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Abstract

The objective of this paper is to study the compactness of fuzzy sets in fuzzy

topological spaces, especially the connection between compact, closed and

bounded fuzzy sets.

1-Introduction:

The concept of fuzzy sets was
introduced initially by Zadeh in 1965.
Since then, this concept is used in
topology and some branches of
analysis, many authors have
expensively developed the theory of
fuzzy sets and its application [1].

Chang, C. L. in 1968 used the
fuzzy set theory for defining and
introducing fuzzy topological spaces,
while Wong, C. K. in 1973, discussed
the covering properties of fuzzy
topological spaces, [2].

Ercey, M. A. in 1979, studied fuzzy
metric spaces and its connection with
statistical metric spaces, Ming P. P. and
Ming L. Y. in 1980, used fuzzy
topology to define neighborhood

structure of fuzzy point and Moore-
Smith convergence, Zike Deng in 1982,
studied the fuzzy point and discussed
the fuzzy metric spaces with the metric
defined between two fuzzy points,[ 3].

The main objective of this paper is to
study the relationship between closed
and bounded fuzzy sets and the
compactness of such fuzzy sets.

2- Basic Concepts in Fuzzy
Topology [3], [4], [5]:

Chang C. L. in 1968 introduced the
notion of fuzzy topological spaces,
which is anon-empty set X together
with a family of fuzzy sets in X which
iIs closed under arbitrary union and
finite  intersection, as it is given
precisely in the next definition.

We start first with the obvious
definition of fuzzy topological spaces.



Definition (3.1),[3][7]:

A family T of fuzzy sets of X is called
a fuzzy topology for X if and only if it
satisfying the following conditions:

(@) I, 1x € T.where & is the empty
fuzzy set with membership function
0 and 1x is the universal set with
membership function 1.

(b)IfA,BeT,thenANB eT.
() If A; € T,V iel, wherelis any
index set, then (JA; € T.
iel
T is called fuzzy topology for X, and
the pair (X, T) is a fuzzy topological
space.

Definition (3.2),[3]:

A fuzzy set Ae X* is said to be an
open fuzzy set if Ae T and is said to

be closed fuzzy set if A® e T.X* is the
set of all closed and bounded fuzzy
subsets of X

Definition (3.3), [2][4]:

Let (X,T) be a fuzzy topological space.
A family of fuzzy subsets A of 1* is
said to be a cover of a fuzzy set B in X
if and only if B = UA. If each member
of the cover is a member of T, then this
cover is said to be an open cover of B.
A subcover of B is a subfamily of the
cover which is also a cover.

Definition (3.4),[5]:

A fuzzy topological space is compact if
and only if each open cover of the space
has a finite subcover.

Definition (3.5),[5]:

A fuzzy point x, of fuzzy set A in a
fuzzy topological space (X, T) is said to
be fuzzy 6-cluster point (fuzzy &-cluster
point) of a fuzzy set A in X if and only
If fuzzy closure (respectively, interior of

the closure) of every open Q-
neighborhood of X, is g-coincident with
A

3- Compactness Fuzzy Set:

The compactness set is one of the
fundamental aspects in topological
space, in general, and of fuzzy set in
particular, therefore, several approaches
are proposed to study this subject.

Hence, in this section, we will give one
of such approaches as a theorem. Also,
we will stand and present some of the
basic ideas for the construction and the
proof of the completeness of fuzzy set,
where the following abbreviation is
used, X* is the set of all closed and
bounded fuzzy subsets of X.

Theorem(4.1):

If a fuzzy set is nonempty and is
bounded below, then an infimum exist.

Proof:

Let A be a nonempty fuzzy set which is
bounded below. Denote by C1 the fuzzy
the set of all real numbers which are
lower bounds of A, and let C2 consist
of all other real numbers.

We may then show that [C1, C2] is a
Dedekind.

1- The nature of the definition of C2 is a
assurance that each real number is in
ClorC2.

2-Since A is bounded below, C1 is non
empty and since A is not empty, not
all real numbers are in C1. Hence C2
IS not empty.

3-Let c1 be any member of C1, and let
C be any number such C < Cl.it
follows that C is less than a lower



bound of A and hence is also a lower
bound of A .therefore ¢ is a member
of C1. This implies that all members
of C2 exceed all members of C1.

4-Suppose C2 to have a least member.
Denote it by c. then c is not a lower
bound of A, and, as a consequence, a
number x of A exists such that x < C.
Also, between x and C exists another
real number y, x <y < C, since y is
less than c, it is necessarily in C1.

Also, since y exceeds x; a member of
A, it is not a lower bound and so is
not in Cl.the contradiction implies
that C2 does not possess a least
member.

Theorem (4.2):

The infimum of a nonempty fuzzy set
Ais either a member of A or a cluster
point of A .

Proof:

Let b = inf A, be a fuzzy set with
membership function

pp(x) = inf na(x), VxeX

It is the minimum fuzzy point of A, if
b is a member of A

While if b is not a member of A, then
corresponding to each positive number
e > 0, the deleted fuzzy neighborhood

N”(b,e) contains a point a of A.
Hence b is a cluster point of A.

Theorem (4.3):

A nonempty closed fuzzy set A, which
Is bounded below possesses a minimum
point.

Proof:

By theorem (4.1) the infimum of the
fuzzy set A exists a fuzzy point b

which is either a point of A or a cluster
point of A.

In the latter case it also follows that b is
in A, since A is closed.

Hence the infimum of A belongs to A
and is, of course, the minimum member
of A.

Theorem (4.4):

Any family of disjoint fuzzy intervals is
countable.

Proof:

Let {i,} be a sequence of fuzzy
intervals hence, for all a € (0, 1], let 1,
= [ln, Th1] and hence, their is an

equivalent two sequence of nonfuzzy
intervals {1,} and {1, } which are

countable hence {1, } is countable.

Similarly, using the idea of a-level sets,
one can state and prove the following
theorem:

Theorem (4.5):

Any nonempty open fuzzy set is the
union of a unique countable collection
of disjoint open intervals.

4- The Main Results:

Denoting that member of the family
which corresponds to the integer n by
A,, we may represent the sequence by
A, Ay ..., Ap,...; or by the symbol

{A},

If a sequence of fuzzy sets of points has
the property that A,.; < A, for each n,
then the sequence is referred to as
decreasing or nested, concerning a
nested sequence of sets each of which is
closed, we state the following.

Theorem (5.1):



If {F,} is a nested sequence of non
empty, closed, and bounded fuzzy set,

then the fuzzy set F = N F, is non
n=1

empty, where pe(X)=p,, (x).
N R
n=1
Proof:

By theorem (4.3) each of the fuzzy set
F, pOssesses a maximum point.

Let X, =max F,, for each n

ng,, () =maxpg (x), from the
hypothesis

FivC R, ug (0 < pg (x). It follows
that X,,; < X,, and for each positive
integer q it is the case that X, & F,
foralln>q.

Denote the fuzzy set of numbers X, by

T, because T = F and R is bounded, it

follows that T is bounded and,
particular, is bounded below. Denoting
the infimum of T by c. We shall show

thatc € F,, for all n.

Let q denote an arbitrary positive
integer, and consider the subset of T
defined by T, = {X, : n>q}, since c is
the infimum of T, it is also the infimum
of Ty, by theorem (4.2) it follows that c

S Tq. Also, since:

chF

y, We have MT, x) <

},ngq x). m

Now, consider the following
remarks:

Remarks (5.1):

A. Let F, =@, for all positive
integers n whered is the empty fuzzy

set with membership function 0. Then
F, is closed and bounded, and {F,} is

nested. However, the fuzzy set F =
N F, , with membership function pz(x)
n=1

= How (X)

N F
n=1
is empty since the F, are not non

empty.

B.Let F, = {(X, nug(x),where xeX > n
Is the universal set with membership
function 1.} here the sequence {F,}
IS nested and F, is nonempty and
closed for each n. however, each F,
is unbounded. It is easy to see that F

o0

= (N F,, with membership function
n=1
S(x) = 1o,
IJ-[:( ) AF,

n=1

C.Let /, = (0, 1/n], the sequence {F,}
Is obviously nested, each F, is
nonempty and bounded but not

ﬁ F,, with

n=1

membership function pg (x) =

no  (x), seemsto be empty.
N

n=1

D.Let F, = [2n, 2n+1]. Here each F, is

nonempty closed, and bounded, but
the sequence {F, } is not nested. The

(x) is empty.

closed. The set F =

AE , with membership

set F =
n=1
functionpg(x) = n.  (x) isempty.
N

n=1

Therem (5.2):

If L™ is any open covering of a
fuzzy setA, then there exists a



countable subfamily of L which also
covers the fuzzy setA.

Proof:

Let a denote any member of the
given fuzzy set A. Then a fuzzy set G,

of L exists such that a € G,. Further,
since G, is open, a neighborhood N(a,
g) exists such that N(a, €) = G, .

Now, let r; and r, designate two rational
numbers with the property that a — € <

It is then the case that the interval I, =
(r, rp) issuch thata e l,and Iy < G,.

Hence, in this manner we may associate
with each member a of the fuzzy set A
an open interval I, with rational end
points.

Since the fuzzy set of all possible
intervals with rational end points is
countable, if follows that the fuzzy set
B ={l,:a e A}isalso countable.

Each interval I, is contained in at least
one of the open fuzzy sets of L and
denote one such by G,. In this way a
subfamily L’ of L is constructed with
the property that with each interval I, of
the countable fuzzy set B is associated
exactly one member G, of L.

Consequently L’ is countable and,
moreover, covers A since for each
member a of A we havea € l,and |,
G, =n

Theorem (5.3):

Let X = IR be the universal set, then a
fuzzy subset of X is closed and bounded
then it is compact.

Proof:

Let A € X be a closed and bounded
fuzzy subset of X and a family of a

fuzzy sets A is a cover of a fuzzy set A
ifandonly if B c U{A | A € A}

It is an open cover if and only if each
member of A is an open fuzzy set A.

Because of the (Lindelof theorem in
fuzzy sets), we may assume, without
loss of generality, that B be a countable
and thereby denote its members by G;,

Gy, ..., G, ... and define the fuzzy set:

- n . - -
K,=UG; and L[,=ANYy
i=1

Kn

which is s also a fuzzy set of X with
membership function, for any index J

i, Gj) = s.l;? ug; (), X € X

ug, ) = Min {uz (), Yug, (9},
forn=1,2,...

and observe that, because of the
theorems on unions and intersection of
closed and open fuzzy set, the fuzzy set
K, are open and the fuzzy set L,

closed for all values of n. further, it is
the case that:

K, < Kpu, then Mg, () <
“Kn+1(x)’ VXxeX
and from this follows

Lo = Loy then pp (0)

ue (%), Vv x € X, forall n.

Assume now that none of the fuzzy sets
L, is empty fuzzy set, then:

ug, (0 =1, since L, c A
and hence:
up () <pap(x), Xe X

1< pz(x),and hence A is bounded



It follows then that the sequence {L,}
c{Lpa}n=1,2,...;1e,

up 00 < pp (), x € X, for
all n.

Satisfies the hypotheses of the theorem
(5.2)

=inf p; (x),VXxeX
n n

Therefore, for some positive integer g
the fuzzy set L, = A N EK is empty.
Mg (x) = min{pz(x), iukq x)}
=0, foranyindexj,Vj=1,2,....q
Hence, A c K, = quéi e,
i=1
A < g, () =g (x)
U Gj
i=1
= sup ug; (x), ¥V
i€j
X e X
- A c C (since pz(x) < pa(x)
)
A may be covered by the set C.

Let B denote the family of open
fuzzy sets of fuzzy points G,, defined

by:

G, = {(x g (0) X e X -n<
ug, (x) <N, for each positive integer n}
It is obvious that B is an open covering

of the fuzzy set of all real numbers and
hence of any fuzzy set of real numbers

suppose now that A e X* is some
compact fuzzy set, A € T.

Then, since any open covering of A
possesses a finite sub family which also
coversA . It follows, in particular, that
this is true of B.

Consequently, a finite collection of
intervals G, covers the fuzzy set A,

and, if denotes the maximum subscript
for this finite family, then clearly the
open interval:

Gry = X ng, 0) 1 X € X

—p < ME (x) <no}

covers A.

This implies that a compact fuzzy set is
bounded.

To show that A is necessarily closed,
let ¢ be a real number and consider the
family of closed fuzzy sets:

Fo ={(% ug (0 [x e X, c—1n

Spp (x) <c+ 1/n},n=1,2, ...
The fuzzy sets H, =&F,,Vn=1,2, ...

ug () = Cug (), V.n=1 2,

Then constitute a family of open fuzzy

sets. It is obvious that the set ﬁ F,
n=1

Hy  (X) = inf pe (), X € X
Fn iej !
n=1

for j any index set consists of the single
points, and, since ¢ in net in A, it
follows that:

ACiﬂﬁn
n=

ie.,



na(x) < iuﬁ : (x)
n=1

&inf Mg (), VX €

i€j

X...(1)
where:
HAX) <Hg g  (X)
" U Hi
i=1
= suppﬁi(x), V X €
icj
X.....(2)
Thus the fuzzy set A is covered by the
family A.

The compactness of A implies that a
finite subfamily of A exists which also
covers A.

Therefore a positive integer n; exists
such that each point of A is contained
in at least one of the open fuzzy sets H,,

H,, ..., H,, ...; then, no point of A is
contained in:
|~:nl = {(x, Hf:nl(x)) ixe X c-
1/n; < ug (X) <C+ 1/n.}
1
and from this it follows that the point ¢
is not a cluster point of the fuzzy set A.

Thus it is proved that any point which is
not a point of the fuzzy set A is also not
a cluster point of A.

All cluster points of A are, therefore,
points of A itself.

Hence A is closed.
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