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ASTRACT

This paper presents an algorithm for Boundary Value Problems (B.V.P) defined on
semi infinite interval approximately. Firstly, the problem is transformed into a new
equivalent Volterra integral equation and then Hermite polynomials are used for solving
V.L.E approximately with the aid of spectral method. The V.I.E reduces to linear system of
algebraic equations with unknown Hermite coefficients'. Comparisons between the exact
and approximated results of this method are given via two test examples and accurate
results are achieved.
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INTRODCTION

uring the last few years much progress has been made in the numerical treatment
D of boundary value problem over infinite intervals. Typically these problems arise

very frequently in fluid dynamics, aerodynamic, quantum mechanics, electronic,
and other domains of since [1]. As example, heat transfer in the radial flow between
parallel circular disks [2], plasma physics [3], and non- Newtonian fluid flows [4].
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In the present paper, we consider the linear Boundary Value Problem of the form:-

y"(X)+P(x) y(x) = R(x) (D
with y@=A , y(@)=B , xe(ax)

Where P(x) and R(x) are continuous functions, g € R, A, B constant, before
computing the solution, we plummet the infinite interval to a finite but large one, so that a
finite.

We introduce a spectral method with hermit polynomials for solving (1), this method
consists of change the boundary value problem (1) to Volterra integral equation and
expanding y(x) in one of the orthogonal polynomials is hermit polynomials.

HERMITE POLYNOMIALS
The Hermite polynomials H 1(x) arean important set of orthogonal function over the

interval (—oo,oo) and numerous of the paper used this polynomials foe example, Adzic

[13], Yalcinbas & Muge [9], Babusci & Dattoli [16].
The general form of these polynomials is [10]:-

H,..(X)=2xH,(X)-2n H, () n>1 - (2)

n+1
Where

Ho(X) =1 , Hi(X)=2x , Ho(X)=4x2 =2, Hy(x)=8x>—12x, H,(x) =16x* —48x% +12

PROPERTIES OF HERMITE POLYNOMIALS [14, 11]
1-The general form of the Hermite polynomials of nth degree is given as:-

n-2j
2 n-2j

H, )= n! ,Z;‘(_l)J m

Where N=n/2 if n is even and N=(n-1)/2 if n is odd.
Note that this can also be written when n=2, 3,... as:-

]

n(n-1..(n-2j+1(2t)"?

H,0 =Y (—j1!)

2- The Hermite polynomials H . (X) satisfy the Hermite differential equations:-

HI(t)-2tH (t)+2nH (t)=0
3- Orthogonality property:-
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[e™ HZ(®) dt=2" nt/n n=012,...

—0o0

THE SOLUTION OF B.V.P

In this section, we develop a new algorithm consisting of three sections; in the first we
change the infinite interval to finite interval, in the second the boundary value problem
converts to Volterra integral equation and in the third we find the solution of the Volterra
integral using spectral method with Hermite polynomials.

CHANGE THE INFINITE INTERVAL TO FINITE [12]
The boundary condition at infinity is replaced with the semi conditions at a finite value
b.

y(0)—>B
b—ow

Let us consider a B.V.P (1), we change the second condition when then

y(b")=8
b" =a+(N+1h .. (3)

Let ¢ be an small arbitrary value, then we us the finite difference method as let

pn = pn (X) y rn = I’n (X)
yn+1 - 2yn + yn_1
h2
yn+l _2yn + yn,l = h2 pn yn + hzrn
You =(@+N2p,)Y, = Voq +0°r, .. (4

= pnyn+rn

and by substitute n=1,2,3,...,N+1 in equation (3) we get
Yy, =(2+ h? P)Y: — Yo+ h2r1

and Yo = A
B=(2+h’p,)y,— A+h’r,
B+A-h’r,
Vi =T
2+h°p,
If ‘y('\:];l_y(’:) <& (5)

is satisfied we stop, else, take then values which obtained in equation (5) and substitute in

(4).
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CONVERT THE B.V.P TO VOLTERRA INTEGRAL EQUATION

It well known that initial-value and boundary-value problems for differential equations
can often be converted into integral equations and there are usually significant advantages
to be gained from making use of this conversion [15].

Considera T.P.B.V.P

y'(x)+ p(x)y(x) =R(x) ... (6)
y@=A , yb)=B

this equation can be changed to V.1.E to the following:-

I y"(x)dx = —i p(t) y(t)dt+ I R(x)dx

X

y'()-y'(@) = -] pt)y()dt+ [ R(x)dx

a

y'() ==[ p@®)y®)dt+ [R()dx+ y'(a)
let [R(X)dx + y'(2) = G(X) +C,

1Y/ =~ [ pOY@dt+]G(d () +Cyx [
let JG(X)d(X)+Cyx [ = F(X)
by rootlipintiztherom

y(x)-y(a) = —} p(O(x—1) y(t)dt+ F(x)

Y(X) == pEO)(x—1) y(O) dt+ F(x) + A
let F(x)+ A=M(x)

X

y(X)=M(x) -I pH)(x-1) y()dt (1)

a

M (x) = y() + [ p()(x—t) y(t) dt

Which is V.1.E.
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Volterra integral equation is widely used for modeling and forecasting in almost all
areas of science and engineering [10]. Many researchers used V.I.E in many subject such as
Geng [5] used anew method for a Volterra integral equation with weakly singular kernel in
the reproducing kernel space, while Masouri [6] presents a humerical expansion- iterative
method for solving linear Volterra and Fredholm integral equation of the second kind_

SOLUTION OF V.I.LE USING HERMITE POLYNOMIALS
In this section Hermite polynomials accompanied with Spectral method will be used
to find the approximate solution of Volterra integral equation (7).
In the Spectral method, the solution is assumed to be a finite linear combination of
some set of global analytic basis functions, Hermite polynomials. The integral equation
yields then a system of equations for the coefficients.

let Yy (X) :iki H, (x) ... (8)

by substituting eq.(7) in (6) we get
N X N
M(x):ZKiHi(x)+Ip(t)(x—t)2kiHi(t)dt ... (9)
i=0 a i=0

since we have two boundary conditions, we substitute this conditions in (8) to get:-

y(@)=k,H,(a)+kH,(a)+k,H,(@)+..+kyHy (@) =A

A=k H, (@)
hence k, = ‘: @ ... (10)
A=Yk Hi(a)
y(b) = ‘: @ H,(b)+k H,(0)+k,H,(b)+..+kyH,(b)=B
k=L [B A_gkiHi(a) H (b)- Sk H. (b 1
1_Hl(b)[ _( Ho(a) ) 0( )_;i i( )] ( )

then the eq. (9) will be completed as:-
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A—ikiHi(a) 1 AfikiHi(a) 1
Y 00 = () o0+ s B () Ho®) .. (12)

=Yk HLO)] H 00 + Dk H, (0

and by calculate the value of integration
[ox=t)y dt=U(x) .. (13)

Then substitute the (13) into (9) and applied Spectral method with M(x). Hence can
be seen as a system of N-2 equations for km , this system can be written in matrix from as

Ak =G .. (14)

Gaussian elimination procedure can be used to determine the coefficientK. 'S, i=1, 2,,...,
N which satisfy eq. (7) (the approximate solution y(x) of eq.(1)).

TEST EXAMPLES
EXAMPLE (1)
Consider the following linear boundary value problem

y"=9y-9
With the infinite boundary conditions y(0) =2 , y(w0)=1
The exact solution for this problem is y(x) =e** +1

b-a

Takeing: h = and £=10"% |

Where s (1) representing the number of chosen points
—You +§2yn ~ Yo — 9yn _9
yn+1 :425yn _yn—1_2'25 (15)

substituted n=1,2,3,... in (15) to obtain
Y, =4.25y, — Y, —2.25 by substituted y, =0 we obtain y, =1

y; =4.25y, —y, —2.25 Substituted Yy, =0 to obtain y, =1.1904761¢
But[1.19047619-1| > &, which the equation (5) not satisfied.

so continue to n=5 the second conditions becomes as follows:-
b™ =a+(n+1)h

b® =2+ (6)0.5
b® =5
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The boundary conditions becomes as follows
y@=2 , y@®)=1
Then by changing the B.V.P to V.I.LE

y"'=9y-9 = y’+3=9_[ y(x)dx—9x
0
y(x)+3x—2:QI(x—t)y(t)dt—Exz
0

Y(X)=2—3X—%X2+9_|.(x—t)y(t)dt 0<x<5 ... (16)
0
and by assuming the approximated solution to (16)

Yn :ZkiHi(X)

Table (1) presents comparison between the exact and approximated solution for N=6
and N=9 for ten equal space points depending on h=0.6 which depends on least square
error.

EXAMPLE (2)
Consider the following linear boundary value problem

yn _ y — O
With the infinite boundary condition
y@0) =1, y(x)=0
the exact solution for this problem is y(x) = e~
we take o =101 by solving it in the same way on example (1) we obtain n=19 the second

condition will be as follows:-

b®* —a+ (19+1) 0.5

b2 =0+ (20)0.5

b*° =10

so the boundary conditions becomes y(0)=1 , y(10)=0
now by changing the B.V.P to V.L.LE

y(x)=1—x+j(x—t)y(t)dt 0<x<10
0
and by assuming the approximate solution
YN = Z ki H; )

Table (2) presents comparison between the exact and approximated solution for N=8
and N=11 for ten equal space points depending on h=1 which depends on least square error.
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CONCLUTIONS

Hermite Spectral method was used for the approximate solution of linear boundary
value problems define on semi infinite intervals. The algorithm consists of three stages, In
the first stage, the infinite interval was changed into finite one, in the second stage the
boundary value problem was converted into Volterra integral equation, in the third stage,
the obtained volterra integral equation was solved with the aid of Hermite polynomials.
Two examples have been taken and comparison was made between the exact solution and
the numerical solutions using different values of N. the results showed that the proposed
method is efficient.
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Table (1).
Y-Approximate

X Y-Exact N=G N=O

0 2 2 2
0.5 1.223130 1.223231 1.223123

1 1.049787 1.048988 1.049777
15 1.011109 1.011114 1.011198
2 1.002479 1.002367 1.002469
2.5 1.000553 1.000548 1.000552
3 1.000123 1.000215 1.000122
35 1.000028 1.000191 1.000019
4 1.000006 1.000011 1.000005
45 1.000001 1.000002 1.000001
5 1 1 1
L.S.E 0.000001 08¢’
Table (2).
Y-Approximate

X Y-Exact N=8 N=11

0 1 1 1

1 0.367878 0.367778 0.367887
2 0.135335 0.135256 0.135312
3 0.049787 0.049689 0.049777
4 0.018316 0.018265 0.018397
5 0.006737 0.006684 0.006726
6 0.002478 0.002475 0.002469
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7 0.000911 0.000912 0.000911
8 0.000335 0.000326 0.000329
9 0.000123 0.000115 0.000122
10 0 0 0
L.S.E 0.3e” 0.7¢”
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