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Abstract:

In this paper, we prove the existence and uniqueness of the solution
for a fractional Sturm-Liouville boundary value problem. We give two
results, one based on Banach fixed point theorem and the other based on
Schaefer's fixed point theorem.
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1- Introduction
Consider the following fractional boundary value problem

D*(p(D)y' (1)) + q®)y(®) + f(t,y(®)) =0 (1)
ay(0)—by'(0)=0
cy(T)+dy'(T) =0 (2)

Where ¢D%is the standard Caputo derivative, and 0 < a < landt € ] =
[0,T], y € C(J, R)The Banach space with norm: |||l =
sup{|ly(t)|: t € J} and the functions p:J] - R,q:] = R, f:] X R - Rare
continuous functions,p(t) > 0 forall t € Jand a, b, c, d are constants.
The problem of the existence and uniqueness of the solution for
fractional differential equations have been considered by many authors;
see for example [1], [2], [3], [6], [7] .[9].[12].The existence and
uniqueness problems of fractional nonlinear differential equations as a
basic theoretical part of some applications are investigated also by many
authors (see for examples [2], [11], and [12]). It arises in many fields like
electronic, fluid dynamics, biological models, and chemical kinetics. A
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well-known example is the equations of basic electric circuit analysis.
Some results for fractional differential inclusions can be found in the
book by Plotnikov [10].

Very recently some basic theory for the initial value problems of
fractional differential
Equations involving Riemann-Liouville differential operator has been
discussedby Lakshmikantham and Vatsala [13, 14and 15].

In [8] the authors studied the existence of solutions for first order
boundary value problems (BVP for short), for fractional order differential
equations: D%y(t) = f(¢t,y(¢))for each t € J = [0,T], 0 <a<l, with
boundary condition a y(0) + b y(T) = ¢ by using Banach fixed point
theorem and Schaefer's fixed point theorem .

Sturm-Liouville problem (py’)’ + qy + g(y) = Owith periodic
nonlinearities was studied in [11], and in [2] the author studied the third-
order Sturm-Liouville boundaryvalue problem, with p-Laplacian,

(0,7) +£(£) = 0,ay(0) = By'(0) = 0, yy(1) + 8y'(1) =
0,y(0)=0

In this paper, we present existence results for the fractional Sturm-
Liouville problem (1)-(2). In Section 3, we give two results, one based on
Banach fixed point theorem (Theorem 3.1) and theother based on
Schaefer's fixed point theorem (Theorem 3.2).

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
from fractional calculus theories which are used throughout this paper.
These definitions can be found in the recent literature.

Definition 2.1.[4]Leta > 0, for a functiony: (0,+o) - R. the
fractional integral of order a of y is defined by

1 t
1Y) = 7 | (¢ = 9y
0

Provided the integral exists.
Definition 2.2.The Caputo derivative of a function y: (0, +o) — R is
given by

1 t
Dey(©) = " (D"(0) = s | (€ = 9O ()ds
0

Provided the right side is point wise defined on(0,4+c) ,where n =
[@] + 1, and [a] denotes the integer part of the real numbera.

The properties of the above operators can be found in [5] and the general
theoryoffractional differential equations can be found in [4].'denotes the
Gamma function:

+ oo

I'(a) =f e tt* 1 dt
0
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The Gamma function satisfies the following basic properties:
(1) Forany n € R
I'm+ 1) = nlmandif ne€eZthen I'n) = (n—1)!
(2)Foranyl < a € R, then
a+1 a + 1 2

I'(a + 1) aF(a) F(a)
From Definition (2.2) we can obtain the following lemma.
Lemma 2.3.Let0 < n — 1 <a < n. If we assumey € C"(0,T),
the fractional differential equation D%y (t) = Ohas a unique solution

" /// (n) 0
y() =y(0) +vy' (0)t+y2(' ) 2 Z 4 3$ )t3 + - +y n!( )t"

Wheren = [a] + 1

Theorem 2.4. (Schaefer's Theorem)[18].Let X be a Banach space and let

T : X - X be acompletely continuous operator Then either

(@) T has a fixed point, or

(b)thesete = {x € X|x = ATx,A € (0,1)}is unbounded

Theorem 2.5. (Arzela-Ascoli Theorem).[17]ForA € C[0,1], A is

compact if and only if A isclosed, bounded, and equicontinuous.

Compact operators on a Banach space are always completely continuous.

[16]

Theorem 2.6. (Banach’s Fixed Point Theorem).[17]Let K be Banach

space, and let F: K — K be a contraction mapping, Then F has

a unique fixed point, i.e. there exists aunique A € K suchthat F(A) = A

Lemma2.7.Let 0 <a<1land letp:J > R,q:] > R,h:] — Rare

continuousfunctions, p(t) > 0 for allt € Jand a, b, c,d are constants. A

functionyis a solution of the fractional Sturm-leoville problem

D(p()y'(®)) + q(®)y(t) + h(t) = 0
ay(0)—-by'(0)=0
cy(T)+dy(T)=0
If and only ifyis a solution of the following fractional integral
equation:

p()

y(t) =y(0)[1 + o)

t

1 -1
- f ﬁ[@ j (s — = ((Py (@)
+ h(r))dr]ds 3)

—ds]

Where
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)

c fg% ﬁfs(s —1)% 1 (q(r)y(r) + h(r))dr]ds

© ©
”b[ o sy 48 +dp<T)]
1

d—= e F(a)f (T — )% (q(s)y(s) + h(s))ds|

Tp(0) p(0)
C+b[f d +dp(T)]

Proof.Assume y Satisfied (1) and (2) then by lemma (2. 3)

y(0) =

_l_

POy () + m f (¢ — )% (q(s)y(s) + h(s))ds] = ¢

YO = o~ s j (- )% (q(s)y(s) + h(s))ds
when t=0 wegety'(0) = ﬂ = ¢ = y'(0) p(0)then
o =Y (g)( 3(0)
- j (£ =) (@(9)7()
+ h(s))ds (4)

By Integrating we get

y(©) = y(0) + ' (0) j LACH

By condition a y(0) —by'(0) =0 = y'(0) =+ y(0) then
a p(0)

(t =) (q(s)y(s) + h(s))ds

YOO p@r(a)of
and

0
y(t) = y(0) + y(0) —pg ;d

_j <p<s>r<a) =t (v + hm)dr) ds
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y(t)—y(m( +—f P , )

- j <p(s)F(a) J (s =m)* gy + h(r))dr) ds (5)
By the conditionc y(T) + d y'(T) = 0 then

»(0) +y(0)%f %d

T
-] (P(S)F(oc) [ =1 @y + h(r))dr> ds‘
0

p(0)
y(0) _W

C

P(T)F(Ol)
c fOT (mf (s —r)* Y qmy) + h(r))dr) ds

() )
e+ (el By s +a k)

mf (T = )*(q()y(s) + h(s))ds

) )
e+ (el By s +a k)

The converse obtainedby substituting (5) in (1)-(2).

j (T =) (g()y(s) + h(s))ds‘ =0

y(0) =

+

3. Main Result

In this section, we give the existence and uniqueness of the solutions for

problem (1)-(2).

Our first result based on Banach fixed point theorem.

Theorem 3.1Assume that:

(H1) There existsa positive constant K > Osuch that
|f(t,U,) _f(t'v)l = Klu - Ul

Foreacht € ] andall w,v €R

(H2)There exists a positive constant Qsuch that

q(t) <@
Forallt € J
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SO.’

If@‘(Q“{)f S Ta+D &
<1 (6)
then (1)-(2) has a unique solution on J.

Proof. we transform the problem (1)-(2) into fixed point problem .

Conseder the operter F: C(J,R) — C(J, R)defined by:
F()@®

=y(0)[1+

t

1 -1
: Oj b Oj (s =% (q (ry(r)
+ f(r,y(r))) dr] ds (7

Cearly, any fixed point of the operater F is asolution of the problem (1)-
(2).

We shall use the Banach contraction principle to prove that F has afixed
point.

Letx,y € C(J,R) ,Then for each t € J we have

IFyt(t) — Fx(t)|

= f P r(oof (s =™ [lg@lly(r) - x()|
+ |f(ry(®) = £(r,x()|drlds

p()

b()]

t

(.t 1 o
< j Sl f (s =% [Qly() — x()|
+ Kl|y(r) —x(r)ldr]ds

t

()(Q+K)I|y—x|| F()f@—r)“ drds

a

p(s)T(a+1)

< (0 +1<>f ds ly — xllo

=0lly - xlloo

Therfore
IF) = F()lleo < Olly — x|l
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Consequently by (6) ,F is acontraction . As consequnce of Banach
fixed point theorem, we deduce that F has a unique fixed point .which
is the solution of the problem(1)-(2).

Our second result basedon the Schaefer's fixed point theorem

Theorem 3.2Assume that

(Hs) The funcation f: ] X R = R is continuous.

(Ha4) There existsa positive constant M > 0, N > 0Osuch that

If&wll <M

Foreacht € ] and u € R,and
T
1
—— ds <
J p(s)

Thenthe problem(1)-(2)has at least one uniqe solution on J.

Proof. We shall use Schaefer's fixed point theorem to prove that F
defined by (7)has a fixed point.

The proof will be given in several steps.

Step 1: F is continuous.

Let {y,,} be a sequence such that y,, - y in C(J,R). Then foreacht € J

|F (%/n)(t) — F(y)(t)|
= fp(s) F(a)f(s_’”)“ a1y () =y (@I

+ |f(rya () = f(r.y™)|] dr) | ds

fi f(—)“[u) @
Op( @ S—r Qlyn(r) —y(r

+ srlg)|f(r Yu(1)) — f(r,y(r))|] dr |ds
< (Qllyn = ¥lle

+1F (v ()

1
COIRIE=> )f(s—r)“ U dr |as
0
- 1

< (@ =l 417 CnC) = £, [ 505 (s

0
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< (@llyn = ¥lloo + [ (- 30) = FC YO

T® f 1 p
ra+1)) p(s) >

< (Qllyn = ¥lleo + IF (32 0) = FC YO e

Since f is a continuous functionand y € C(J,R), y,, = v , we have
IF () = FO)llo

< (Qllyn ~ Yoo
a

) = FCyON.) Fas

Step 2. F maps bounded sets into bounded sets in C(J, R).

Indeed, it is enough to show that for any n > 0, there exists a positive
constant [

such that foreachy € B, ={y € C(J,R) : |lyll~ <n}; we have

IFD)le <L
By (Hs) we have foreach t € ]

|Fy(t)| : )
p(0
<Y(0)<1+| b |f e )
— a—1
jp(s) (r(a)f( gy )l

+ |f(r,y™)|] dr> ds

p(0)
<y<0)(1+|b|jp(s) )
+ o for-ortans )
(0)
<y(0)<1+| - |f p(s) )

+(Qn + )j ()<F(a)f(s—r)“ ! dr>ds

() “
_y(0)<1+|b|Jp >+(Qn+M)fp(s) F(c:+1))

N - 0 Asn —» oo

705



[ Rabeea M. Hani

T
<y(0)<1+| b ” ok )+(Q"+ M)<r(aT+1))jp(15>ds

<y(0)(1+ |+ p(O)N) +(Qn+ M)—=N  Thus

TO_’
IFO o < y0) (14 [ pON) + (@ + M) gy N +=1

Step 3. F maps bounded sets into equicontinuous sets of C(J, R).
Let ¢y, t, €], t; < t,.By, be abounded set of C(J, R) as in Step 2,

and lety € B,
then
|Fy(t;) — Fy(ty)]

f p(O)
v jo p(s)

B jo (P(s)lr(a) f (s =1 @ ()

+ f(r, y(r))) dr> ds — y(0) > J ZZES;

+jt2 1 ( 3 )a—l ( ()
0o \POI @) s=r)* (q(ry(r
+ f(’”d’(r))) d7”> ds
t2 (0
ho([ 55
+j (p(s)r(a) (s =m)* gy @)

+ |f(r, y(r))”dr) ds
a ((*p0)
<po] O o)
+f < (s)F(a)_[( —r)%1[on + M]dr)ds
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a 2p(0) i il
("2 ns 0 e

As t; — t,, the right-hand side of the above inequality tends to zero.
As a consequenceof Steps 1 to 3 together with the Arzela-Ascoli theorem,
we can conclude thatF: C(J,R) —» C(J,R) is continuous and
completely continuous.
Step 4. A priori bounds.
Now it remains to show that the set
A={y € C(J;R):y = AF(y) forsome0 < A <1}
is bounded.

Lety € A,theny = AF(y) forsome 0 < A < 1.Thus, foreacht € J
we have

B a [ p(0)
y(t) =2 }’(0)[14‘50 %ds]

t S

1 1 )
- Oj 5 Of (s =1 (g (Ny@)

+ f(r,y(r))) dr] ds

This implies by (Hs) that for eacht € J we have

PO

a t
Fy@1= byl 1+ ]3] [ B as
0

t
+| .
p(s)
0
a
< ly©@I[1+ [ p@N |+ (on + M)
Thus for every t € J, we have

IFY(Oller < Iy [1+ || pON | + (@1 + M)

1 S
e Oj (s = %1 (lgOy @] + [ y())Ddr)| ds

! N
Fa+1)
(¢4

ratn ¢
This shows that the set A is bounded. As a consequence of Schaefer's
fixed point theorem, we deduce that Fhas a fixed point which is a solution
of the problem (1) - (2).

4. An Example

In this section we give an example to illustrate the usefulness of our main
results. Let us consider the following fractional BVP
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D¥((2 —t2)y' (1)) + sin(2rt)y(t) + lyl(}tl)(%
=0 (8)
y(0) —y'(0)=0
y()+ y'(1)=0 (9)

Here, p(t) = 2 —t? , q(t) =sin(2rwt), f(t,y) = |y|?/-+|—1 for
allt € [0,1]
anda=b=c=d=1
Then we have:

Ig](rt()l =)|Sin(27tt)| <1:=0Q
L,y B

| oy |- yrri= 1k
If (t,v1) — F(& )| < 1y — vs

a S

9_(Q+K)f p(s)F(a+1)dS_(1+1)J 2—52T(a+1) ds

11 Sa
<2| e ds=— <1
fOZF(a+1) T T(a+2)

oo ] 1
Then (Hy) and (Hy) are satisfied with Q = 1 and 6 = M@t

Then by Theorem 3.1the fractional BVP (8)-(9) has a unique solution
on[0,1].

a

<1
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