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Abstract:  

     In this paper, we find  the relationships between the order of constrained 

approximation by a polynomials which is copositive with a   function (𝕗), by modulus 

of smoothness  𝜏𝑘−1 , to the function 𝕗́  ,which is multiply by 𝐽𝑐 , and between the best 

approximation to the pairs of "intertwining splines of a polynomials" in 𝐼 = [−𝑏, 𝑏] , 

and the same of  relationships but by the modulus of smoothness  𝜔𝑘−1
𝜑

 to the function 

𝕗́ multiply by  𝑛−1 |𝐽𝑐| . Also we find the order of constrained approximation to the 

pairs of intertwining polynomials in ( 𝔩𝕚⋃𝕝𝕚+1 ) .  

Key words: approximation,  intertwining, spline, modulus of smoothness. 

 

1. Introduction and definitions: 

   In this paper we study how well can 

find the order of a constrained 

approximations by a pair of 

"intertwining spline" which is coming 

from combination of overlapping 

polynomial pieces enfold contaminated 

period . The polynomial 𝒫𝔦 ∈ ∏𝑟 

which is copositive with a function  
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𝕗 ∈ 𝐿𝜓,𝑝(𝐼) ∩△0 (𝐼) ,𝐼 ⊆ 𝑅, 0 < p <

1 . Let  𝑓  be a function which is a 

positive finitely many  time  say  𝔰 ≥

1, on 𝐼   say    −𝑏 < 𝔧𝔰 < ⋯ < 𝔧1 <

𝑏 = 𝔧0 , for  𝔧𝔰 ∈ 𝕁𝔰 . 

   Recall that the order "Ditizain-Totik 

modulus of smoothness" is given by 

[5] : 

𝜔𝜑
𝑘 (𝕗, 𝛿, 𝐼)𝜓,𝑝

= sup
0<ℎ≤𝛿

‖△ℎ
𝑘 (𝕗, . )‖

𝐿𝜓,𝑝(𝐼).
 

   Where  ‖. ‖𝐿𝜓,𝑝(𝐼) symbolize the 

weighted quasi normed space [5] on an 

interval  [−𝑏, 𝑏] ⊆ 𝐼 ⊆ 𝑅 . "The 

weighted quasi normed space" 

𝐿𝜓,𝑝(𝐼), 0 < 𝑝 < 1 .  have form :  

𝐿𝜓,𝑝(𝐼)

= {𝕗 ∋ 𝕗: 𝐼 ⊂ 𝑅

⟶ 𝑅: (∫
𝐼

|
𝕗(𝑥)

𝜓(𝑥)
|

𝑝

𝑑𝑥)

1
𝑝

< ∞ , 0 < 𝑝

< 1} 

and the quasi normed ‖𝕗‖𝐿𝜓,𝑝(𝐼) < ∞ , 

and 

 ∆ℎ
𝑘(𝕗, 𝑥, 𝐼)𝜓 = ∆ℎ

𝑘(𝕗, 𝑥)𝜓 =

{
∑ (𝑘

𝑖
)(−1)𝑘−𝑖𝑘

𝑖=0

𝕗(𝑥−
𝑘ℎ

2
−𝑖ℎ)

𝜓(𝑥+
𝑘ℎ

2
)

, 𝑥 ±
𝑘ℎ

2
∈ 𝐼

0 𝑜. 𝑤

 

is the symmetric difference [5] and in 

this paper we used new "chebyshev 

partition  𝑋𝑗 = 𝑎𝑐𝑜𝑠
𝑗𝜋

𝑛
 [5] . 

   Let    (𝛿 = 𝑚𝑖𝑛|𝔧𝔦+1 − 𝔧𝔦|, 0 ≤ 𝔦 ≤ 𝔰)  

where 𝔧0 = −𝑏 and 𝔧𝔰+1 = 𝑏 ,   [5]  , 

and let 𝕝𝕚 = [𝔧𝔦
(𝑣)

, 𝔧𝔦
(𝒦−1)

] , 𝕚 = 1, … , 𝔰 , 

such that  𝔧́𝔦 < 𝔧𝔦́́ < ⋯ < 𝔧𝔦
(𝒦−1)

,   𝑣 =

1, … , 𝒦 − 2. 

𝕁𝔰
∗ = {𝔧𝔦

(𝑣)
, 𝑣 = 1, … , (𝒦 −

1): 𝕏𝔧(𝔦)+1 = 𝔧𝔦́ < ⋯ < 𝔧𝔦
(𝒦−1)

=

𝕏𝔧(𝔦), 0 < 𝔦 ≤ 𝔰, 𝔧 = 1, … , 𝑛} .The 

simple  ∆0(𝕁𝔰
∗), denoted to the set of all 

functions (𝕗), ∋ (−1)𝔰−𝔦𝕗(𝑥) ≥ 0  . 

   We call the period  𝐽𝑐 =

[𝑏 − 𝜇|𝐼| , 𝑏] ,    𝐽𝑘 = [−𝑏 +

𝜇|𝐼|, 𝑏], contaminated period if  

(𝑏 − 𝜇|𝐼| < 𝔧𝔦  ≤ 𝑏) , (−𝑏 + 𝜇|𝐼| <

𝔧𝔦  ≤ 𝑏) , respectively for some point 

𝔧𝔦  ∈  𝕁𝔰 ,   and 𝜇 > 0  be affixed . 

 

2. Auxiliary Result: 

   In the following theorems we 

referred to the relationships when 

{𝑆 ̅ , 𝑆 } , appear a pair of "intertwining 
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spline" has an order  ( 𝑟 ),  on the knot 

sequence {𝕏𝔧}𝔧=0

𝑛
 , and {𝒫𝔦} , 𝔦 = 1 , 2 ,  

a pair of "intertwining polynomials"  

has an order  < 𝑟 ,  and a constant  

𝐶 , in all relation in prove of the 

following theorems are dependent on 

(𝑝, 𝜅).   

 

Theorem (1): Let 𝕗 ∈ 𝐿𝜓,𝑝(𝐼) ∩

∆0(𝕁𝔰), 0 < 𝑝 < 1 , 𝕁𝔰 = {𝔧1, … , 𝔧𝔰  : −

𝑏 < 𝔧𝔰 < ⋯ < 𝔧1 < 𝑏 = 𝔧0 }, 𝔰 ≥ 0 . 

Let {𝕏𝔧}𝔧=0

𝑛
 , be a knot sequence , then 

there are an intertwining pair of spline 

{𝑆 ̅ , 𝑆 } , of order ( 𝑟 ),  on  {𝕏𝔧}𝔧=0

𝑛
 , 

and 𝑆̅ − 𝑓 , 𝑆 − 𝑓 ∈ Δ0(𝕁𝔰)  ∋  

                                  ‖𝑆̅ − 𝑆‖𝐿𝜓,𝑝(𝐼) ≤

𝐶|𝐽𝑐|𝜏𝑘−1(𝑓́, |𝐼|𝐼)𝜓,𝑝   .   

Proof:  

   By (Theorem (2.1.3) [5] ) , ∃ a 

polynomials 𝒫𝔦 ∈ ∏𝑟 ⋂Δ0(𝕁𝔰)  ∋ 

                                  ‖𝕗 − 𝒫𝔦‖𝐿𝜓,𝑝(𝐽𝑐) ≤

𝐶𝜏𝑘−1(𝕗, |𝐽𝑐|𝐽𝑐)𝜓,𝑝   . 

   Also ∃ a polynomials 𝑄𝔦 ∈

∏𝑟 ⋂Δ0(𝕁𝔰)  ∋ 

                                  ‖𝕗 − 𝑄𝔦‖𝐿𝜓,𝑝(𝐽𝑐) ≤

𝐶𝜏𝑘−1(𝕗, |𝐽𝑐|𝐽𝑐)𝜓,𝑝   . 

   

   Now , for one sided polynomial 

approximation on an period  𝐽𝑐  , ∃ two 

polynomials 𝒫𝔦  , 𝑄𝔦  , 𝔦 = 1, … , 𝔰 of 

degree < 𝑟 , ∋  

𝒫𝔦  ≥  𝕗 ≥ 𝑄𝔦 , ∀ 𝑥 ∈  𝐽𝑐  , which is 

satisfies : 

                                  ‖𝒫𝔦 −

𝑄𝔦‖𝐿𝜓,𝑝(𝐽𝑐) ≤ 𝐶𝜏𝑘−1(𝕗, |𝐽𝑐|𝐽𝑐)𝜓,𝑝   . 

Let 𝑝𝑖 , 𝑞𝑖  , on 𝐽𝑐  , are two polynomials, 

define form 𝑝𝑖 = 𝒫𝔦 , 𝑞𝑖 = 𝑄𝔦 , if 

(−1)𝔰−𝔦 > 0 ,and  𝑝𝔦 = 𝑄𝔦 , 𝑞𝔦 = 𝒫𝔦 , if 

(−1)𝔰−𝔦 < 0 , hence  

 (−1)𝔰−𝔦 (𝑝𝔦(𝑥) − 𝕗(𝑥)) ≥

0 , (−1)𝔰−𝔦 (𝑞𝔦(𝑥) − 𝕗(𝑥)) ≤ 0 , 𝑥 ∈

𝐽𝑐 .  

   And  

         ‖𝑝𝔦 − 𝑞𝔦‖𝐿𝜓,𝑝(𝐽𝑐)  =  ‖𝒫𝔦 −

𝑄𝔦‖𝐿𝜓,𝑝(𝐽𝑐) ≤ 𝐶𝜏𝑘−1(𝕗, |𝐽𝑐|𝐽𝑐)𝜓,𝑝   . 

   By ([3] ) , we have the contrast : 

𝜏𝑘(𝑓, 𝑡)𝑝   ≤ 𝐶 𝑡 𝜏𝑘−1(𝑓  ̀ , 𝑡)𝑝   , hence 

we get  

‖𝑝𝔦 − 𝑞𝔦‖𝐿𝜓,𝑝(𝐽𝑐)  ≤

𝐶|𝐽𝑐|𝜏𝑘−1(𝕗, |𝐽𝑐|𝐽𝑐)𝜓,𝑝    …. (1) 

   After we find a polynomials which 

are approximation with the function 𝕗 , 

now we are blend them for smoothness 

spline approximation on {𝕏𝔧}𝔧=0

𝑛
 . Let 

𝔧𝔦  ∈  𝕁𝔰 , and 𝐽𝑐 , 𝐽𝑘  , are non-

contaminated , then 𝑝𝔦 , 𝑝𝔦−1 , overlap 

on 𝐽𝑘 , which contains  ( 𝑑 ), interior 

knots from {𝕏𝔧}𝔧=0

𝑛
 . 
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   By " Beaton's Lemma  [3]  , ∃ a 

spline 𝕊̅𝔦 , of order ( 𝑟 ), at 𝐽𝑘 , on 

{𝕏𝔧}𝔧=0

𝑛
  , that relate with  𝑝𝔦−1 and 𝑝𝔦 . 

Furthermore the outline of  𝕊̅𝔦 , located 

between those of 𝑝𝔦 , 𝑝𝔦−1 , hence  

" 𝑠𝑔𝑛 (𝑝𝔦−1(𝑥) − 𝕗(𝑥)) =

𝑠𝑔𝑛 (𝑝𝔦(𝑥) − 𝕗(𝑥)) = 𝑠𝑔𝑛 (𝕊̅𝔦(𝑥) −

𝕗(𝑥)) "  , 𝑥 ∈ 𝐽𝑘  . 

   By the same method ∃ a spline 𝕊𝔦 , of 

order ( 𝑟 ), at 𝐽𝑘  , on {𝕏𝔧}𝔧=0

𝑛
  , that 

relate with  𝑞𝔦−1 and 𝑞𝔦  , and the 

outline of  𝕊𝔦 , located between those of 

𝑞𝔦 , 𝑞𝔦−1 , hence  

" 𝑠𝑔𝑛 (𝑞𝔦−1(𝑥) − 𝕗(𝑥)) =

𝑠𝑔𝑛 (𝑞𝔦(𝑥) − 𝕗(𝑥)) = 𝑠𝑔𝑛 (𝕊𝔦(𝑥) −

𝕗(𝑥)) "  , 𝑥 ∈ 𝐽𝑘  . 

 ‖𝕊̅𝔦 − 𝕊𝔦‖𝐿𝜓,𝑝(𝐽𝑘)

≤ 𝐶 ‖𝑝𝔦−1

− 𝑞𝔦−1‖𝐿𝜓,𝑝(𝐽𝑘)

+ 𝐶 ‖𝑝𝔦 − 𝑞𝔦‖𝐿𝜓,𝑝(𝐽𝑘) , 

by (1) for   𝐽𝑐 ⊂ 𝐽𝑘 ,  we get: 

‖𝕊̅𝔦 − 𝕊𝔦‖𝐿𝜓,𝑝(𝐽𝑘)  ≤

𝐶|𝐽𝑐|𝜏𝑘−1(𝕗́, |𝐽𝑘|, 𝐽𝑘)𝜓,𝑝       ….(2) 

    Now , if there is only one of a 

polynomial  𝑝𝔦 , over 𝐼 , set 𝕊̅ , to this 

polynomial . If there are two 

polynomials overlapping on 𝐼 , then 

there must be a combination  spline 𝕊̅𝔦 , 

set 𝕊̅ , to 𝕊̅𝔦 , it is clear  

𝕊̅ − 𝕗 ∈  ∆0(𝕁𝔰), on  𝐼 , by the same 

manner ∋  𝕊 − 𝕗 ∈  ∆0(𝕁𝔰), on  𝐼 .  

   Hence by (1) and (2) , we get on 𝐼 ∶ 

‖𝕊̅ − 𝕊‖𝐿𝜓,𝑝(𝐼)  

≤ 𝐶|𝐽𝑐|𝜏𝑘−1(𝕗́, |𝐼|, 𝐼)𝜓,𝑝   . 

𝐽𝑐  ⊂ 𝐼 = [−𝑏, 𝑏]. 

  

Theorem (2): Let 𝕗 ∈ 𝐿𝜓,𝑝(𝐼) ∩

∆0(𝕁𝔰), 0 < 𝑝 < 1 , 𝕁𝔰 = {𝔧1, … , 𝔧𝔰  : −

𝑏 < 𝔧𝔰 < ⋯ < 𝔧1 < 𝑏 = 𝔧0 }, 𝔰 ≥ 0 . 

And {𝑆 ̅ , 𝑆 } , of order ( 𝑟 ),  on  

{𝕏𝔧}𝔧=0

𝑛
 , is the same as in theorem (1) . 

Then :  

                                  ‖𝑆̅ − 𝑆‖𝐿𝜓,𝑝(𝐼) ≤

𝐶𝑛−1|𝐽𝑐|𝜔𝜑
𝑘−1(𝕗́, 𝑛−1)𝜓,𝑝   .   

Proof:  

   After found the polynomials that 

intertwining with 𝕗 , on 𝕝𝕚 , and which 

have a approximate  regulation, these 

multipliers will be concerted for 

smooth spline approximants 𝑆̅  and  𝑆 , 

on {𝕏𝔧}𝔧=0

𝑛
 . 

   Using the same manner of the proof 

in theorem (1) we get on 𝕝𝕚 , that : 

                                  ‖𝑆̅ − 𝑆‖𝐿𝜓,𝑝(𝕝𝕚) ≤

𝐶|𝐽𝑐|𝜏𝑘−1(𝕗́, |𝕝𝕚|, 𝕝𝕚)𝜓,𝑝   .   

   Where ⋃ 𝕝𝕚 = 𝐼 = [−𝑏, 𝑏], 𝕚 =

1, … , 𝔰 , and every 𝑥 ∈ 𝐼 , is contained 

in at most ( 𝑘 ),  sub interval of  𝕝𝕚 . 
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   Then the assessment can be on the 

other hand afflicted for on 𝕝𝕚 ∶ 

                                

∑ 𝜏𝑘
𝔰
𝕚=1 (𝕗, |𝕝𝕚|, 𝕝𝕚)

𝑝
𝜓,𝑝 

≤

𝐶 ∑ |𝕀𝕚|
𝑝𝔰

𝕚=1 𝜔𝜑
𝑘−1(𝕗́, |𝕝𝕚|, 𝕝𝕚)

𝑝
𝜓,𝑝   

.   

By ( Theorem (1.6.3) [5]) , we get  

∑ 𝜏𝑘
𝔰
𝕚=1 (𝕗, |𝕝𝕚|, 𝕝𝕚)

𝑝
𝜓,𝑝 

≤

𝐶 ∑ |𝕀𝕚|
𝑝𝔰

𝕚=1 𝜔𝜑
𝑘−1(𝕗́, |𝕝𝕚|, 𝕝𝕚)

𝑝
𝜓,𝑝   

.   

                                      ≤

𝐶𝑛−𝑝𝜔𝜑
𝑘−1(𝕗́, 𝑛−1)𝑝

𝜓,𝑝   
.   

   That is : 

    

‖𝕊̅ − 𝕊‖𝑝
𝐿𝜓,𝑝(𝐼) ≤

𝐶|𝐽𝑐|𝑝 ∑ 𝜏𝑘−1
𝔰
𝕚=1 (𝕗́, |𝕝𝕚|, 𝕝𝕚)

𝑝
𝜓,𝑝 

  

                          

≤

 𝐶|𝐽𝑐|𝑝 ∑ |𝕀𝕚|
𝑝𝔰

𝕚=1 𝜔𝜑
𝑘−2(𝕗́́, |𝕝𝕚|, 𝕝𝕚)

𝑝
𝜓,𝑝   

. 

                          

≤ 𝐶𝑛−𝑝|𝐽𝑐|𝑝𝜔𝜑
𝑘−2(𝕗́́, 𝑛−1)𝑝

𝜓,𝑝   
.   

   Hence  

‖𝑆̅ − 𝑆‖𝐿𝜓,𝑝(𝐼)  

≤ 𝐶𝑛−1|𝐽𝑐|𝜔𝜑
𝑘−2(𝕗́́, 𝑛−1)𝜓,𝑝   .  

  

Theorem (3): Let 𝕁𝔰 = {𝔧1, … , 𝔧𝔰  : −

𝑏 < 𝔧𝔰 < ⋯ < 𝔧1 < 𝑏 = 𝔧0 }, 𝔰 ≥ 0 .   

And 𝑆(𝑥), be a spline of an order ( 𝑟 ),  

on  {𝕏𝔧}𝔧=0

𝑛
 .  Then there exist "an 

intertwining of a polynomials" 

{𝒫1 , 𝒫2} , for 𝑆(𝑥),  with respect to 

𝕁𝔰  ∋   

 

           ‖𝒫1 − 𝒫2‖𝐿𝜓,𝑝(𝕝𝕚∪𝕝𝕚+1) ≤

𝐶𝜔𝜑
𝑘 (𝕗, |, 𝕝𝕚 ∪ 𝕀𝕚+1|, 𝕝𝕚 ∪ 𝕀𝕚+1)𝜓,𝑝   .   

 Proof:  

   Firstly ,we show that the polynomial: 

𝒫𝔦(𝑥) = 𝑃𝑛(𝑥) + ∑ 𝛾𝑗   𝒯𝑖,𝑗(𝑥)   ,

𝔰

𝑗=0

𝑖 = 1,2 , 

   Where  𝑃𝑛(𝑥) , be a polynomial of 

degree ≤ 𝑟 ,  and 

𝛾𝑗 =
𝕊𝑗+1

(2𝑚)
(𝑥)−𝕊𝑗

(2𝑚)
(𝑥)

(2𝑚)!
 , 𝑗 = 0, … , 𝔰 , also  

𝒯𝑖,𝑗(𝑥) =

{
ℑ𝑎,𝑗(𝑥)    ; 𝑎 = 𝑖 = 1

𝜒𝑎,𝑗(𝑥)      ; 𝑎 = 𝑖 = 2
   ,    ∋  

𝒯𝑖,𝑗(𝑥) , be a polynomial of degree 

≤ 𝑟 , that pleasure the confirmation 

( 𝑝𝔦 ), of theorem (1) , and which is 

pleasure the conclusion in (Lemma 

(5.22) [1]) , and  

𝜒𝑎,𝑗(𝑥) = {
1    ; 𝑥 ≥ 𝑥𝑎

  0   ; 𝑜. 𝑤
      , 𝑥 ∈ 𝐼  ,   

∋ 

|ℑ𝑎,𝑗(𝑥) −  𝜒𝑎,𝑗(𝑥)|  

≤ 𝐶(ℳ)𝜓𝑎,𝑗
ℳ (𝑥) ,  

where ℳ ∈ 𝑁 , be a fixed .It is 

comparatively directly transmit to 

confirm , then:  
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‖𝒫1 − 𝒫2‖𝐿𝜓,𝑝(𝕀𝕚)  

=  ‖∑ 𝛾𝑗(

𝑛

𝑗=0

𝒯1,𝑗

− 𝒯2,𝑗)‖

𝐿𝜓,𝑝(𝕝𝕚)

 

     

            ≤ 𝐶 ∑ ‖𝛾𝑗‖
𝐿𝜓,𝑝(𝕝𝕚)

 |𝒯1,𝑗(𝑥) −𝑛
𝑗=0

𝒯2,𝑗(𝑥) |        

            ≤ 𝐶 ∑ ‖𝕊𝑗+1
(2𝑚)

−𝑛
𝑗=0

𝕊𝑗
(2𝑚)

‖
𝐿𝜓,𝑝(𝕝𝕚)

 |ℑ𝑎,𝑗(𝑥) − 𝜒𝑎,𝑗(𝑥) |       

            ≤ 𝐶 ∑ ‖𝕊𝑗+1 −𝑛
𝑗=0

 𝕊𝑗‖
𝐿𝜓,𝑝(𝕝𝕚)

  ψ𝑎,𝑗
ℳ−2𝑚 (𝑥)     , 

Where 𝕊𝑗+1(𝑥) , denotes for "smooth 

spline approximation" on   {𝕏𝔧}𝔧=0

𝑛
  ∋

  𝕊𝑗+1(𝑥) ≡ 𝕊 ̅ Ι𝕝𝕚
  ,   and 𝕊𝑗(𝑥) ≡

𝕊 Ι𝕝𝕚
   , 𝑥 ∈ 𝕝𝕚  . 

   That is sense  𝕊𝑗+1  , 𝕊𝑗   ,  are 

pleasure the confirmation of  (Theorem 

(1) ), hence 

 𝕊 ̅ − 𝕗   ,  𝕊𝑗 − 𝑓 ∈  ∆0(𝕁𝔰
∗) , where 

𝕗 ∈ 𝐿𝜓,𝑝(𝕝𝕚) ∩△0 (𝕁𝔰
∗)  ,  

‖𝕊𝑗+1 −  𝕊𝑗‖
𝐿𝜓,𝑝(𝕝𝕚)

= ‖𝕊̅ −  𝕊‖𝐿𝜓,𝑝(𝕝𝕚) 

‖𝒫1 − 𝒫2‖𝐿𝜓,𝑝(𝕀𝕚)  

≤ ∑ 𝐶

𝑛

𝑗=0

 ‖𝕊̅

− 𝕊‖ 𝐿𝜓,𝑝(𝕝𝕚)   ψ𝑎,𝑗
ℳ−2𝑚 (𝑥)  . 

   Since 𝕝𝕚 ⊂  𝕝𝕚 ∪ 𝕝𝕚+1  ,  

‖𝒫1 − 𝒫2‖𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )  

≤ ‖𝕊̅

− 𝕊‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )  ( ∑ 𝐶

𝑛

𝑗=0

 ψ𝑎,𝑗
ℳ−2𝑚 (𝑥) ), 

   Not that ∑ 𝐶𝑛
𝑗=0  ψ𝑎,𝑗

ℳ−2𝑚 (𝑥)  ≤

𝐶(𝑝, 𝑘, ℳ)   , ℳ − 2𝑚 ≥ 2 ,   

‖𝒫1 − 𝒫2‖𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )  

≤ 𝐶‖𝕊̅

− 𝕊‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  ) , 

                                   ≤ 𝐶‖𝕊̅ −

𝑃‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  ) + 𝐶‖𝕊 −

𝑃‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  ) 

                                   = 𝕃1  +   𝕃2   . 

𝕃1  ≤  𝐶‖𝕊̅ − 𝕗‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )

+ 𝐶‖𝕗

− 𝑃‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )  . 

   And  

𝕃2  ≤  𝐶‖𝕊 − 𝕗‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )

+ 𝐶‖𝕗

− 𝑃‖ 𝐿𝜓,𝑝(  𝕝𝕚∪𝕝𝕚+1  )   . 
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   By [(Lemma (5.3.4) , Theorem 

(1.6.1) and Theorem (2.1.2)) ([5])], we 

get  

           𝕃1 ≤ 𝐶𝜔𝜑
𝑘 (𝕗, |, 𝕝𝕚 ∪ 𝕀𝕚+1|, 𝕝𝕚 ∪

𝕀𝕚+1)𝜓,𝑝   ,   

also    

           𝕃2 ≤ 𝐶𝜔𝜑
𝑘 (𝕗, |, 𝕝𝕚 ∪ 𝕀𝕚+1|, 𝕝𝕚 ∪

𝕀𝕚+1)𝜓,𝑝   .  

  Hence  

           ‖𝒫1 − 𝒫2‖𝐿𝜓,𝑝(𝕝𝕚∪𝕝𝕚+1) ≤

𝐶𝜔𝜑
𝑘 (𝕗, |, 𝕝𝕚 ∪ 𝕀𝕚+1|, 𝕝𝕚 ∪ 𝕀𝕚+1)𝜓,𝑝   .   

   Where 𝐶 , be a constant which is 

dependent on 𝑝 , 𝑘 , ℳ .  
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