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ABSTRACT 

Analytical solution have to  obtained of contact problem for indentation of flat 

punch with rounded edges in axi symmetric extrusion to both surface pressure and 

interior stress fields for a given die shape at different velocity fields.  Both sliding 

friction and partial slip condition must be concluded in the equation of metal flow 

for extruded material taking into consideration von Mises yield criterion and the 

complicated high elastic contact stress in the flat and rounded edges dies. An 

experimental method using prototype sample of photo elastic material to determine 

the effect of rounded edges on the stress distribution in the contact zone. A 

numerical method used programming for solving the analytical equations of metal 

flow using quick basic and comparing the theoretical with the experimental results 

.A kinematically admissible metal flow cylindrical velocity using strain rate of 

plastic flow has been proposed to obtain the load of contact on the elastic punch 

face during the axi-symmetric backward extrusion. The theoretical results predict 

the forming force , rule of friction , area reduction and the metal flow quite 

satisfactorily when compared with the experimental results.  

 

Keywords: Backward Extrusion ,Indentation , Sliding Friction ,Contact Slip ,   
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 دراست لحالت الاجهاد لانبعاج كابس مسطح مع حافت مستذيرة

 للبثق الامامي المتناظر

 
 الخلاصت

 انًبثوقاة سافاا اننًسانة الاتصال او انتلايس لاَبعاج كابس يسطر يع  اتسهيهي يتُاول انبسث زلا

ضغط انساطر والاخاااا انالا هي ن اكم ان اناذ انًالكوت ونً تها   يٍ نكلا انًتُاظر  في عًهية انبثق

الاَالالا  اندلاياي اايا ل بُاار الاعتباات الازتكاا  الاَلالاقاي و شار   يدالا  انسرعة . اٌ كلا يٍ

ييساالا  فوٌيعياااتانًااا و ض ضااًٍ اعتباااتا  عُاال ااااتُتاج يعاانااة خرياااٌ انًعاالٌ نهًااواا انًُبث ااة 

وتع يلا  اخااا انتلايس انعاني انًروَة في قوانذ  ا  انسافاا  انًساتوية وانًساتليرض . تاى اااتعًال 

 ري ة عًهية باات لاو عيُة يٍ ًَو ج يعيٍ نهًواا  ا  انصاوتض انووتوررافياة انًرَاة لايدااا َسابة 

ا ي اتَااة باايٍ انُتااايح فااي يُط ااة انااتلايس . لايداااانتااارير نهسافااا  انًسااتليرض فااي توايااع الاخاااااا  
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الاَسايا  الاااطواَي انً باول ن ل تاى اقتاراذ اااتعًال  انعًهية وانُارية يتى اات لاو برَايح انبيسك .

نهسصااول عهااح انسًاام فااي يُط ااة انااتلايس  نلاَساايا  انهاالٌبااااتعًال يعاالل اَوعااال زركيااا نهًعاالٌ 

 ااوض انت ااكيم وقاااَوٌ ن اعطااق قاايىتااايح انُاريااة نهكااابس انًاارٌ  االا ل انبثااق ان هوااي انًتداااَس . انُ

 .يع انُتايح انعًهية ي اتَتاا  انُ صاٌ في انًسازة وخرياٌ انًعلٌ ب كم ي بول عُلوالازتكا  

 
LIST OF SYMBOL  

 
INTRODUCTION 

n cold forming  of axi- symmetric backward extrusion , the cold forming more 

and more components are improved in quality by product a suitable loading for 

pressing the die against the plastic metal . in these problems contacts arise that  

characteristically have a flat base with some kind of radius at the edge which is 

either pre – existing or generated by wear . The complexity of this problem is the 

contact pressure between an elastic face with sliding friction and the surface of 

plastic metal , so that the design procedure for these contacts is usually one derived 

from experience as it is hotoriously difficult to determine the contact pressure in 

contrast  to the hertizian contact  where simple closed form solutions exist between 

two elastic bodies .Often the sides of the punch are straight and normal to the free 

end and a deduction of the contact stress state induced is hot as height forward 

matter .[5] 

Timoshenko and goodier [8] assumed that the punch itself is rigid and is pressed 

into a compliant half – plane. The contact deformation is therefore accommodated 

entirely within the latter and a classical formulation may be employed .Khdem etal 

[1] analyzed the contact pressure using an elastic formulations that are appropriate 

symbol Meaning units 
b Symmetrical complete contact for the indenter mm 

a Symmetrical incomplete contact for the indenter mm 

x The direction of slip regions  

E Young modulus KN/ mm2 

h The slope of indenter at each point  

t Domain of integration  

v Velocity of indenter in the y direction m/s 

R The radius of curvature of the corners mm 

p The applied load kN 

λ The domain of integration  

ϕ The angle of contact (auxiliary angle ) degree 

q Applied local load on the domain  λ kN 

Q Shearing force traction kN 

σ Normal stress KN/mm2 

β Dundurs constant  

⋵ʹ  deviator of strain rate tensor  

   the angle specifying the contact half width b  

w The width of the specimen mm 

p The applied force kN 

T The thickness of the specimen mm 

K The relative stress KN/mm2 

N The fringe number  

I 
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to a rectangular domain where the geometry of the punch has a significant effect on 

the contact pressure distribution which observed experimentally .M.M. Moshksar 

etal [2] , [3] and [4]  have presented an upper bound solution for the early and final 

stages of backward extrusion forging of hollow components . S.B.Biner [6] has 

proposed an analytical solution of axi-symmetric backward extrusion for the study 

of metal flow in this process using finite element method (FEM) and model 

material techniques . Also Sackfiled etal [7] have proposed a velocity field for the 

backward forward combined extrusion of polygonal cup – bar shape components 

using upper bound theorem and visio plasticity method for experimental 

verification. 

In this study the effect of the circular parts of the geometry and the radius of the 

corners of the punch on the contact stresses distribution between the elastic surface 

of the punch, the plastic material flow and different strain rates ⋵ and the velocity 

of the axi-symmetric extrusion which must be analyzed by using metal flow theory 

with contact pressure laws and the experimental results for verification of the 

theoretical results.  

 

THEORETICAL ANALYSIS 

The general solution in the case of a symmetrical complete or incomplete 

contact over the range  –b ≤  x  ≤  b  as shown in Figure (1) is given by 

Mushkelishvili´s [4]  inverse of the singular equation as :-  

 

p(x)= - 
 

  √     
  *[ p- 

  

 
 ∫

  ( )√     

   

 

  
  dt               …  (1) 

 

 
Here both p(b) and p(-b) are bounded (incomplete contact) and it may be taken as p 

(   b) = 0 which reduces the general solution for contact to : 

 

p(x) = 
  

  
 √      ∫

  ( )

√(     ) (   )

 

  
  dt                     … (2) 

 

 
where hʹ (t) =the slope at each point on the profile of the punch  

 

 
 

  
 = 

 

  
  (1- ν1

2 
) + 

 

  
  (1- ν2

2
 )                                  … (3) 
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Figure (1) Geometry of the punch in axi symmetric extrusion. 

 

The applied load p is in equilibrium with the pressure distribution and is given 

by : 

 

p = - ∫  ( )    
 

  
 - 
  

 
 ∫

  ( )      

√     

 

  
                    … (4) 

 

here we take   hʹ (x) = - ( a + x) / R        if  -1 ≤ x ≤ a    

                         hʹ (x) = 0                         if  -a ≤ x ≤ a  

                        hʹ (x) = - ( x-a ) / R         if  a ≤ x ≤ b    

 
 It may  be found using overall equilibrium as a function of the load p as (8) 

 
   

     
   = 

     

      
   -  

     

 
                                        … (5) 

 
Where     = the angle specifying the contact half width b 

                = the angle of contact at any point on the contact length  

example : -𝜋 /2  ≤    ≤ 𝜋 /2   is corresponds to –b ≤ x ≤ b  
In particular after the normal load p is applied , p is kept constant and a 

monotonically increasing tangential force Q to cause sliding and the metal flow 

under the punch face with stick and slip zones depend on the displacement and 

velocity of particles parallel with surface to the surface traction so that the equation 

of sliding can be written as (7) . 
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  g ´(x) = 

 

 
 ∫

 ( ) ( )

     
 β (λ)                            … (6) 

 
Where g(x) is the relative tangential displacement of surface particles  
gʹ (x) = dg(x) / dx its derivative   
Tangential equilibrium will be satisfied if  
 

Q = ∫   ( )  
 

                                                            … (7) 

 
METAL FLOW THEORY 

The values of p(t) and q (λ) at any point along the contact region could be obtained 

according to st- venant which the plastic flow phenomenon can be condensed into 

two tensor equations. 

  

бʹ ij  = 2 λ ⋵ʹ ij                                                    … (8) 

                        ∈ʹ ʹ ij = 0 

 

 

Where λ is  a scalar function of the yield strength б y  and of the rate of straining  

бʹ ij = deviator stress tensor.  

⋵ʹ  = deviator of strain rate tensor . 

 

λ = τ oct / γ˙oct                                                               … (9) 

 

So eq (8) and (9) in the expanded form in the principal coordinate system can be 

written as :- 

 

[
 
 
 
 
           

  
  

 
           

 
 

  
           

 ]
 
 
 
 

 
  

  
 [

     
     
     

] … (10) 

                                                                                                                                                                        
So that from the strain rate given and substituted in equation (10) 

we can obtain the values of the principle stresses and then the values of p and q as: 

- 
 
      

 
   

√ (
 
 )    

                            

 
    

 
    

√ (
 
 )     

                            } 

 

From equation (4) and equation (7) of the values of p(x) and q(x) at every point 

along the contact length could be obtained. 
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Figure (2) Velocity field for the early stage of axi symmetric backward 

extrusion or piercing (transformed velocity field). 

 

 

We use materials called perfect rigid plastic material which mean that the metal 

when reaches the plastic region the plastic deformation become under constant 

stress therefore during using such metals we can represent them under load equal to 

yield stress then it can study the stresses distribution on the punch. 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

When using die with elastic metal with pattern with perfectly plastic metal it 

can easy known the type of the load applied that lead to obtain the yield stress of 

the die metal and can then comparing it with the yield stress for elastic material 

because the stress applied on patterns will still constant after yield stress .  

 

 

Figure (3) The pattern of the extrusion punch with. 

load= 0. Kg 
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EXPERIMENTAL ANALYSIS 

The experimental method used is photo elasticity and the profile and external 

dimension of the joint is tall exactly 2 ½ times the size of the external of facilitate 

handling and data collection . 

This model was a two dimensional representation of a three – dimensional 

structure , with the profiles being taken in the axial radial plane of the three 

dimensional component .As the loading required for these models was purely axial 

no special loading frame was required . 

In photo elasticity the value of the stresses can be found by the equation : 

 

б1 – б2  = 
  

 
                                                         …(12) 

 
Where б1, б2 are the principal stresses  

C = λ /K   

λ = the wave length.  

K = the relative stress –optic coefficient which is a material property. 

N = the fringe number . 

T = the thickness of the specimen . 

We could write equation (7) as:             
 

 
 = CW       Where: 

p = the applied force . 

W = the width of the specimen  

The fringe pattern can be shown Figure (3) for different loads.  

The properties of the photo elastic material is given by the material are CR – 39 

which has: 

 

Tensile strength Young modulus Poisson’s ratio 
Value of the 

fringe order 

210.9 kg/cm2 21 kg/cm2 o.42 C=7 kg/cm2 

 

 

 

 

 

 

 

 

 

Figure (4) The pattern of the extrusion punch with load= 3.5 Kg. 
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Figure (5) The pattern of the extrusion punch with load= 5.5 Kg. 

Figure (6) The pattern of the extrusion punch with load= 6.5 Kg. 

When reduce the diameter of punch 1 mm 
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Figure (7) The pattern of the extrusion punch with load= 3.5 Kg . 

Figure (8) the pattern of the extrusion punch with load= 5 Kg. 
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RESULTS AND DISCUSION 

Strain flow was obtained from equation (2), (3), where we consider the metal as 

soon as access to the pressure resulting from compress metal, the metal will deform 

plastically because it is rigid perfectly plastic . 

Figure (10) shows the effect of the width of the punch a/b and the contact 

pressure p for a constant 70% backward reduction in area. It can be shown that the 

max value of p was obtained near the rounded edge of the punch and was increased 

with increasing the flatness of the punch a with respect to total contact b and some 

decreasing in the centre of the punch because of metal flow increasing in this point 

[6]. 

When punch exceed during extrusion process ,the first problem that facing the 

extrusion was transformation through the final end of the die where area of dead 

zone was generated and after that the metal flow become with low load from the 

first .   

Figure (11) illustrate the effect of increasing strain rate and relationship with the 

velocity of advances of the punch for different ratios of a/b = 0.1 and 0.5 .It can be 

shown that by decreasing the flatness of the punch the velocity of the metal flow 

increases which causes an increase in the value of the slip forces Q causes more 

increased in the extrusion force. 

Figure (12) and (13) shown the increasing of flow stresses with the velocity of 

the punch for percentage reduction of 4% and 8% . This relation illustrate that with 

increasing the ratio of contact a/b the max flow stress will be increased so that the 

pressure required for the extrusion force is decreased as the punch advances but the 

smaller the backward area reduction , the more gradual is the decrease of extrusion 

force . this can be seen very clearly when increasing the reduction of area from 4% 

to 8% . 

We can calculate velocity of punch (v) for every value by using strain rate (⋵) and 

thickness of metal (h) by using equation  ⋵  
 

 
 and we use to take mean velocity 

because of the dead zone therefore strain rate will be mean also. 

Figure (9) The pattern of the extrusion punch with load= 8.5 Kg. 
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When comparing the theoretical stress distribution along the contact length x/b 

with the experimental values that obtained from photo elastic analysis it can be 

seen from Figure (14.A) and Figure (14 .B) the percentage error is between 8% to 

10% for max reduction in area which could be found that the stress distributed on 

the punch contact have been affected by the strain rate of the material from 4% to 

8% and on the contact ratio a/b which could be obtained by suitable rounded of the 

punch edge . 

 

CONCLUSIONS 

The method of analysis proposed in this paper offers a method of obtaining the 

stress on the punch and the solution for the effect of strain rate and contact ratio on 

the stress flow of the metal in axi symmetric backward extrusion. 

Different velocity fields and strain rates have been used to obtain the effect of 

the rounding of the punch edges on the distribution of max  principle stress . This 

relation is dependent on the s.venant metal flow and Mushkelishivs equation.The 

results shown that with increasing the contact ratio a/b the normal applied load will 

be increased and this will increased with increasing the percentage of reduction 

area. The theoretical results give good agreement with the experimental using 

photo elastic material. 
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Figure ( 11  ) Evoluation of strain rate in the free surfaces 

comparing with the velocity of the punch. 
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Figure ( 12 ) Relationships between  the flow stress at 4% strain 

rate. 
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Figure (14 B) Comparison between experimental (y3) and 

theoretical(y2) distribution of the stressses along the face of the 

die for E =8%. 
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Figure (  14 A ) Comparsion  between experimental (y3) and 

theoretical (y1) distribution of the stressses along the face of 

the die for E =4%. 
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