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1 .Introduction

Let Y%,y denote the family of all
functions f,of the form:

F@) = s+ 5 ez = @)
m

, YEN\{1},p =12, ...

which are analytic in the punctured unit disk
U={z€(C:0<|z| <1},and w is a fixed
pointin U.

Let Y55y denote the family of all functions
f,of the form:

f(@) = o = By a2 — )7

¥y €EN\{1}p =12, ... )

which are analytic in the punctured unit disk
U={z€(C:0<|z|] <1}.and w is a fixed

16

pointin U.

For two functions f and g analytic in
A={z€C(C:|z]| <1} ,we say that the
function f is subordinate to g in A and
write f(z) < g(z) orsimply f < g if there
exists a schwarz function w which is
analytic in A with w(0) =0 and [w| <1
such that

f(@) =gw(2),z€A
Let 1:C3 X A - C and let h analytic in A.
Assume that p.1y are analytic and univalent
in A and p satisfies the differential
superordination
(@) < Y@@),2p'(2), 22" (2)2).  (3)

Then p is a solution of the differential
superordination .An analytic function q is
called a subordinat if g <p, for all p
satisfying equation(3).A univalent function
q such that p < g for all subordinates p of
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equation(3) is said to be the best subordinate.

feXZbpy Bapy) s
meromorphic multivalent w -starlike with
respect to symmetric points if f(z) # 0 and

A functions

_Re(Eo'@ _
ke {f(Z)—f(—z)} >0,(z—w)eU. (4)

A functions feXr, . (Xopy) s

meromorphic multivalent w -convex with

respect to symmetric points if f(z) # 0 and
D)

—Re{1+ 7
(F@-f(-2)

U. (5)

}>0,(z—a))e

A functions fE€YXL,, (Z;,_m,) is
meromorphic multivalent w-Quasi convex
function if there exist a meromorphic
multivalent w-convex function g such that
g'(z) #0 and
B ((z—w)f’(z))'} 3
Re{(g(z)—g(—z))' >0,(z-w)eU. (6)
This study establish some sufficient
conditions for the functions belong to the
classes Y4, and X5, to satisfy

- w} _
Re{ ooy § 1@, (z—w) €.
(7)

and q is the given univalent function in U.
Moreover , we give application for these
results in fractional calculs.

We need to the following lammas.

Lemma 1.[8] Let g be convex univalent in
the unit disk A and ¢, a € C with

zq''(z
Re(1+22+2) > 0.

If p is analytic in A and

¢p(2) + azp’ < ¢q(z) + azq'(z),

then p < q is the best dominant

Lemma 2.[3] Let g be univalent in the unit
disk A and © be analytic in adomain D

17

containing q(A). If zq'(2)0(z) is starlike
in A and

zp'(2)0(p(2)) < zq'(2)0(q(2)),
then p < q and q is the best dominat.

2 .Subordination Theorems

This section establish some sufficient
conditions for subordination of analytic
function in the classes Y. ,,, and Yg .,
.The same properties have been found for
other classes in [1,2].

Theorem 1. Let the function g be convex
univalent in U such that q'(z) # 0 and

0" @) | ¢
Re(l DD a) >0,a#0. (8)

~2((z-)?f'(2)’
Suppose that D)

in U If f Ezz,,p,y

subordination

~2(z-0)’ /@)
(9@-g(-2)’

v
ta <(Z — 0)((z - w)Pf'(2)"
(= wPf'(2)
_(Z-—w)(g(@) - g(—Z))”)]
9@ —g(=2))

is the analytic

satisfies  the

<¢q(2) +a(z - w)q'(2),
then

—2((z — w)Pf'(2))
g@) - g(=2)

<q(2),

and q is the best dominant.
Proof.Let the function
_ —2@-o)PF' @)
P = ~y—gt-2y
function ,with respect to (z — w)and
perfoming calculations we get

p'(z) =

. Differentiating this
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—2((z=w)Pf'(2)" (9(2)—g(-2)) +2(z-w)Pf'(2))' (9(2)—g(-z))"

[((g(@-g(-2)']?

It can be observed that
¢p(2) + a(z — w)p'(2)

_ =2((z—w)Pf'(2))
(9@ —-g(-2)
ta <(Z —w)((z— w)Pf'(2))"
((z—w)Pf'(2))
(-0 - g(—Z))")]
g@ —g(=2))
< $q(2) + a(z — w)q' (2).

The Using the assumption the theorem the
assertion of the theorem follows by an
application of Lemma 1.

Corollary 1.Let equation(8)holds.Let the
function g be univalent in U. Let k =1 ,if
q satisfies the subordination

—2((z— w)f'(2)) [qb
9@ —g(=2))
((z —w)(z—w)f'(2)"
+a

(= w)f'(@)
_(Z-w)(g(@) - g(—Z))”)]
(9@ —g(=2))

< $q(2) + a(z - w)q'(2),

then

—2((z— w)f'(2))
(9@ —g(—=2)'

<q(2),

and g 1is the best dominant.

Theorem 2. Let the function q be univalent

in U such that g #0 ,(z—w) €U and

(z-w)q'(2)
q(z)

f € ¥Xopy satisfies the subordination

is starlike univalent in U . If

((Z —w)((z — w)?Pf'(2))"
((z = w)Pf'(2))
(-0 - g(—Z))”>
(g(2) —g(=2))

<1z - w) M

q(2)’

then
—2((z — w)?Pf'(2))’
92 —g(=2))
and q is the best dominant.
Proof . Let the function ¢ be defined by

—2((z- w)Pf @)
PO =@ - 92
By setting

q(2),

. Z-w)eU

T(9) =n\g,5#0
it can be cleared that 7 is analytic in

C —{0}. Then by simply computation we
have
(z—w)'(2)
¢(2)
((Z —w)((z - w)Pf'(2)"
(- w)Pf'(2)
(-0 - g(—Z))">
9@ —g(=2))
PNGEIDIIG)
q(2)
Then Using the assumption the theorem the
assertion of theorem follows by application
of Lemma 2.

Corollary 2.Assume that q is convex
univalent in U .Let p=1, if f € ¥,
and

((z —w)((z—-w)f'(2)"
((z—w)f'(2)
(z-w0)(g(@) - g(—z))”>
9@ —-g(=2))
(z—w)q'(2)
q(z)

then

—2(z - w)f'(2))
9@ - g(=2)

<q(2),
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. , O R@A+ B~ A;
and q is the best dominant. (11

3 .Applications of Fractionl Integral
Operator

we introduce some

containing
Let f(z) =
Yo ¢r(z — w)* and let us begin with the
following definition. Following the ealier
work by Srivastava and Owa [7,8] and Miller
and Ross [4] and recently Darus and Faisal

[1].

In this section |,
application of section (2)
fractional integral operators.

Difinition 1. [6] .For afunction f ,the
fractional integral of order A is defined by :

=gl FOE-H"dE2>0  ©)
where the function f is analytic in simply
connected region of the complex z-plane
containing the origin and the multiplicity of
(z—&5*1 is removed be requining
log(z — &) to be real when (z -8>0.

Note that I2f(2) = f(2) xZ— for z > 0.

T(A)

Let a,b,c € C with C #0,—1,-2,.... The
Gaussian hyper geometric function ,F; is
defined by:

n
2Fi(a,b;c;2) =Y, (@nB)n 2"

©n nV (10)
where (x,) is the pochhammer symbol

defined , in terms of the Gamma function by:

I"(x+n)
( )n - I'(x)

1 ,(n=0)
{ x(x+1)(x+2)...(x+n—1),neN}'

Now, we introduce a w-fractional integral
operators .

Difinition 2. For A >0 and f,u € R, the
AB.u

w -fractional 0zw 18

defined by :

A (z—w)‘a‘ﬁ Z—w
IoPhf(z) = @ o

integral operator [

(z-w) -

19

where the function f is analytic in a simply
-connected region of the z-plane containing
hte origin with the order
f@)=0(z-wl)* (z-w-0),
e >max{0,B —u}—1,

and the multiplicity of ((z — w) — &)1 is
removed by requiring log(z — w) to be real
when (z—w)—&>0.

From Definition (2)with § <0 ,we have
A,
Iy zﬁ al)l f(2)
(Z _ w)—l—ﬁ fz—w
=y ((z - w)
r@) 0

- f)l_lel(A + ﬂ! -wAl

A+ B (Wi (z = w)™*F

= DDk r@)
X ((Z —w) =9
0
3
> “F(dg

B had (Z_w)—l—ﬁ—k Z-w
= kzo Bt @-w

— OIFATf(§)dE

B Al
B KT
k=0

H, Zm .
= —_— — _ﬁ_l
F(A) i (pk(z w) 4

Hy ok
ry’

andlet f =k\y +1,

where Hy = Y.y, Br. Denote a; =

forall k = 2,3, ....
thus
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1 N
m+1§fﬁf(z) -2 <(z—w)” ((z _lw)p+1&'£ff(z)>>
+ 1 7
€ zww and 7 —w)P (((z _1w)p gzﬁalfg(z)> (ﬁ jffg(z)))
+IPF@ e ) (91 2 0). <4,
wpy

Note fhat wh —0 th fractional and q is the best dominant.
ote that »w enl ;U#_ © @ lractiona Proof.Let the function p be defined by

integral operator [’';" was studied by Raina p(2)
and srivastava [5]

—z(<z—w) (o + it @) )

Teorem 3. Let the function g be convex <( LB ) ( -1 (B )>,
+1
univalent in U such that ¢’ # 0 and (z - w)P oz 97) z-wP o2 9(2)

(z-0)q"(@) | ¢ (z—w)€eU.
Re (1 + q'® + a) >0,a+0. (12) It can easily observed that
Suppose that , op(2) + a(z —w)p'(2) =
2 ((z —w)? ((Z o+ I(’,lfa’ff(z)) ) ,
- | -2(e - o (ggp + @)
<((Z _1w)p + Iéfa‘)‘g(z)) - ((z —}U)P gfﬂ‘)‘g(z)» 5 2 ((Z w)P ((Z w)P + o0 f(2)
1 AB.u ) ( -1 [ABu ))
=+ 7))~ (——p z
is analytic inU . If f € 31, satisfies the <((Z —w)P oz 9(2) @-wp foz0 9(2)
subordination 1 N
~2(e -0y (G=gp + 6251@))
, +a
1B, ! 1 1
A gaidi o)) (e 2o - (o= - 182000)

(itto@)-(=pritho))
- 0) (- o) (g + 2P @) )
(¢ o (g + 225 ) )
(2= w) (((z oy + Eke@) - (G=op ! éfﬁg(z)))n

(z—w) ((z—w)r7 (—(Z _1w—)p‘+1§fﬁf(z?),),’ (((z )P (})Lzﬂc:)lg(z)) (ﬁ gfbﬁ‘g(z)»
((z - w)P ((z—;w)l’ + Igfu‘:f(z)) )
-0 ({2 12200) - (- 1220@)) < $q(2) + a(z = w)q' ().

m 0,z,w
1 -1
(((Z w)P +Iéf‘f‘g(z)) ((z )P —Iéfa’fg(z)»

e-or(gpritire))

!
(s tto)-(Zprsiow))

+a

Then using the assumption the theorem the
assertion of the theorem follows by an

< $q(2) +a(z — 0)q' (), application of Lemma 1.

then

Teorem 4. Let the assumptions of Theorem
(2) hold ,then

20
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_y ((z — w)P (m + I&f;lff(Z))'),

to the Fractional calculus and Fractional
differential equations.1st Edn. John Wiley
and sons(1993).

1 ABu —1 AP '
(((z —w)? + IO,z,wg(Z)) - ((z —w)P lozw9 (ZB R.K.Raina and H.M.Srivastave , A

< q(2), (z—w)eU
and q is the best dominat.
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