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Constrained Spline approximation
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Abstract:

In this paper, we find the relationships between the order of constrained
approximation by a polynomials which is copositive with a function (ff), by modulus
of smoothness T,_; , to the function f ,which is multiply by J.. , and between the best
approximation to the pairs of "intertwining splines of a polynomials" in I = [—b, b],
and the same of relationships but by the modulus of smoothness w,’_, to the function
f multiply by n~1]J.] . Also we find the order of constrained approximation to the

pairs of intertwining polynomials in ( ;Ul;;, ) .
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1. Introduction and definitions: "intertwining spline” which is coming

) from combination of overlapping
In this paper we study how well can

. ] polynomial pieces enfold contaminated
find the order of a constrained

N _ period . The polynomial P, €[],
approximations by a pair of

which is copositive with a function
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feLly,,DNA*J) ISR 0<p<
1. Let f be a function which is a
positive finitely many time say s>
1,on I say

—bh<j < <j <

b=j,,for j; €J, .

Recall that the order "Ditizain-Totik

modulus of smoothness"

[5]:

is given by

Wk, 8,1y
= sup |ak (. )||

Where ||.||L¢p(,) symbolize the

weighted quasi normed space [5] on an

interval [-b,p] S TS R. "The
weighted quasi normed  space"
Ly,(1),0 <p <1. have form:
Ly (1)
=<faf:IcR
1
ff(x

R: < ( ) x> <o,0<p

<1

and the quasi normed ||If||LM(,) < oo,

and

41

AK(F,x, 1)y = AK(E, %)y, =

o() (=

)k i —kz—h—ih) 4 kn

P+t )
0 o.w
is the symmetric difference [5] and in

this paper we used new "chebyshev

partition X; = acos%’ [5].

Let (6 = minliy, —i,0 <i<s)

where jo, = —b and j,.; = b, [5] ,

and let I; = [ji(”),llx 1)] i=1,.

such that f,<f <+ < II(K 1), v=
1,..,% —2.
= {i®w =1, -

. iy [(-1) _
D:Xjp41 =6 < <j
X, 0 <i<sji=1, n} The

simple A°(J}), denoted to the set of all
functions (), (—1)*"'f(x) = 0 .

We call the period J. =
[b—ulll,b], Ji=[-b+
u|1|, b], contaminated period if

(b—pulll <i <b),(=b+upulll <
i <b),
ii € Js, and u > 0 be affixed .

respectively for some point

2. Auxiliary Result:

In the following theorems we

referred to the relationships when

{S ,S},appear a pair of "intertwining
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spline” has an order (), on the knot
sequence {Xi}jnzo,and {P},i=1,2,

a pair of "intertwining polynomials"”
has an order < r, and a constant
C,in all relation in prove of the
following theorems are dependent on

(p, ).
Theorem (1):
AO(Ds):O <p< 1!]]5 = {jlﬂ""js P
b<ij,<-<jy<b=ij,}s=0.

Letf € Ly, (1) N

Let {Xj}jnzo , be a knot sequence , then
there are an intertwining pair of spline
{S,S},of order (r), on {Xj}jnzo,
andS—f,S—f € A°(J,) 2

IS = Sllw,,0) <
CUT T F Dy -
Proof:

By (Theorem (2.1.3) [5] ) , Ja

polynomials P; € ], NA°(J.) 3

N =Pl 00 <

CTk_l(ﬂ:: |]c|]c)1/),p .
Also 3Ja

[T NA°(J,) 3

polynomials  Q; €

I = Qill., 00 <
CT* (&N pp -

Now , for one sided polynomial

approximation on an period J.,3two
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polynomials # , Q; ,i=1,..,s of
degree < r,>
P,=>=fFf>= @Q,vx€J., which is
satisfies :

IP; —
Qi“Lw_p(]C) < CTrI(E, Jcllwp -

Let p;,q;, 0onJ.,are two polynomials,
define form p;,=%,,q;=0Q;, Iif
(-1 >0,and py=0Q;,q =272, if
(—1)** <0, hence

(=D (0 () — £(x)) =
0,1 (qi(x) —f(x)) < 0,x €
Je -

And

Ipi = aille, g0 = 1P —

Qillz, 00 < CT* Y (E Dy -

By ([3] ) , we have the contrast :
h(f,t), <Ctt*'(f ,¢t), ,hence
we get

lpi — aille, g0 <

Cl]clrk_l(ﬁ’ Ucl]c)d),p .. (1)

After we find a polynomials which
are approximation with the function f,
now we are blend them for smoothness
spline approximation on {Xi}inzo- Let
ii € Js,and Je o i, are non-
contaminated , then p;,p;_;,overlap
on J,, which contains (d), interior

knots from {Xi};lo :
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By " Beaton's Lemma [3] , Ja
spline S;,of order (r),at J,,on
{Xi}in:O , that relate with p,_, and p;.

Furthermore the outline of S;, located
between those of p; , p;_1 , hence
"sgn (pica(0) — F(x)) =
sgn (pi(x) — £(x)) = sgn (Si(x) -
F(x))" ,x €.

By the same method 3 a spline S; , of

order (r),at Ji,on {X} that

n
=0’
relate with ¢, and gq; ,and the
outline of S;, located between those of
qi , q;—1 , hence

"sgn (qi-1(x) — f(x)) =

sgn (qi(x) — £(x)) = sgn (S;(x) -
If(x)) ",XEJi .

IS — Sill Ly, 00
< C llpi-1
- CIt—1||L1,,,p(]k)
+ C |lpi — Qi“Lw,p(]k) ’
by (1) for J. < Ji, we get:

”gl - Si”sz,p(]k) S

o) P L (/1 1 WS ¢)
Now , if there is only one of a
polynomial p;, over I, set S, to this
polynomial . If there are two
polynomials overlapping on I,then
there must be a combination spline S;,

setS,t0S;, it is clear
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S—f € A°(J.),on

manner> S—f € A°(J.),on I.

I,by the same

Hence by (1) and (2) , we geton [ :
IS — SllLy,
< CUT (& 11, Dy -
J. €I =[-b,b].
Theorem (2):
A°(J:),0<p<1,Js= iy, wds : —
b<ij,<-<j1<b=j,},s=0.
And {S,S},of order

Letff € Ly, ,(I) N

(r), on
{Xj}jzo , is the same as in theorem (1) .
Then :
1S = Sy, <
el (@ n Yy, -
Proof:
After found the polynomials that

intertwining with f,on 1;, and which

have a approximate regulation, these
multipliers will be concerted for

smooth spline approximants S and S,
n

on {Xi}j=o :

Using the same manner of the proof
in theorem (1) we get on I; , that :

IS = Sllw,,,ap <

Clclt— (L, 5], 1) yp -

Where Ul =1=[-b,b],i=
1,..,s,and every x €I, is contained

in at most ( k), sub interval of 1;
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Then the assessment can be on the

other hand afflicted for on I; :

i=1 T (6 11, Hﬁ)plp’p =
C Y1017 w2 (£, 0], 1P, -
By ( Theorem (1.6.3) [5]) , we get
§=1 (2% (ﬂ:' |]1ﬁ|' Hﬁ)plp’p <
C Yi1ILIP w2 (T, |ﬂﬁ|,ﬂﬁ)p¢,p :
<
Cn‘pa)(’f,‘l(ff, n‘l)pwp .
That is :

[ 14
IS=SIP,, o =

ClJelP =y Taees (&, 1141, L) L

<

CUelP ZioLilP w2 (E, 1], )P, -

<Cn7? |]c|pw<’5_2(ﬁ'"_1)pw,p '
Hence

< Cn"HJlwg? (f, n Dyp -

Theorem (3): Let], = {j1, )js : —
b<is<-<j3<b=j,},5=0.
And S(x), be a spline of an order (1),
n
on {Xi}i=o'

intertwining of a

Then there exist "an

polynomials”
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{P,,P,},for S(x), with

Js 3

respect to

1P = Palliy,,qs0140) <
Cag(f, 1,13 U Tipq 13 U gy p -
Proof:

Firstly ,we show that the polynomial:

P = RGO+ )y ()
j=0

i=12,

Where PB,(x),be a polynomial of

degree <r, and
s @ -7 0

L= Jj+1 J -
14 ! ,j=0,..,5,also
Ti(x) =
{i‘sa,j(x) ;o a=i=1

. , 3

Xa,j(x) ; a=i=2

7ij(x),be a polynomial of degree
<r, that pleasure the confirmation
(p;), of theorem (1) , and which is
pleasure the conclusion in (Lemma
(5.22) [1]) , and

1, x=2x
Xy = T2k e,
3

|Sa,j(x) - Xa,j(x)l
< COOYa; (),
where M € N,be a fixed .It is
comparatively directly transmit to

confirm , then:

Vol.23 No.3 Year 2018
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1Py = Pl @ 1Py = Palliy,,ap

n n
- _
= Z}’j(ﬂ,j —EC IS
j=0 J=0
- S” Lw‘p(]]ﬁ) w%_zm (x) .

- g}:]) Since ]lﬁ (e ]lﬁ U ]lﬁ+1 B
Ly, p(15)
||:P1 - ?leLw_p( LjUli4+1 )

<|IS

< C Zallyil,,, g 19500 - n

%,](x) | - S” Ll[l,p( 1;Ul544 ) Z C Lp%_zm (x) ’
j=0
! ” a Not that 37 ,C W2 2™ (x) <

SP| 180, = xai () | }

Ly,p(p) Clpk, M) , M —-2m =2,

<C 2}1:0”§j+1 — ||, — ?2||L1,,_p( ULy )

. M-2m <cC|s

S] ”Llli.p(]lﬁ) a,j (x) ) ”

— S| iUligq )
Where S;,1(x), denotes for "smooth Lyp(1iVlirs )

<ClS-

spline approximation” on {Xi}jnzo 5
_ P” Lw’p( IUli4q ) + C”S -
Sj+1(X) =S I]]ﬁ , and Sj (X) =

P” Loy ( 13Ul )
§I]1ﬁ , X € Hﬁ . ve "
B = ]Ll + ]LZ .
That is sense  S;,, ,S;, are _
o L, < C|IS—fl Ul
pleasure the confirmation of (Theorem ! byp( TVl )

(1)), hence +Clif

=Pl Ly, (o ) -

12l

—f, S; — f € A°(J%) , where

f € Ly,d) nA° (J0)

And

B L, < C||S— ] Ly p( 13Ulj41 )
||§j+1 - SJ'“ (1) =1Is- S”Lw'p(ﬂﬁ)

Lyp + C||f

- P” Llll,p( 1;Uli4q ) -
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By [(Lemma (5.3.4) , Theorem
(1.6.1) and Theorem (2.1.2)) ([5])], we
get

Ly < Cwd(f, 1,13 U liql,1; U
livyDyp »
also

L, < Cwl(f, |, 1; U Ij44],1; U
liv)yp -

Hence

1Py = Palliy,,qpun40) <
Cwl(F 1,1 Uiy, 15 U L)y p -
Where C,be a constant which is

dependentonp ,k, M .
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