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Abstract:

For the vertices a of thegraph G, G(a) denoted the subgraph on the set of all vertices adjeceent with a

will be write as [a] this subgraph is called a neighborhood of the vertex a in the graph G. In this work we

investigates severa properties of these connected graphs without induced subgraphs—3 -paws.
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1. Introduction:

In this work we consider only finite
undireceted graphs without loops and multiple
edges. An undireceted graph[9] is a graph in which
edges have no orientation(i.e.,, the edge (x,y)is

identical to the edge (y,X)) . The maximum

number of edgesin an undireceted graph without a

n(n-1)

loop is Formally, let G(V,E) be any

graph. Tow vertices x,yof agraph G are said to
be “adjacent” (to each other) if (x,y)is an edge of

the graph G . A graph G isconncted when there
is a path between every pair of vertices in G.
Aninduced subgraph[5] of a graph G is another
graph, formed from a subset of the vertices of the
graph and al of the edges onnecting pairs of
vertices in that subset . A clique[6], C, in an

undireceted G=(V,E)is a subset of

the vertices, C c V , such that every

two distinct vertices are adjaceent. This is
equivalent to the condition that theinduced
subgraph of G induced by C is acomplete
graph. A coclique in agraph G isacliquein
its complementary graph . If we fix the graph
G then G(a) denoted the subgraph on the set

of all vertices adjeceent with a will be write
as [a]. althesubgraph on the set [a] U{a} .
For the subgraph A of the graph G, AJ‘ will

be denoted the subgraph on the set N aL
acA

For avertex a of agraph G, will be denote
the i —neighborhood of a, i.e., the subgraph
induced by G on the set of al verticeslying at

adistance of i from a by G;(a). The core

of the subgraph A containing more than one

vertex, we will said to be the subgraph

K(A) = AL N A. The core of the vertex ais
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called a subgraphK (a) ={x e G | x~ =a~}. The
subgraph [a] N[b] it is called m— subgraph [8] if
the distance between the vertices a,b equal to 2in
the graph G . The set {a,bl,...,bm} will be
denoted m— paw in which the vertex a adjaceent

with the vertices bl,...,bm . The graph with

four edges or (sides) and four vertices or (corners)
is caled a quadrangle graph G. In our work
[1],[2],[3] we introduced the new concepts of an
induced subgraphs of the graph of binary relations
of adjaceency and determined the algebraic system
consisting of all binary relations of set and of all
unordered pairs various adjeceent binary relations
and we investigated some its subgraphs. In [7]
obtained a classification of edge-regular graphs
without 3-paws. Graphs without 3-paws with

disconnected m-subgraphs (not necessarily

finite) were studied by [4] . The conneceted locally
GQ(s, t) graphsin [8] are studied in which every p-
subgraph is a known strongly regular graph . In
this work we continue the study of class of
conneceted graphs without induced subgraphs—3-
paws and investigates some its properties.
2.Conneceted graphswithout 3-paws.

The purpose of this section we obtaining some
general properties of graphs without 3-paws and
without additional restrictions and G in this work
denotes a connected graph without 3-paws.
Proposition 2.1: Let ae G . Then:

1If b,c—non-adjaceent vertices of [a],then

[alcbt Uct:

2.For any edge acof G then the subgraph

[a] - CJ' isaclique;

3.If b,c— non-adjaceent vertices of G — aL ,

then m-subgraph [b]N[c] is contained in

G-a(ie [b]N[c]N[a]=2).
Proof: 1. Let b,c—non-adjaceent vertices of
[a], xe[a] and x¢b" UJc" then the subgraph

on {a;x,b,c} is 3-paw. Therefore,

X e bL U CJ_.

2.Let [a] —CJ' is not cliqgue. Then X,y non-
adjaceent vertices of [a] - CJ' we get the 3-
pav {a;x,y,c}that contradicts with the
hypothesis. Therefore [a] — CJ' isacligue.

3Let [b]N[c]N[a]#d. Then x- the

overall adjaceent to the b and ¢ and hence we
get 3-paw {x;a,b,c}. Therefore
[ol N[c] N[a] =2.

Proposition 2.2 : If acbd — quadranagle

graph G. Then:

1. aLUbchlUdL;

21f ce—edge of the graph (dM[d)—d then
e—d'=c-d"

Proof: 1. we prove that aJ‘ U bJ‘ c CJ_ U dJ‘ by
propaisition(2.1)()a"- < ¢ Ud* and

b" cc"Ud therefore at U bt - ot U at.

Return (for c and d) similarly.
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2. from (1) above aL U bl = cL U dLand

aJ‘UbJ‘zeJ‘UdJ‘, then el dand hence

eJ‘ U dJ‘ = cJ‘ U dJ‘and el—dL:cL—dL.

“A pair of vertices a,b is called a strong pair of
graph G[8] if m-subgraph [a]N[b]is not a
cligue. We note that if acbd — quadranagle
graph G then pairs a,b and c,dare
strong”. Conversdaly, if a pair of vertices is strong,
then it is contained in some quadranagle.

Proposition 2.3: Let a,b are strong pairs. Then:

1.If the neighborhood of some vertex X contains

M-subgraph [a] N[b], then xL contains al or
bt
2.if xe[a] —[b], then either [x] N [b] contains not

adjaceent vertex with the vertex a or al contains

xLor [x]N[b] iscliqueof [a] N[b].
Proof: 1. Consider the three possible casesfor x.

(*)If xUUa and x[ b then by propoisition

22)Mat Uxt =ct Udtand

aJ‘ U bJ‘ = cJ‘ U dJ‘.Therefore,

aJ‘UbJ‘zaJ‘UxJ‘and Xt - L=bL—aL.By

hypothesis, x contains  [a]N[b], then

xL contains bL.
(*=)If x1Ja and x[ b then, similarly , we can
obtain: xL contains aL.

(¥**=*) Since [x] contains m-subgraph
[a] N[b] then the case, where the vertex x 11 a and

x[J b impossible.

2. Suppose that, xUa and xOb. If
[a] N[b] z [a]is performed (1) above. Now
let [a] N[b] < [a] and we assume that there are
two non-adjaceent vertices in [x]N[b].

Therefore, x,b strong pair then from (1)

L . 1 .
above, a— contans x or b* and since

all b, then al contains xL
Fix a quadranagle achd of the graph G. And
proved that the following propositions:

Proposition 2.4: If eeéalUbLand the

subgraph [b] N [€] is not clique, then x™ = b~
for any non-adjaceent with a the vertices
xe[c]N[d].

Proof: We take the vertex Xof

([e]N[d]) - aL .Then from propoisition
(2.2)(1) and since acbd quadrangle graph then
we get: aUx‘=c-UJd'and
aJ‘UbJ‘ch‘UdJ‘.HenceaL U bl = al U X

and bL—aszl—aL.

Since the subgraph
[b] N[€e] is not clique then there are non-

adjaceent vertices Yand Z for which we can
write the equality xJ‘ U eJ‘ = yJ‘ U zJ‘ and
bJ‘ U eJ‘ = yJ‘ U zJ‘ and from this side
bL —el = xL —eLhence bL =X
Suppose that:

1

A=atUbrand X ={XxeA|IX Ao ®.

And we obtain the following proposition.
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Proposition 2.5: Let be G- A and [b] intersects
A . Then:

1. [w] N X(A) isacliquefor we[b] N A;

2. 1f wel[a]N[c]N[b], then [w] N ([a] —CJ_) c
[b].

Proof: 1. Let there exist non-adjaceent vertices

X, yin X(A), therefore from (*)

[w] < xl U yl and hence {w;b,x,y} —3-paws
and this a contradiction.

2.Suppose that there exist a vertex Xin
[W] N ([a] - ct) and x¢[b] then {w;b, x,¢} - 3-
paws and this a contradiction .

In propoisitions (2.6) and (2.7), we assumed that
the subgraph ([a] N[b]) —dJ‘ contains an edge
cX .

Proposition 2.6: If Gz(c)—Acontains a vertex
f , then:

1.Thegraphs[f]N[c] and [ f]N[X] coincide;
2.1f [X] — C" contains vertex from [a] - [b], then
[f1N[X] < [b];

3.f [ f]N[c]intersects [a] and [b], then ¢ and
X coincide out [ 1N [b] N[d].

Proof: 1. Graph [f]N[d] does not intersect

cLand thhen from(x) AchUdland

Asz‘UdJ‘and hence cJ‘UdJ‘sz‘UdJ‘.

Therefore cL - dl = xL - dL and hence

[fIN[e]=[f1N[X].

2. Assume that the vertex g from [a] —[b]

lies in [X] —cL and there exist a vertex yof

[fIN[X], non-adjaceent with b then
XLUszglUbL, in the other means

A=glUbT. (XNIfDN[gl=2 and

L1

gJ' UbJ‘ =a Ub™, that’s means gJ‘ and

al coincide out bL we get 3-paws

{y: f,g,c} and this a contradiction therefore
[f1N[X] = [b].
3. Its easy we can obtain from (2).

Proposition 2.7: If ee G3(a) and ache-—3-

path, then m- subgraphs [a] N[b] , [c]N[€]
are cliques.

Proof: Assume that, [a] ([b] contains a non-
adjaceent vertices ¢ and d then from
propoisition (2.1 D we  obtain
ee CJ_ U dJ‘and this a contradiction with the
fact that e isat adistance 3 from a.

3. Strong pairs in connected graphs

without 3-paws.
In this section we investigates some properties
of the concept of the strong pairs in graphs

without 3-paws.
Proposition 3.1: Let ac G, b,ee Gz(a) and

the vertex ¢ from [a]ﬂ([b]—eJ-) adjaceent

with the vertex f from [a]ﬂ([e]—bl),

then  [c] and [f] coincide  on

a® — ([b] N[el).
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Proof: from propoisition (2.1) cL c bL U fL,

ft cctUet Thisimplies ¢t —bt < £+ and

fJ‘ —CJ' c eJ‘ and hence:

[e]N(a" - @61 Ule) =[ 11N (a - ([b] U[el))
then [c] and [ f] coincide on aL —([bINTeD - In
propoisitions (3.2 and 3.3) assumed that
{a,b,c} — 3—coclique of Gand [a] N [b] contains
anon-adjaceent vertices ¢, d .

Proposition 3.2: Let [c] ([e] containsavertex w
from [a] and w from [b]. If

([a] N[b]) —dJ‘containsthe vertex z doesnot lie

in the K(c), then for any vertex xof

([a]N[b]IN[c]) - 25 her
contains [b] - ([a] U[e]) and [a] - ([b] U[€]) .

neighborhood  [X]

Proof: Since z¢ K(c), that’s mean zl;tcl,

then Z%dJ_,Ze[a]ﬂ[b]. By proposition(2.6)

eeGy(c) and ([c]N[e])N[a] contains the

vertex w, ([c] N[€e]) N[b] contains the vertex WI

therefore [c] and [z] coincide out [a] N[b] N[d].

And since aLLbLzinxchiLhLzzLUdltherefore

zl—szcL—diand xL—zlzdL—zL.
We take the element y e[b] - ([a] U[€]), and let
it non-adjaceent with x .Then, since z,x—non-
adjaceent from [b] and y,x — non-adjaceent then
y,z—are adjaceent vertices. Since [z] and [c]
coincide out [a]N[b]N[d], then vy,c—are

adjaceent vertices. Similarly, we can prove that

z,w— are adjaceent vertices. w,y — are non-

adjaceent  vertices, because otherwise
{w;a,y,e} — this 3-paw. Then x,w-—
adjaceent  vertices, because otherwise
{c;x,y,w} — this 3-paw now we get a
contradiction with the fact that {w; z, x,€} — 3-
paws and hence y,x —are adjaceent vertices
that’s mean y e [x] and propoisition is proved.
Proposition 3.3: Let [a] ([€] contains a non-
adjaceent vertices f,g then:

1For al vertex from [a]-([b]UK(a))
adjaceent exactly with one vertex of the sets
{c,d},{f,g} (In particular, we can assume
that cf ,dg —edges).

2.If m-subgraphs [c]N[g],[f]1N[d] has a
non-empty intersection with [b] N[eg], then for
any vertex from [c]N[g]N[b]N[e]is not
adjaceent with the  vertex from
[fIN[dIN[bIN[e].

Proof: 1. Take the vertex xof [a] —[b] Then
X necessarily adjaceent withcor d (otherwise
{a; x,c,d} —3-paws) .The vertex x can not be

adjaceent with cand d in the same time

otherwise, by proposition (2.5) xL = aL and

this contradicts the condition x ¢ K (a).
2. If w isthe vertex of [c]N[g]N[b] N[e€],
adjaceent with w' e[ fIN[d]N[b] N[e], then

{W',d, f}is a 3-coclique of [w] and this a
contradiction then propoisition is proved.

Assume that [a]([e] contains a non-
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adjaceent vertices f,g wherein cf ,dg are edges
in G then we can proof that the following
proposition.

Proposition 3.4: Let [c]N[d] contains the vertex
x of [a]N[b] Without loss of generality
xel[g]-[f]. Then:

1.The graphs [c],[x]([d],[g]) coincide on
[b] - ([a] U[e]) (respectively on [a] - ([b] U[e]));
2.If xis not adjaceent with some vertex g'of
[d]N[a]lN]e],then [b] —([a] U[€]) contained in
[c]N[x] and [a]-([b]U[e]) contained in

[d1NIxIN[g 1;

Proof: 1. We prove that :

[c] N ([o] - ([a] U[e])) =[x N ([b] - ([a] U[e]))
by two inclusions:

(<) lee we[c]N([b] - ([a]U[€])) and W
is not a adjaceent with x then {c;w, x, f} — 3-paws
a xe[g]-[f]. At xe[f]-[g] assuming that

wx —isnot edge, we get {a;c,d, f} —3-paws.

(2): let we[xIN{b-(alUle]) and

w ¢[c] then w e[g] since otherwise

{x;c,wl,g} — 3-paws and we get {g;a,e,wl} and
this a contradiction then W‘ e[c]. Now we prove
that [d],[g],[x] coincide on [b] — ([a] U[€]) . By
propoisition (3.1) aeG, b,ee Gz(a),and
consider that {d, g} —they satisfy the propoisition
and {x,g} —they satisfy the propoisition that’s

mean :

[dI N ([a] - (bl Ulel) =gl N ([a] - ([b] U[€])) =
[X1 1 ([a] - ([b] ULeD).

2. We show that [d] —[g ] <[x]. We take an
arbitrary vertex ye[d]—[g‘] if ye[x] then
we obtain {d;Xx,y, gl} — 3-paws and therefore
ye[Xx] . We now prove that the inclusion
[d]1 N ([b] - ([a] U[eD)) = [X].

Suppose that the vertex w <[d]N(d - U[d))

and W"eE[X] then {d;x,gl,wu}—3-paNs
therefore [d] N ([b] — ([a] U[€])) = [X]. Then
by propoisition (2.1) w"¢[g] and hence
[b] - ([a]U[e]) lies in
propoisition (3.4
Further,

[d] 1 ((a] - (o] ULeD) =[g 1M ([a] - ([b] U[€])) =
(g1 ([a] - ([b] U[e])) = [XIN([al - ([b] Ul€])).

Since [X] and [g'] coincide on the difference
[a] - ([b]U[e]) and
then: ([a] - ([b] U[eD)) = [d]1N[X]N[g1].

[c]N[x] from
D above

X, g '— non-adjaceent
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