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Abstract. In this paper, we study a new subclass Af(

f,,m(y, u,n,a,b,c) of multivalent analytic functions

with negative coefficients defined in the unit disk by making use of the generalized Noor integral
operator. We obtain some geometric properties for this class, like coefficient estimate, extreme points,
inclusive property,radii of starlikeness and convexity, Hadamard product and weighted mean.
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1. Introduction
Let A(p,m) denote the class of all

functions of the form:
f(z2)=2"+ Zaﬂ+pz”+p,

(p,me N=1,2,--) (D
which are analytic and multivalent in the open
unit disk U = {ze C:| z|<1}.

Let k(p,m)

A(p,m) cosisting of functions analytic and

denote the subclass of

multivalent which can be expressed in the form:

f(z)=2"+)a,. 2",
(a,,,20;p,me N=12,---) ..(2)
For the functions fe k(p,m) given by (1.2)
and ge k(p,m) defined by:

g(Z) =2z - zbn+pzn+p9

m=m

(byep 20)

we define the Hadamard product (or

convolution) r*g of f and g is defined (as

usual) by:

23

(f*g)(2)=2"+ a,. b, , 2" =(g* (2

For real or complex number a,b,e¢ {O,—l —2,.. .},

the hypergeometric series is defined by
zFl(a,b; 6;Z)=]+a_b£+w
e 1! e(e+1)

7
We note that the

absolutely for all ze U so that it represents and

series  in(3)converges

analytic function in U.

The authors [2] introduced a function
(z”zFl( abe z))_1 given by
(22 F(abe ) (272 F(abes)
ZP
= A>=p), ..(4
T (2>-p) 4)

which leads us to the following family of linear

operators:

(2 b9 A9 =2 F(abed) * f(2),
NE))

where
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f(z)e S,;a,b,ee R\ 7 ={0.-1,-2,...},
A>—pzeU.
It is evident that Ill, \(k+1,ee) =1, is the Noor
integral operator. The operator If,,l(a,le)=lf,(a; e
was define recently by Cho et al. [1],

I},,l(k+ p.ee)=1,, was introduced by Liu and

Noor [3] (see also[4]), and If,,l(a,/H po=I,(ae)

was investigation by Saitoh [5]. By some easy
calculations we obtain

Ii’k(a’ lz e) f(Z)z Zp _i (C)n(j“-i_p)n a Zp+H

o= @y, T
.. (6)
where (x), denote the pochhammer symbol
defined by
(%), =land(x), = x(x+1)(x+2)...(x+k-1),
ke N.

It is easily verified from (6)that
AT, (a,b 9 f(2) =(A+ p) 5 (a b o f(2)

— M (abo f(2)
Differentiating above, ¢ -times, we get
AL (a b9 f(2) T =0+ pli(abe (2

—(A+ (a9 (2)?
where ge N,,q< p and for each fe k(p,m)

we have
(2= S(p.qz"* - Y S(n+ p.q)a,, 2",
]
where S(p,q)= r_
(p—9!

For two functions f and g analytic in U, we
say that the function f is subordinate to g in

U, and write f<g (zeU) if there exists a

| AL (26,0 (2) ™ =(p= U jula b O A2 |

Schwarz function w(z), which is analytic in U

with w0)=0 ,|wM2)|<1 (zeU)
Such that
f(2) = g(WM 2)) (ze U).

Indeed, it is know that

f(z)<g(2)  .(zeU)= 1(0)=g(0),

f(U) c g(U).
Furthermore, if the function g is univalent in U
, then we have the following equivalence:

()< g(2)
f(U)c g(U)

By making use of the Noor integral operator

(zeU) & 1(0)=2(0) ,

I j,’ «(a,b;e) and the above mentioned principle

of subordination between analytic functions, we
introduce and investigate the following the new
subclass of the class k, of p-valent analytic

functions.

Definition 1. A function fe k(p,m) is said to

be in the class Akﬁ:gq(y,m, n,a, b, c)if it satisfies

(Iim(a b 0 £(2)

A

G P (b0 )@

—(+q) < p_q;r_(;’;_”)z (7
where

p.me N,qe N,,p>q,0<y<1,0<m<I1,
0<#n<l,a,b,ce R\ zjandlL>—p

By the differential
subordination and (6), (7) are equivalent to the

definition  of

following condition:

y2(1},,(a,b,0) f(2)“ + (m—1)(I},,,(a b.o) f(2)"|

2. Coefficient Estimates
Theorem 2.1 Let fe k(p,m) be defined by

(1.2). Then fe AK:%(y,mn,a,b,c) if and only

p,m

24

<1, (ze U) ... (8)

if
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i(n+ P (1+y) +m=n+p(p—=q)(©),(A+ P),
(n+ p—q)a),(b),

< Pn=n+y(p—q)

- (p-9!

mp

9)

o

where
p.me N,qe N,,p>q,0<y<1,0<m<l1,

0<n<l1,a,b,ce R\ zjandA>—-p

The result is sharp.
Proof. Assume that inequality (2.1) holds true

and |2l =1. Then, we obtain

(9)

At 280 1) ™ ~(p-a1} (280 102)

(@)

—\yz(lf,,m(a, ho 2™+, (a b o A2)

+p—q
n+p

L i n(n+ p)l(c),(4+ p), 4
(n+ p—q)!(a),(b),

=m

| Z(Ii;’m(aa ho f(z))(qﬂ) _(p_q)([f”m(a, o j(Z))(q) |
AL }(a B8O R2) ™ +(m-n)1,,,(a b O A2)?|

i n(n+ p)l(c),(2+ p),
(n+ p-q)(a),(b),

n—m

n+p

plm—n+y(p—q) s
(p—q)!
z(n+ p)!(m—

n+y(n+ p—q)(c),(A+p),
(n+p—q)(a),b,

+p—q
ay,,2"

Z n(n+ p)!(c),(A+ p), +p_q‘
= (n+ p—ql(a),(b), ™"
_ pm—n+y(p—9q) Zp_q‘+
(p—9!
i (n+ p)l(m—n+y(n+ p—q)(c),(4+ p),
(n+ p-q)l(a),b
s q‘ pl(m—n+y(p- q))<0
ke (p—9)

by hypothesis. Hence, by maximum modulus
principle, we have fe Al(1 1 (y,mn,a,b,c).

the let

CONVerse,

To show

fe AI(1 1(y,mn,a,b,c). Then

+p—q‘

<lI.

p‘(m n+y(p—q) 4P

n+y(n+ p—q)(c),(A+ p), a

n+ p—q
wpZ

Z(IH p)!(m—

(p—9)!
Since Re(z)SH for all z

, we have

(n+ p—q(a),b

+p—q‘

$ o+ PO, O+ ),
(n+ p—@Na), (b),

n—m

n+p

.. (10)

plm—n+y(p—q) P

n+y(n+p—q)c),(A+ p), 2

+p—q
>

(n+ p)!(m-
(p—9q)! Z

Now choosing the value of z on the real axis so

z(I S(aho A
Al (a b9 ()"

is real.

Upon

pl(n+ p—q@)l(m-n+y(p—qg)a),(b,)

(n+p-q)(a),b

clearing the denominator of (10)and letting
z—1" through real values, we obtain the
inequality (9). Finally, the result (9) is sharp for
the function

Z"P,(n>m,me N) . (11

f(z)= 2 -

3. Extreme points and inclusive property
In This section, we obtain extreme points

25

(p-q)!(n+ p)l(n(1+y)+m-n+y(p—q))c),(A+ p),

and inclusive property for the class
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fe Aféfn(%mn,a,b, c) Theorem 3. Let f,(2) = z" and

f2)=2"— pln+ p—gl(m-n+y(p—9))a),(b,)
(p-@!(n+ p)(n(1+y)+ m=n+y(p—@)c),(2+ p),

Z""P (n=m,me N).

Then fe Akifn(y,mn,a,b, ¢) if and only if can where © ,20,0,, ,20 and O, + Zw_ =1

be expressed in the form Proof. Suppose that 1 can be express as in (9).
f(2)=Opz" + i@mp f.,(2), .. (12) Then
f(2)=Opz" + i@,mpzp_ pl(n+ p—@l(m—n+y(p—q)(a),(b,) 7,
= (p—@l(n+ p)!(n(1+y) + m—n+y(p—)c),(A+ p),
s i pl(n+ p—q)l(m-n+y(p—q)(a),(b,) 0 /P
& (p-l(n+ p)(n(1+y)+m=yn+y(p-PXe),(i+p), "
Now
i (p= @ n+ p)!(n(1+y) +m=y+y(p—g)c),(A+ p),
m=m p!(H+ P—Q)'(m—ﬂ"‘V(P—CI))(a)n(bn)
y pl(n+ p—@l(m-n+y(p—q)(a),(b,) 0, - i@m -0, <1
(p— @l (n+ p)l(n(1+y)+m=-n+y(p—q)c),(A+ p), —m
This shows that Akj,:,qn (y,mn,a,b,c) By (), we have
Conversely, Assume that A&fn(y,mn,a,b,c).
< pl(n+ p—g@)!(m-n+y(p—q)(a),(b,) (0> m).
P (p=@l(n+ p)(a(1+y)+m—n+y(p—@)0),(A+ p),
Therefore, we can set
0, ==t Plla(e ) +mon+ 7 (p= DN+ Py 15y
pl(n+ p—l(m-n+y(p-q)a),(d,)
and © , =1 —ZZ,PW Then
f(z)=2°F - iampzmp
o i pl(n+ p—q)l(m-n+y(p—q))(a),(b,) 0,7

& (p-g)\(n+ p)l(n(1+y)+ m—y+y(p—q))c),(A+ p),
that is the required representation.

— P p_
2= (2~ £, ,(2)0,,, Theorem 4. Let 0<y<1,0<m<1,0<y<1,

n=m

> i a,b,ce R\ 7 and A>-p. Then
=(1-2.0,,,)2,+ 2.0, 1., (2)

AK;d(y,mn,a,b,c) c AK;i(y.m0,a,b.0),

= ®]JZP + i®11+p f;]+p(z)3 Where
gz Gt ptDA+m=n+y(p=g+1)—=(A+ p)(I+m+y(p—g+1)m=-n+y(p—q)
(A+ p+ D)+ m=-y+y(p—q+1))—(A+ p)(m-n+y(p-q)

... (13)

26
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Proof. Let the function f given by (2) belong using Theorem 2, we get

to the class Al(j,m(y,mn,a,b,c). Then, by

(o= QUn+ pln(+p)+m=—n+7(p= PNt Py . 4
pert pl(n+ p=— @ (m—n+y(p-q)a),(b,) "

In order to prove that Ak;fn(y,m,a, a,b,c), we must have

i (p— !+ p)(n(1+y)+ m-c+y(p—q))c),(i+ p),

an+p <1 (14)
m pl(n+ p—ql(m-o+y(p—q)(a),(b,)
Note that (14) is satisfies if
(p— )+ p)l(n(1+y)+m—o+y(p—q)0),(A+ p),
n+p

pl(n+ p—q)l(m-o+y(p-q)(a),(b,)
< (p=9!(@+ p)(n(1+y) + m—y+y(p—9X),(2+ p),
- pi(n+ p=@(m-y+y(p—q)a),(b,)
Rewriting the inequality (15),we have
_ @A+ p+D(A+m=-y+y(p—q+1))—(A+ p)(1+m+y(p—q+1))m—n+y(p-q)
(A+ p+D(I+ m=-n+y(p-q+1))—(A+ p)(m—-n+y(p-q))
(n=m),me N ... (16)

Since the right -hand side of (16) is an starlike of order p(0 < p < p) in the disk |2‘<r1
increasing function of n, thus we get (13) and

this completes the proof.

2y, - ... (15)

, Where

4. Radii of starlikeness and convexity
Theorem 4. If Ak’1 1(y,mo,a,b,c), then f is

==

_ —q) ! - _
r—inf {(p P)p= @+ p)l(a(1+)+ m=n+7(p= XA, (i+ p), 3} (a2 m)
(n+ p—p)pl(n+ p—l(m-n+y(p-q)a),(b,)
The result is sharp for the function f given by o
ZnaMP z“‘
(11). i .
Proof. It is sufficient to show that > =P
, 1- Znan+p z’"
Zf(Z) =m
—— —p<p-pV|4<r.
2) ”{ p=pY4<s 17 or if
But (n+p—-p) n
u ] z o) a, |4 <1, .. (18)
2£'(2) p‘ ‘ h ,;mm with the said of (9), (18) is true if
f(2) Zna Z"“’

Z:nan p z”‘
n=m

1—inan+p z"

Thus (17) will be satisfied if

27
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¥ S{(p—p)(p—q)!mp)!(n(1+y)+m—n+y(p—q>)<c>,,<z+p>n
(n+ p=p)p'(n+ p=ql(m=n+y(p—q)a),(b,)

which follows the result.

Theorem 5. If AK-?(y,m0,a,b,c), then f is

p,m
convex of order p(0 < p < p) in the disk |2i <r,

where

o =it {p(p D=0+ P17+ -+ g N
(n+ p)(n+ p—p)pl(n+ p—q)!(m- n+y(p (a)i(bj)

The result is sharp for the function f given by

(11).

Proof. It is sufficient to show that

zf' (Z) 3
f() p{Sp pY|4<r. ..(19)

But

!
n
an+p .,(HZIH).,

<

_N +p
» (z) Z‘ ;(n+p)nan+pz”
f(z)

pr_l - Z(n+p)an+pzn+p_l

=m

H+p}n.,(n2m).

Any p

Thus (19)will be satisfied if
Zn(n+p)an+p Z"‘

b= Z(n+p)an+p Zn‘

n=m

Sp—p:

orif

S ((n+ p)n+ p—p) "o 20
Z p(p—p) sl <1 - 20

with the aid of (9),(20) is true if

1

¥ S{p(p—p)(p— @!(n+ p)l(n(1+y)+ m—n+y(p—q)ec),(2+ p),
(n+ p)(n+ p—p)pl(n+ p— @) (m—n+y(p—q)a),(b,)

which follows the result.
5. Weighted mean
Definition 2. Let f and g be in the class

Ak;7 1(y,mo,a,b,c). Then the Weighted mean

h; of f and g is given by

h(2) =§[(1 ~ ) A2+ pg20< j<l.

Theorem 6. Let f and g be in the class
AK-1 (y,mo,a,b,c). Then the Weighted mean

p,m

h; of f and gis also in the class

AKT (7, m,0,a,b,c)

Proof. By Definition 2, we have

h;(2) =%[(1— D) +(1+ )e(2)0 < j<l1.

28

n
an+p} .,(H 2 m)~a

[(1- )z —Zan+,,z“+f“)+

NI»-

(1+ (2" - Z b, , 2", 0< j<1.

Z (1= )a,, , +(1+ jb,, )27

= m

since f and g are in the class

AH 1 (y,m,a,b,c), then by Theorem (2), we
get
i (n+ p)l(a(1+y) + m—n+y(p—q)(c),(A+ p),
=m (H+ p— Q)'(a)n(b)n

< Pm=n+y(p=q)
e (p—9!

Xa
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i (n+ p)l(n(1+y) + m=n+y(p—g)c),(A+ p),

=m (H+ pP— q)'(a)n(b)n

xb,, < plm—n+y(p— q)),
(p—9)!

Hence

i (n+ p)l(n(1+y)+ m=n+y(p=q)(c),(~+ p)

(H+ pb— q)'(a)u(b)n

" (%((1—1)%,9 +(1+ )by, )7)

Lo J')i (n+ p)in(+y)+m=n+y(p=@(),(4+ P),

B E n=m (H + pP— q)'(a)n(b)n e
1 < @+ p)la(l+y)+m-n+y(p—q)c),(4+ p),
N2 (n+ p— @)@, (b), o
31(1- ) p!(m—n+y(p—q))+1(1+j) plm=n+y(p=q) _ pm=n+y(p=q)

2 (p—9! 2
This shows that h; e Ak;fn(y,m,a,a,b, C)
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