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Abstract

In this paper we'll to solve the fractional integro-differential equations by
employment differential transform method and compare with integro-differential
equations by graph.

1- Introduction here we depended on Caputo
. . ) definition.

In this paper we'll find solution the
fractional non-linear integro- q _ ym—q 4"
differential equations Wh?ch the form Pef () =/ [dt_mf(t)] )
vi(t) = Where m—1<qg<m andm € N.
(t,v(t),v' (1), ftto G(s,v(s),v'(s))ds,
1)

The Caputo fractional drivative first
calculates an ordnary drivative
' followed by a fractional integral to
v(ty) = vo,0 (tp) = v;. . y g .
2) ascertain the wanted order of fractional
derivative .

with conditians

Wheret € [ty,T]and m—1<q <

m.meN 2- Differential Transform

Definition 2.1. Let z(t), is anatomy
function of one inconstant which is
definedon L = [0,t] S Randt, € L.

by using differential transform method

There are sundry definitions of a Z(k), is Differential transform of z(t)
fractional derivativ of order g > 0, and is predefined on N union {0} as the
following:
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_ 1[dkz@)
Z(k) = k![ dtk ]t=t0

(4)

where z(t) is the fundamental
function and Z (k) is called the
transformed function .Inverse
differential transform of Z(k) in the
is predefined as follows

z(t) = Biso Z(k)(t — to)* .
(5)

Then from the above two equations
(4)and (5), with t, = 0, the function
z(t) can be written as:

w 1 [d*z(t)
(6)

the principal mathematical
specifications of differential transform
can be summarized in the following
theorems .

3. Theorems [1],[2]
Theorem 3.1

If Z(k),F(k) and G(k) are
differential transforms of the functions

z(t), f(t) and g(t) consecutive , then :

1LIf z(t) = f(t) £ g(t) then
Z(k) = F(k) £ G(k).

2.If z(t) = af(t) then Z(k) =
aF (k).

3.1fz(t) = f(t)g(t) then Z(k) =
YL F(DGk = D).

4.1 z(t) = L8 then Z(k) =
(k+1DF(k+1).
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5.1f 2(t) = =29 then Z(k) = (k +
D(k+2)-(k+m)F(k+m).

6.If z(t) = [ f(s)ds then Z(k) =

F(kk—l)' KZl,Z(O) =0.

7.1fz(t) = t™ then Z(k) =
(1, k=m

5("_’”)‘{0, o.W.

8. If z(t) = sin(wt + a) then
k
Z(k) = %sin (kz—” + a).

9. If z(t) = cos(wt + a) then
wk km
Z(k) = — cos (7+ a) .

10. 1 2(¢) = e then Z(k) = 2

Theorem 3.2. Assume that
Z(k),W(k),J1(k) and J;(k), are the
differential transforms of the functions

z(t),w(t),j1(t) and j,(t),
consecutive, then fork =1,2,---,N ,

1. 1f z(¢t) = ft‘; Jj1(s)j,(s)ds then
Z(k) = £ 2625 (@) (k = £ = 1)

2.1F 2(6) = w(®) f; j1($)ja(s)ds
then

HOE

Thoo T

k—¢
s—1).

W()1(s)]2(k =€ —

t dm an .
3. Ifz(t) = fto mh(s) dt—nzlz(s)ds ,

then
_ 1gk—1 MatD)(ng+k—¢-1)!
Z(k) = k ~¢=0 U(k—f—1)!

Ji(ny + Dp(np +k—42—1).
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4. If

z(t) =

am tam o, adn

WO [, 21 (8) 7y J2(s)ds the
Z(k) =

Z Zk —¢—1 M+ (n1+5)!(np+k—f—s—1)!
=0 (k—0)e's!(k—£—s—1)!

Ji(ng +8)(ny +k—4—s—
DWim+ )

4. Fractional differential transform

Let the anatomy and continuous
function z(t) in terms of a fractional
reinforce series as follows:

2(t) = X2 0 Z(k) (t — tg) /e
(")

where « is the order frction and Z (k)
is the frctional differential transform of

z(t) .

The fractional derivative in Caputo is
D z(t) =

(1) (s—t0)ez®(to)

1 dm ft ()= Xk=o
r(m—q) dt™ [Jto (t—s)1+q-m
(8)

The transformation of the initial
conditions are defined as follows:
Z(k) =

k + d /az(t)]
If Yozt (k/a) [ ata |,
If K/, ezt 0
(9)

where, q is the order of fractional
differential equation considered .

we succinct the fractional differential
transform method with some theorems

Theorem 4.1.

1.1f

h(t) = g(t) £ f(t), then H(k) =
G(k) + F (k).

2.1f h(t) = g(t)f(t), then H(k) =
Yo GF(k=1).

3. If

h(t) =

i) f2(t) -+ fr_1(O) f(£), then

H(k) =

Shna=0 k0 Do Do Fi (k) Fa ez —
kl) Fn—l(kn—l - n—Z)Fn(k -

kn-1)

4. 1f h(t) = (t — ty)P ,then H(k) =
6 (k — ap) where,

ifk=0

o) = {o if k # 0

5. If h(t) = DE[f(£)], then H(k) =

Ir(1+k/a)

T(g+1+k
lds}—((ﬁ i /a)F(k + aq).

6. If
h(t) =
RO [£,(0] -

dan-1

O fut (D) 2 [, (0)], then H(K) =

ik an 1 2:k3 Z T(qa+1+ki/@) Tlaz+1+(ka—k1)/a] = Tlan-1+1+(kn-1—kn-2)/al T[q;
kn-1=0 Ziky_5=0 """ Lik;=0 £4k1=0 " [(14ky/a)  [l1+(ky—ky)/al T[1+(kn—1—kn—z)/al T

aqy) X Fy(ky — Ky + aqy) -~ Fpq(kn_y — kg + @quy) X
E,(k — ky_q + @q,,), where aq; € Z* for i =1,2,--,n

for k=01,..,qa

4. Numerical examples
Example 1 To solve the equation
29(t) = 22/ (Ou(t) —u(t) -

[z ()Pds+5+t, t=0
(10)
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with conditions

z(0)=-1, Zz'(0)=1,

3 (11)

ZII(o) —

By using differential transformation
method on Equ.(10),for k = 1,2, ... ,
we acquire

F(1+k/a)
Z(k T aq) I(q+1+k/a) L2 [ Z"” OG} T

DZE+DZk—¢€) —Z(k) —
%Z’;;é({) + Dk —0)Z(+1)Z(k —
0 +38(k) + 6k -1,

(12)

where « is the unknown value of the
fraction of q .

By using Eq.(9) the initial conditions
IS

Z(0) = —

Z(1) =1

Z(2) =+

Z(3)=0,
fork=3,..911,12,..,19,21 (13)
Z(10) = 1

7(20) =§

Now, in [1], when g = 2, the exact
solution of Eq.(10) is (z(t) =

sin(t) — cos(t)) and it's got from the
serise solution

1 1 1
— _ _ 42 3 _ 4
z(t) = 1+t+2t 6t —24t
1 1
5 6
+120 +720t

! t7 + -
5040

Here, we take g = 2.1 then the
approximate solution for Eq.(10) is

i 1 i 1 2
z(t) = -1 +t10+—t10 +t+zt -
11 12y 23 13y 24
2 (ég)t +_ (10) to — —F(éi) =
I'¢) 4T (—) 12T
+...

Fig.1 shows the complete solution for
Eq.(10), when g = 2, Fig.2 shows the
Sacrificial solution for Eq.(10), when
q=21

Fig.1 plot eq.(4.1) when g=2
T T T
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Fig.2 plot eq.(4.1) when g=2.1
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Example 2. To solve the equation
z4(t) =

%Z’(t) —z(t) fotz’(s)z'(s)ds + %e“
(14)

with conditions

z(0)=2z'(0)=1
(15)

By using differential transformation
method on Eq.(14),for k = 1,2, ... ,

we acquire
_ _[(A+k/10) [k+1
Z(k +19) = r(g+i+k/10)L 2 Z(k +
1) —
yk-1 Z?;g—lwz({))z(s +

k—¢
DZ(k—t-)+2]
(16)

where « is the unknown value of the
fraction of q .

By using Eq.(9) the initil conditions is

Z(0) = 1

115

Z(H)=1
Z(33)=0, fork=
2,3,..,911,12,...,19

7Z(10) = 1 (17)

Now, in [1 ], when g = 2, the the
exact solution of Eq.(14) is (z(t) =
e') and it's got from the series solution

(t)—1+t+1t2+1t3+ ! t*
2= 2" 76" T2

+1t5+1t6
120 720

+ - t7 +
5040

If we continues for k > 5 the solution
isz(t) = et

Here, we take g = 2.1 then the
approximate solution for Eq.(14) is

r(3) 20
tio +
()
() o or(2)
—_ 10 t1o _I_ZF(%) t1o +...

+1(%)

1
2(t) =1+ to+t+-

Fig.3 shows the complete solution for
Eqg.(14) acquired for the value of g =
2,i.e (z(t) = e").Fig.4 shows the
Sacrificial solution for eq.(14) acquired
for the value of ¢ = 1.9..
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By practise differential transformation

. _Figaploteq@swhena=2 method on Eq.(18),for k = 1,2, ... ,
i we acquired
6l F(1+k/a)
i Z(k +aq) = T(q+1+k/a) [( +
VZ(k+1)—
il 2Y TR Z(0)Z()Z(k — £ —
T 1ok 6(£-3)3k¢
. s) + EZ{EO (k—2)! ] :
1 | (20)
where « is the obscure value of the
fraction of q .
Initial conditions in
o otPoteaSwhenams Eq.(19)are transformed by
employment Eq.(9) as
or follows:
i Z(0) =0
Z(1) = —
L Z(2)=0,fork =
2,3,..,911,12,...,18
OO 0.r2 0.r4 OTG 0.r8 :;. 1.f2 1.r4 1.rG 1.r8 2 Z(]_O) = 1 y

Now, in [1], when g = 2, the the exact
solution of Eq.(18) is (z(t) = tet)
and it's got from the series solution
Example 3 we take the D.T. for the
following integro-differential equation

1 1 1
z) =t+t?+=-t3+-t*——1¢°

2 6 24
z9(t) = +Lt6_it7+
2'(8) = 22(¢) f, 2(s)z'(s)ds + et + 1200 720
tie (18) If we continues for k > 5 the solution

. . is z(t) = tet
with initial conditions

when, g = 1.8 the approximate

z(0)=0, z'(0)=1 solution for eq.(18) is

(19)
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ry 19

1
2(t) = tio + ¢ + 32 ¢35 4
I'Gy)
rGe 20 7rG) 2t
l %8 t10+z %g tio + .-
2T(3) 6T'(3)

Fig.5 shows the complete solution for
EQ.(18) when g = 2. Fig.6 shows the
Sacrificial solution for eq.(18) acquired
for the value of g = 1.8..

Fig.5 plot eq.(4.9) when q=2
15 T T T 3 T
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Fig.6 plot eq.(4.9) when g=1.8
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