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Flow Analysis of Third Order Fluid in a 

Helical Pipe with Circular Cross- Section 

 

Abstract 

In this paper, we studied viscous non –Newtonian fluid of third order flowing in a 

helical pipe with circular cross-section under action of the pressure gradient. 

Particular consideration is given to fluid flow which can be represented by the 

equation of state of the form:  

T=𝝁𝑨𝟏 + 𝜶𝟏𝑨𝟐 + 𝜶𝟐𝑨𝟏
𝟐 + 𝜷𝟏𝑨𝟑 + 𝜷𝟐 𝑨𝟏𝑨𝟐 + 𝑨𝟐𝑨𝟏 + 𝜷𝟑 𝒕𝒓𝑨𝟏

𝟐 𝑨𝟏.  

where 𝛼𝑖 i = 1,2 , 𝛽
𝑖
 i = 1,2,3  are material moduli and A𝑖(i =1-3)  are the first three 

Rivlin-Ericksen tenser. The cylindrical coordinates have been used to describe the 

fluid motion. It is found that motion equations are controlled by the dimensionless 

numbers namely Dean number L, non-Newtonian parameter 𝛽, and material 

moduli (𝛾1, 𝛾3 . The motion equations are solved analytically. The analytic 

solutions of the secondary velocity and the axial velocity are obtained. The effects 

of each of the dimensionless numbers upon the components of the secondary and 

the axial velocity are analyzed. 

 المستخلص

في هذا البحث درس جريان مائع لانيوتيني من الرتبة الثالثة في  انبوب حمزوني ذو مقطع عرضي دائري 
تحت تأثيرالضغط. وبصورة خاصة يمكن ان يمثل ذلك المائع بمعادلة حالة من النوع                                                  

T=𝝁𝑨𝟏 + 𝜶𝟏𝑨𝟐 + 𝜶𝟐𝑨𝟏
𝟐 + 𝜷𝟏𝑨𝟑 + 𝜷𝟐 𝑨𝟏𝑨𝟐 + 𝑨𝟐𝑨𝟏 + 𝜷𝟑 𝒕𝒓𝑨𝟏

𝟐 𝑨𝟏 

استخدمت الاحداثيات المتعامدة لوصف حركة المائع. وجد أن  معادلات الحركة مسيطرعميها باعداد لا 
بعدية وهي رقم دين معممة لا نيوتينية  وثوابت المائع. ان معادلات الحركة قد حمت تحميميا. حصمنا عمى 

والسرعة المحورية. وبالاضافة  لذلك قمنا بدراسة تأثير الاعداد اللابعدية وتحميل التحميمية لمجريان الثنائي 
 مركبات الجريان الثنائي والسرعة  المحوريه.



 

1. Introduction 

     The science of hydrodynamic is 

that branch of applied mathematics 

which deals with the behavior of 

fluids in motion. Fluid is that state of 

matter which capable of changing 

shape and is capable of flowing. 

Fluids may be classified as 

“Viscous” and “Perfect” according 

to whether the fluid capable of 

exerting shearing stress or not. 

Viscous fluid is called Newtonian if 

the relation between stress and rate 

of strain (state of equation) is linear, 

otherwise is called non-Newtonian 

fluid. The flow of Newtonian and 

non-Newtonian fluids has been the 

subject extensive theoretical studies 

till date. Dean [6] in 1927 was the 

first researcher who worked in flow 

analysis of Newtonian fluids in 

curved pipes. He introduced a 

toroidal coordinate system to show 

that the relation between pressure 

gradient and the rate of flow through 

a curved pipe with a circular cross-

section of in compressible 

Newtonian is dependent on the 

curvature. In that paper he couldn’t 

show this dependence but he did in 

his second paper [7]. He modified 

his analysis by including the higher 

order and he was able to show the 

rate of flow is straightly reduced by 

curvature. Jones [12] in 1969 made a 

theoretical analysis of the flow of an 

incompressible non-Newtonian 

viscous liquid in a curved by with 

circular cross-section. Keeping only 

the  first order terms. He showed that 

the secondary motion consists of two 

symmetrical vortices and the 

distance of the stream line form the 

central plane decreases as the non-

Newtonian parameter increases. 

Wang [17] in (1981) studied the 

flow of incompressible Newtonian 

fluid in a helical pipe with circular 

cross-section introduced non-

orthogonal coordinates system to 

study the effect of torsion and the 

curvature. Employing a perturbation 

method and he found that the torsion 

has the first order effects on the 

secondary flow. In 1982 Germano 

[9] studied the same problem of 

Wang’s but his solutions were 

obtained in an orthogonal coordinate 

system and he found the effects of 

torsion to be the second order. This 

results confirmed in his second paper 

in (1989) [10] in which he studied 

the effect of torsion in a helical pipe 

with an elliptical cross-section 

showing that there is unexpected 

form of the secondary where the 

walls act as sources and sinks. In 

1990, Tuttle [15] solved the motion 

of the flow in pipes of elliptical 

cross-section and circular cross-

section successively. Then he 



qualitatively stated that the order of 

torsion effect on the secondary flow 

dependent the frame of references of 

the observer. Without any 

approximation in the governing 

equations. Chen and Jan in (1992) 

[5] studied the flow of Newtonian 

fluid in a helical pipe with circular 

cross-section in a non-orthogonal 

coordinates system. They obtained 

the solution by double series 

expansion method. But considering 

the series forms of dimensionless 

axial velocity and stream function 

used in their article  return the 

method to have the same draw back 

as perturbation technique. Bolinder  

in (1996) [4] studied the first and 

higher order of effects of torsion on 

the flow in a helical duct with 

rectangular cross-section 

numerically and also introduced a 

method to obtain the Navier-Stocke 

equations in a helical coordinates 

system employing physical velocity 

components. In 2000. Hadi [1] 

studied the analysis of the flow of 

non-Newtonian fluid of a second 

order in helical pipes with ellipse 

cross-section and circular cross-

section. In circular cross-section he 

showed that the secondary motion 

depended on two dimensionless 

parameters namely Dean and non-

Newtonian parameter ( ) also he 

studied the effects of torsion (   ⁄ ) 

  and Dean number on the 

secondary flow and axial velocity. 

Also, Zhang, Zhang, and Chen in 

2000 [11] studied the viscous flow in 

annular pipes by a perturbation 

method . They found the secondary 

flow and the axial velocity are 

controlled by torsion,  Dean number, 

and the radius of the cross section. 

Xue in 2002 [13] analyzed the 

laminar flow in helical circular pipes 

by using Galerkin method. His 

results indicate that Galerkin 

technique can effectively overcome 

the limitation of a small parameters 

for perturbation method finally this 

paper studies the flow of third order 

fluid  in a helical pipe with   circular 

cross-section founds the governing 

equations are controlled by 

dimensionless numbers namely Dean 

number(L), Reynoleds number    , 

non-Newtonian parameter( )and the 

material moduli ( 1,  3  and studies 

the effects of (L,  ,  ,  1,  3 on the 

secondary flow and the axial 

velocity. 

 

2.Coordinates System 

       Let the position vector described by (Fig. 1) 

          R(s) =X(s) i + Y(s) j + Z(s) k                                                             (1) 



    Where s is arc length along the pipe and i, j, k are units vector in the Cartesian 

direction. The TNBframe and Frenet formulas defined by: 

 T=
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=         ,          

  

  
=     (2) 

Here T, N,  and B are the tangent normal and binormal vectors respectively,    is 

the torsion and κ is the curvature[2]. To construct the orthogonal coordinate 

system(s, r ,  ) , let polar angle   refers to a relation of the unit vector N* by the 

amount of   +        is given by: 

 

fig.(1) the coordinates system 

3.Basic Equation 

Consideration is given to a fluid characterized by a state equation of the form: 

T = μ  +     +     
 +     +        +      +        

 
)   

(4) 

A1 = (grad V) + (grad V       (5a) 

A  = 
     

   
+ A  1        +          A  1,          n  1,                    (5b) 

Where Vthe is the velocity vector grad the gradient operater    is the 

viscosity,  (i = 1,2) ,  i (i = 1,2,3)are material moduli,    ⁄  is the material 

derivative and A  ( i= 1,2,3) are the first Rivlin-Eriksen tensors.[8], 

thermodynamic of third grade fluid requires that 

    ,                1   ,         | 1 +   |  √24  3,                    (6)                                     1 =   =

  ,                    3                      

4.Governing Equations 



     We write down the motion and continuity equations in curvilinear coordinate 

for unsteady viscous fluid flow in helical pipe without imposing any of our 

restrictions,[3],[14]. 

       The motion equations are in curvilinear coordinates are:- 
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And  
  

  
+

  

  
+

 

 
 +

1

 

  

  
+      i   +   +       +    =  (10) 

 where p is the kinematic pressure, u, v and w represent the velocity components 

in s, r,   respectively, k  is the curvature of the pipe,   i          i   and 

 i    i     : 

 =
1

1 +        +   
 

      Introduce the following new dimensionless variables to obtain the 

dimensionless equations. 

u=   1,       =
 

 
 1,         =

 

 
 1,          =   1,      =   1 , 

λ= 
 ⁄  ,             =    ,          =   

  1 ,          =
   

 
 

Where a is the radius of the pipe,  i       i   velocity in a straight pipe 

under the pressure gradient, ν is the viscosity and  1is the pressure defined by: 

 1 =     1 +   11  1,  1 =   
 

  
 1 +    11  1,  1  

 

Where G is the constant given by [       
 ⁄      ,    is the pressure gradient. 

For mathematical convenience, consideration is given to a helical pipe with 

constant curvature k and torsion    .In this case it is possible to search helically 

symmetric solutions of the general equations, which is physically corresponding 



to a fully developed flow in a helical pipe and can be operated and setting all the 

resulting derivatives with respect to s equal zero except the pressure derivative 

the resulting of continuity and motion equations under these assumptions are:-  

                                  
        

   
+

 

   
 ( 1       1 1 ) = 0                                     (11) 

And the motion equations are: 

 

 

 



 

 

 

 

 



 

     The  above equations are controlled by the following dimensionless numbers:   

 =    ⁄    ,  1 =  1    ⁄ ,     =  3    ⁄ ,    3 =  3  
     ⁄ ,  

                         and      =  1  
  ⁄   . 

5.The Flow of fluid in Circular Cross-Section 

    In equations (12a),(12b)and (12c) we set  

       v=
 1

 

  

  
 ,w= 

  

  
+

 

   
   (13a) 

  

  
=  ,

  

  
=     

  

  
=                                                                              (13b) 

  to gives the  steady flow of third order fluid in a helical pipe with  circular 

cross-section. 

Where i                         i       = 2   i             . 

 

 

 

 



 

 

 

 



6. The Solution 

   we are going to solve the equations (14) and (15). We start by the 

successive approximation for u and  . This method equivalent to 

expand u and   in secondary power of Dean number .In this way we 

obtain recursive relations. These equations are solved analytically.  

This equation  in polar coordinates is 

  = 1                       1    =                                                        

 16  

   Where r is the radius of the cross section and the non slip conditions are  

 =   = 
  

  
=             = 1          17     

    The solution of equations (14) and (15) subject to associate boundary 

conditions are  (r, ,  ,    ⁄ ,  1,  3 ,    ,  ,  ,    ⁄ ,  1,  3 .The prime 

parameter Dean number L, and the successive approximation method is adopted. 

This method equivalent to expand      u in a secondary power of  Dean 

number L.  

 =   1 +      

 =   +   1(18) 

  = 1   2 + 4 
3
 1   4  

 19  

Provided G = 4, and if we set   3 =     we will obtain the solution in a case of a 

straight pipe (Dean, [6]). 
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7. Results & Discussion 

       In this section we study the 

effects of the parameters L, 

 ,   1,  3, and 
 

  
 upon the 

components of the secondary flow 

and the axial velocity. Since the 

pseudo stream- function, for duct 

with non zero torsion dose not 

represent the secondary flow as 

described by v and w, therefore 

vector plots are employed to present 

the secondary flow.  

 



  7.1. The Secondary Flow 
Motion 

A helical pipe characterized by 

non zero torsion. We have more than 

40 cases to a certain how the 

parameters L, 
 

  
 ,  1,  3 effects on 

the secondary flow in helical and 

straight pipes.In equation (21) , if  

 =  ,  1 =  ,  3 =  , we recover 

the first order results in L of 

Gremano, [9]for Newtonian flow in 

a helical pipe with an elliptical 

cross- section, and if  1 =  ,  3 =    

in that equation we recover  the flow 

of non Newtonian fluid of second 

order. 

  Figure (2) shows the effects of a 

material moduli  3 on the secondary 

flow. For     ⁄ =  . 1,  =  .5,

 1 = 1, and  3increases from 0.01 to 

1 we observed:- 

 There is new secondary flow 

which increases when 

 3increased. 

 There is a shifting toward the left 

side of cross- section. That is 

means the intensity of flow in the 

right side is increased and 

consequently begins to push the 

main flow to the left, figure (3). 

 When  3=0.07, there is a 

secondary flow which near the 

center of the cross- section, figure 

(4). 

 When  3=1, the effect of this 

disappears, figure (5). 

Figure(6)illustrates the effects of 

 1on the secondary flow. Here 

   = 2,  = 0,  3 = 0 and 

 1varies from 0.1 to 4. 

 The effects of  1appear when 

 1is greater than 1, figure (7). 

 When  1i   eases there is 

new secondary flow, figure 

(8). 

 The intensity of fluid which is 

found in the lower part and 

near the center of cross- 

section is stronger that is the 

secondary flow of fluid in the 

upper part is weaker ,figure 

(9). 

Figure (10) shows the effects of 

  upon the secondary flow, we 

noted 

 That the parameter  i         

the secondary velocity of fluid 

when it is very large since, it is 

product by small values.    

 There is a displacement to the  

towardupper part of the cross- 

section .That is due to the 

increasing in the intensity of fluid 

the lower part of cross- section, 

figure(11). 

 There is new secondary flow in 

the lower part of cross section,  

figure (12). 

Figure (13) explains the effects of 

   ⁄  on the secondary flow. 

These effects are:- 

 When 1 =  ,  3 =   

,  =  ,and torsion equal 

zero ,the flow is in a 

straight pipe.  



 There is a displacement 

to the left toward of 

cross- section, There is a 

small secondary flow 

near the center the cross- 

section. 

The intensity of fluid in the lower part and near of  the  center  cross- section 

increases. 

 

 

 

 



 

 

 

 



 

7.2. The Axial Flow 

  

In this we  analyze the axial flow by 

studies the effects of  1,  3and  .If 

 =  ,  1 =  ,  3 =
 , i       i   19                  
 in a straight pipe, figure (14) 

Figure (15) shows the effects of 

 3.For L=80,  =  . 1,   1 = 1, as 

 3i               . 1    2. 

 Thereis a displacement toward 

upper part of the pipe. That is the 

velocity of fluid in the lower part 

of the pipe is stronger, figure 

(16). 

  When  3= 1, in which there a 

continuous a displacement and a 

stagnation region short to appear 

in the middle of the pipe, figure 

(17). 

  In addition there are two 

vortexes in the upper and lower 

part of the pipe. 

Figure (18) gives the axial flow 

under the effects of   1, as 

increases from 0.1 to 3. 

  Thereis a displacement toward 

the upper wall of the pipe, figure 

(19). 

  There is a stagnation region in 

the middle of pipe, figure (20). 

 When   1=1.5, the stream lines 

becomes thicker near the 

stagnation region, figure (21). 

 

Figure (22) expresses the effects of   ,  as it varies from 0.01 to 1.5. 

 Thereis a displacement toward 

the upper wall of the pipe . That 

is the axial velocity in the lower 

part of pipe is stronger then it 

pushes the fluid to the upper part 

of pipe, figure (23). 

 There is a stagnation region in a 

center plane of pipe, figure (24).  



For   = 1.7, we note that there is a displacement toward the lower wall 

of the pipe, and  the intensity of the fluid in the upper  part of cross- 

section becomes stronger. 
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