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ABSTRACT

The Study of similarity Transformation Method has played a remarkable role of
dealing with many immediate theoretical and practical applications in our life problems,
such as physical and engineering problems [6].This method find the solution for the
complicated problems which contains coupled higher non linear partial differential
equations. By using this method we can seek a solution to spherical fluid spheres models.
In this paper we found a new solution and analyzed it with respect to its physical
acceptability conditions [5].Here we deals with a perfect fluid distribution described a
metric in the non conformally flat form ,it has been a subject of interest. The science of
hydrodynamics deals with motion of fluids which is defined as a collection of molecules
[2]. All liquids are compressible to a slight extent, but for many purposes it is simpler to
consider the liquid as being incompressible. However the pressure is the same in all
directions for a perfect fluid. [8].
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INTRODUCTION
here exists two types of perfect fluid distributions, one for which Wyle conformal
tensor vanishes and the other one for which is non-vanishing [3]. In other words,
the former are said to be conformally flat and the latter are called non-conformally
flat perfect fluid distribution [7].

Barnes, 1974 [1] has shown that the non-conformally case divided into two parts, one
with vanishing acceleration vector and the other which it is non-zero [12].the solution has
been found for those belonging to the former case .However, for latter case, very few
solutions are available, which include the solution due to Kohler and Choa [6],the only
static non-conformal solution .Besides this, Gupta et al [4] has also contributed towards it
by finding the most general stiff fluids of a class of solutions in 5-flat form.

Gupta and Jasim [5], have found some accelerating fluid spheres of embedding class
one with non-vanishing conformal curvature tensor. Jasim [8] have been found a new
class of solution describing fluid distributions with non-zero acceleration.

In the present paper, we have again tackled the problem of non-conformal perfect
fluid distributions of class one by considering the powerful technique, which is a
similarity transformation method (STM) to such process of getting a new solution.

Before us discussing our method on a relativistic model we will apply this method on
a physical problem as a one dimensional heat equation as follows

APPLICATIONS OF STM ON A ONE DIMENSIONAL HEAT EQUATION
Let us consider the one dimensional heat equation
u, —u,=0 .. (1)
We consider the group of transformations as

ut =ut(x,t,u;e)
x'=x'(x,t,u;e) .. (2)
t' =t (x,t,u:¢)

Put (1) and its accompanying boundary conditions invariant. Then this invariance
implies that v = u* which satisfying the equation

Vi, —Ve =0 ..(3)

X

Iff u, —u, =0 and in terms of the new variables the original boundary condition must

be satisfied if u = @(x,t) is a solution to (1) then we can conclude that v = ¢ (x*,t) is

a solution to (3) but by using the transformation (2) we get that (1) remaining invariant
S0 we get a solution to (3) we must demand that

ut(x,t,d(x,1); &) = g(x',t4) . (4
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We consider the 0(s) terms in the expansions ofu’, x*,t*:

u' =u+sU(x,t,u)+o(s?)
X =X +eX (x,t,u)+0(g?)
t'=t+eT (x,t,u)+0(e?)

1 1 1
Uz(ﬂj | X:(a_xJ , T:(a_tJ
o¢ o o€ o oe o

Expanding (4) and equating 0 (&) terms ,then replacing ¢ (x,t) by u we get:

Where

U(x,t,u)=X(x,t,u)g—z+T(x,t,u)2—ttJ ... (5)

Eqg. (5) is the general partial differential equation of an invariant surface.
Then we can conclude the characteristic equations corresponding to (5) by using
Lagrange subsidiary equations, which are

du  dx dt ©)
U(x,t,u)  X(x,t,u) T(xtu) '
In principle (6) is solvable, thus we obtain
u=u(xt,n:F()) ..M

Where the dependence of u on x and t is known explicitly, 7 is a similarity variable
which will be found from solving (6) which will be independent of u if éz f(x1),

and the dependence of u on 7 involves some arbitrary function F(77) ,substituting (7)

into (1) we reduce it to 2" order ordinary differential equation with independent variable
n & dependent variable F (7).

Obviously our problem is to find a largest possible class of infinitesimals U, X, T for (1)
In general, for linear equations.
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XOGLU) gy

T(x,t,u) ’ -
U(xtu) B
m_ u f(x,t)+ f(xt)

Now we find the 0(g) terms in the expansion of ubad —u 11 as:
1 1 1
U =U;+U; X,
=[u, + e, +U,u)l-eT, - £Tu, |- cu, [X, + X, u, ]+ 0(£2)

=u, +e[— X,uu T uu +U, ~T)u —X.u, +Ut]+o(‘92)
In a same way we can find
u, =u, +&[-T,uu, — X,uu, +U, - X )u, —T,u, +U, J+o0o(s?)
Thus for invariance we can conclude eqg. (1) as follows:

_(3Xu + 2Txu )uxut _Tuutut + (Uuu _2Xux)uxux _2Txutx + (Uu _2Xx _Txx)ut
+(2U,, - X Ju, +U, J+o(e”)=u;

1 1 1
uxixl = (uxi)x Xa+ (uxi)ttxl =Uy + 8[_Tuu u,u,u, — XUy uy, — 2Tuux Uiy

Now we want to take our relativistic model and find its solution by applying STM
technique.
3. Einstein field equations
An embedding class one space time can be written as

ds? = —(dzl)2 —(dzz)2 —(dz3)2 +(dz“)2 —(dzf’)2 .. (9)
Where z' = rsin@cos¢, z> =rsin@sing,z* =rcos,z* =t,

2°=u(r,t) .. (10)
Then we get the metric

ds’ =—dr? —r?(d6” +sin” 6d¢’ )+ dt* — du’ .(12)

The Einstein’s field equations for the perfect fluid distributions can be expressed as [4]
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87T, =—R}+%§}R=8ﬂ[(p+p)vivj—5} p] ... (12)

Where vivj =land , p and v' are energy density, pressure and flow vector
respectively [10].
The Einstein field equations (12) so that the metric (11) can be furnished as below
2 '
1 u 2U 2\re et | 1,
87T, _rTP_F[(HU )u—uuu}87z(p+p)vvl—87zp ... (13)

87T =8T] =-F}2(Uu"—u'2)—fp'2[(1+ u'Z)U—zDuU'u'—(l—uz)u"]

. (14)
=-87p,
12 '
8T, =ruzp+r2P”2[(1—u2)u”+uu'u’]=8;z(p+ p)V'v, -8, ... (15)
2u' ’ °! - L4
87T, = 2 [(1+u2)u —uu'u ]=8ﬂ(p+ p)v4v1, ... (16)
2u’ 2\ e
8T} =— = [(1—u2)u +Uu u]:87z(p+ p)V'y,, .. (A7)
vy, +vly, =1, VP =v, =V} =V, =0, ... (18)

Where P =1-u®+u"
However o, p are expressible in terms of T, s as follows

p= _-|-22 P = Tll +T44 _Tz2

Elimination of , pand v' among the above (13-18) equations one gets the following
condition

(3F —87p)(F -82p) =0 ... (19)
Where F =—2(uu”2_u,2)
p

The vanishing of the first factor in (19) implies the vanishing of the conformal
curvature tensor and the corresponding fluid distribution will be conformally flat

878



ISR ARG EVRYLo IV N () RN Oy APSN  Similarity Solutions of Non Conformally Perfect
Fluid Models of Embedding Class One

however the vanishing of the 2" factor corresponds to the fluid distributions with non
vanishing conformal tensor in the later case.
So that the perfect fluid may be non conformally flat which can be expressed as:

' 12

(Uu"—u'z)—u?[(l+u'2)U—ZUU’U’—(l—UZ)u”]—u

r.2

[1-0%+u ]=0... (20)

Associated expressions for pressure and density are given by

3u!2
8z p= , (21
TP= 5 (21)
and
2(tu"—u" 2
87p = ( )_u (22

P2 %P

SIMILARITY SOLUTIONS OF THE FIELD EQUATION
Similarity method of solving partial differential equations is extremely powerful
approach to get the solutions even for highly nonlinear equation in the process of getting
the groups transformations under which the given equation is to be invariant; we come
across the Lie symmetries of equation (20) as follows [6]
1. Check for invariance under the transformation.
X = AX
. , 0<A,B<w
y =By
2. Admit the transformations for one parameter group.

Ut =5(X,y)%+n(x,y)

3.Write the differential equation in the form.

o
oy

H(X1y!y”y”): y”_W(X,y,y’):O

Here H denotes the perfect fluid distribution which is non conformally given by equation
(20) Hence

H:(Uu"-u'z)-“?'[(1+u'2)u—2uu'u'—(1-u2)u"}-i—j[1-u2+u'2}:0 .. (23)
4. Then we can calculate the following
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oH ,
-— =W XY,
3 x(X,Y,¥")
oH ,
—=-W X1 ’
Y y(Xy,y")
oH
,:_W '(X1y’y’)
8}/ y
oH
ay”
5. Now use the criteriaU " =0,
We find that Uf = &(X,y A . : af,+77” : 6f”:
oy oy oy

Here we will discuss the similarity method in details by the derivation of the dependent
variable 77 as follows:
oH oH oH . oH oH . oH %:o-'-(z“)

— —4+n—+E—+71
[7.1— . +l— au, [771.] au, +[n, a, ] . Uy ¢ o

Given that
n, .7, 0n.1.n1.[n,.1.[17.].[n,] are the infinitesimals with the associated derivatives
of H are given by the following expressions:

[ ]28_77 (677 65) ar 8§02_6769

ou or o ou " au
0 0 or 0 or 0
=2+ (51 =550, - 20, - S 02 - S g,
ot ou ot ot ou ou
2 2 2
[77"]:877_‘_(2877 adf) az - 5 5_56,3_262'9r9t
orou  or? or orou orou
_2%¢ 4o 6’ o 0%, + on 265)9”—25—10 _3%p g
au 8 ou or or ou
_ﬁerr 9t _zﬁerter
ou ou
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o%n o’n  0%r 0%& o°n o’ . , 0% ¢
e ) - 0 -—20 + ~2 0> -2-3200
[nd= 2+ @ oa @)% e O g —2 a1 2l O
0%t 0%& on ,0t o0& ot
922020 + (L -22)9. —2-=20. -3—0.0
ou? ' our tT (au at) e " Teu U
_Z_fett Qr _Zz_iertgt

We obtain determining equations of the group by equating the coefficients of & and
its derivatives to zero [11].
Then by using the symbolic computation we can get the following formulas:

77' =Ty +(77y _gx)y'_éyyrzi
and

0" =1+ 2y =6,V + (6, —26,)Y =&,y + (1, —26,)Y" =38 YY"

Then use the criteria which we will apply later.

6. Set the coefficient of power of y are equal to zero, then solve for

¢(x,y) and 7(x,y)

7. Use the characteristic differential equation and solve the characteristic equation it
dv

should be reduced to the form d_ = ¢(Uu,V) , which is first order differential equation
u

and can be solved by any other method or may be again the STM can be applied. Thus,
equation (20) has been transformed after some simplification with use of the above
procedure and help of Jasim, 1999 [9], to get the symmetry infinitesimals as

=ar, pn=au+b, r=at+c ...(25)

Where a,b, ¢ are three arbitrary parameters?

Forms of the solutions of the equation (20) can be obtained by solving the following with
reference to (25) we can write the following Lagrange subsidiary equations as

dr _dt_du
¢ T 7 .. (26)

Accordingly, many cases may arise which immediately suggests the form of u as

u=at+f(r) Where azb

s .. (27)
C
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On inserting the value of u from equation (26) into equation (20), we have
r(1—a2)f"=—f'(1—a2+f'2) ... (28)

Which represent the general solution of equation (207?)

CONCLUSIONS

STM have played a remarkable role in dealing with highly nonlinear equations. The
solution with non zero acceleration are very rare. Anyhow new solution have been
obtained & analyzed subject to the energy conditions, it has large density and the
pressure at the initial stages. Moreover the ratio of energy density to pressure remains in
acceptable limit so the solution so obtained is physically acceptable.
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