:13Y3. W) _ 53-v)
et o707, < enttel Einoflo -5 et

LypD

Applying (2.3.1) for [|0® — &’

, and Markova's inequality for
Lyp(D)
Hg(g_wllw,p(l) , together with (2.1.3) and the fact

=2l < c(p)wy (F,n"")y,, ,and lemma (2.2) we get
3If(3)
o], <
en3€; 13 X3 _o(14:13 ”||Q(3)||Lw‘p(1) 1o =&l ) 1818, 0
Hence
|o3eS|| < c(p &)wd(f,nY)y, .
Lyp(D)

Proof (1.1): Let n > 4651 be fixed and let n < N(n) = N , be an integer, also let
an € Ly, (1) , be a function which was described in lemma(2.1). Lemma (2.3) can be

written as: ”(1 - x2)3/21f£13) ” ) < c(p)wy(F,n )y,
Llp' 1

It follows from lemma (2.2) that there exist a polynomial py(f,,x) € [[y , which
v, 3)=0,i=1,..,s : and such that

3
£ — 2w ey < KuTo (5) @ (B0 )y,



3
< K, K (%) w3(En Yy, ... (LL1

and [|ay (Ex = 2v G, <

. n 3 n 3
we prescribe N , to be such that K; %, (ﬁ) <1,and ;%5 (ﬁ) <

NI

for instance N = nk, = ([(lez)i] + [27,3¢;] + 2) n.

It follows from (1.1.1) that for x € J; ,i = 1, ..., s the following estimate is valid

. ) nomN? o 1
8 = 20, 0y = 303 35 () @@ Dy

n

< K, K L(—)z w3 (F,n~1)
= UV \nv) TN ¥p

1 ,_ _
< EAnl(x)w(f,(ff,n Dop

since NAy(x)~¢@(x) .

Together with lemma (2.1.2) this implies that monotony of py (f,,, x) the same as of
monotony of f,(x),x € Uj-,/;.In turn, it follows that py(f,) , is comonotony of
approximation with f in Uj_, J; , and also by lemma (2.1.1) and (1.1.1), we get

If — ﬁN(ﬁn)”Lwlp(l) <cIIf - Ifn“LW,(I) +c@IIf, - ﬂaN(ﬁn)”Lw’p(I)

< c(p, O)wy (F,n™ Dy,

Together with lemma (2.1.1) this yields the assertion of theorem (1.1) for n >
:}Cg == 48_15}66:7(7 ) %8 == %8(29' 6) .
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