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Abstract

In this paper, we illustrate how to use the generalized homogeneous g-shift
operator .®,(Dy,,) in generalizing various well-known g-identities, such as Hiene's
transformation, the q-Gauss sum, and Jackson's transfor- mation. For the

polynomials ¢,(la'b)(x,y,c|q), we provide another formula for the generating
function, the Rogers formula, and the bilinear generating function of the Srivastava-
Agarwal type. In addition, we also generalize the extension of both the Askey-
Wilson integral and the Andrews-Askey integral.

Keywords: homogeneous g-shift operator, Hiene's transformation, Jackson's
transformation, g-hypergeometric polynomials, generating function, Rogers
formula, Srivastava-Agarwal generating function, Askey-Wilson integral, Andrews-
Askey g-integral.
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1. Introduction

The study of basic hypergeometric series began in 1748, when Euler [1,2] investigated the
infinite product 1/(q; q). as a generating function for p(n), the number of partitions of a
positive integer n into positive integers. Later, mathematicians such as Gauss, Heine, Rogers,
Ramannjan, Waston, Slater, and many others made significant contributions to this topic.
Because of Andrew and Askey's excellent work, basic hypergeometric series have recently
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been an active research subject again. Because of its various applications to combinatorics,
quantum theory, number theory, statistical mechanics, and other fields, the field has grown
rapidly [2].

In this paper, the notations used in [1] are followed, and we assume that |g| < 1.
For a € C, the g-shifted factorial |s deflned by [1]

(@@o=1, (&= [](1-—aq?> (@ @) = [](1——aq

The multiple g-shifted factorial is deflned by:

(ay,02, ., ar; Qm = (A1 Pm(A2; Qm - (s Dy
where m € Z or co.
The basic hypergeometric series ,.¢, is described as follows [1]:

P Pr > (1 0P @ 2 (O .
(prpaan) = 3t o
where g # 0 when r > s + 1. Note that
e G N (al' vy Ary; q)n n
r+1¢r <Bl, '"'ﬁr ’q,x> nz;) (q;ﬁp --.,ﬁr; Q)n e |x| <l
The g-binomial coefficient is given by [1]:

[n] _ (@ Dn

k(@ @ (@ Dn-k

for 0<k<n,

where n, k € N.
The following identity will be used in this paper:

n, (@ Dn ke (5)-nk
@D = @ D k( D*q (1.1)
The Cauchy identity is given by:
@G Dm (@)

x™ = , x| < 1. (1.2)
¢ (4 Dm (%5 @)oo
Letting @ = 0 in equation (1.2) gives Euler’s identity:
- 1
= , xl < 1. (1.3)
Z (@GDm Do
m=0
which has the following inverse:
m
comgelen (14)
= (% 9) o- :
o (@G Dm
The q-Chu-Vandermonde’s sum is given by [1]:
_ (c/a;q)
2917 a;¢5.q,9) = ——=Ta™ (1.5)

(€ Dn
The g-analog of the Chu-Vandermonde summation is [3]:
k

3= 2 EIL daoeo =

i=0

The g-Gauss sum is given by [1]:
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a,b )
b (d ;q,d/ab) = ((dd/’ l;’/dcfbct’qq)):. (1.7)
Heine’s transformation of ,¢, series [1, Appendix Ill, equation (I11.1)] is:
21 (Z'b-q z) SpULL (ZQb'Z-q b>. (18)
o (4,7, @)oo o
Jackson’s transformation of ,¢, series [1, Appendix Il1, equation (111.4)] is:
201 (Z’b' q x) = M 205 (3, (ciw/cb' q bx). (1.9)
)T @ e B
The transformations of ;¢, series [1, Appendix Il1, equations (111.9) and (111.10)] are:
ab.cge\  (e/a,de/bc;q)e a,d/b,dfc
30> <d,e 5 q, abc) = (e, de/abc: 0o, 30> <d,de/bc ;q,e/a). (1.10)

_ (b, de/ab,de/bc; q) o ;i/b, Z/Z, dz/abc. N
B (d;e;de/abC;Q)oo ¢ e/a ’ e/ c y 4, . ( . )

Hahn polynomials are defined as follows [4, 5]:

69 (x) = z [k] (@) x* (1.12)

The Cauchy polynomials are defined as foIIows [6 -9]:

P(x,y) = (x —y)(x —qy) = (x = q"7'¥) = /%, Q) X7,
which has the foIIowing generating function:

Qe
Z Fa(x.7) (q; q)n (xt; @)oo’ It < 1.

In 1965, Al- Salam and Carlitz [10] defined the following polynomials:
@ (n) q‘”, x~1 qx
U’ (6:.9) = (—a)"q\2/ 21| 0 ;0,7 /a |

In 2003, Chen et. al [11] presented the homogeneous g-difference operator D,,, which
performs on functions in two variables as follows:
fe.qa'y) — f(ax, )
Dodf a9} = ===
In 2010, Chen et. al [12] extended the definition of Al-Salam-Carlitz polynomials as
follows:
-nYy
n q n’ /x
Un(yaiq) = (D"q@am 5000 e e ) 13)
The Rogers formula for U, (x,y,a;q) is [12, 13]:
Tl {)m
Uyim(x,v,a;9)
Z 2 mmi 8P G UG Dn (@ D
n=0 m=0 ( ) / 0
(@b, ¥ D)oo N\ (—1)¥q'2) (x8; @) (at)* e
= 2¢1 y‘qu ;q,xt , (114‘)

Qe & (@ Dr(at, yE

provided that max {|x#|, |xt|} < 1.
In 2014, Abdlhusein [14] provided a transformation of ;¢ series:
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xt (X, VS; @)oo v/x,0
191Vt q,ys (ytT 201 ys  sqxt], |ytl <1l (1.15)

In 2020 Cao et al. [15] defined the generalized Verma-Jain polynomials.
de,
w(g"elf>(u, U,Zlq) = z [n]m kPn k(u 17) (116)
P (9, @
In 2021 Cao et al. [16] explained the Srlvastava -Agarwal type bilinear generating function

()

for the q-polynomials w,,
def)
Z 5O ala) o)

(@, ut; @)n .
— (9,vt,q/%;q)n

In 2022, the generalised g-hypergeometric polynomials were defined by Reshem and Saad
[17] as follows:

(wv,z|q).
t" (vt ax; Qe

(@G Dn (Ut x5 q)o

(u,v,z|q)

d,ef
T ad, (g,h ;q,th”), max{|ut|, |zt|, |x|} < 1. (1.17)

1+s-r

et = 3 [ c] T nen. o

In 2022, Abdul-Ghani and Saad [18] defined the generalised homogeneous g-shift operator
@ as follows:

a0, 0o (a s K\qlts-r
) ) ;Q)k k
CDS <b1’...,bs;q, Cny> = ( 2 ; : ) [(_1)kq(2)] (Cny) .
£ (4, by, ., bs; i

Abdul-Ghani and Saad [18] found the following identities for the operator ,.®,:
al’ e a_r

Theorem 1.1 [18]. Let the operator ,. &, (bl, -, bs;q, cny>be defined as in abov, then

al’ ..’ar
D, (bp -, bs; q, cny>{P 69} = P (x,y, clq). (1.19)
ai, >, ar ( . . ag, =, ar
V5 0) (V6@ o
@ | by, by: g cD { }= by, beigct) (1.2
r S( 1 s;4,C xy) (xt, q)oo (xt, q)oo T¢S 1 s5q ct ( 0)

provided that |xt| < 1.

al, Y ar
Pr(x,y) (Wt @)oo
(I)S (b]_; Y bS ‘e CDXY) {(yt' Q)k (xtr CI)OO}

k — a cee a
Ot Do, O @ x59); L .
=P — 2 gJ by,=-,bs;q,ctq? |, |xt] <1. (1.21

(xt; @)oo = (@.ytq); q’ rds| b1 s;q,ctq |xt] ( )

Abdul-Ghani and Saad [18] gave the following results:

Theorem 1.2 [18]. Let qb(“ -b) (x,y,c|q) be defined as (1.18), then
The generatlng function for qbn“’b) (x,y,clq) is:

n al'...’ar
E (a,b) t _ (yt:CI)oo be - b.-

¢ (xl y’ Clq) (q; q)n - (xt; q)oo T¢S iy 'Sy ql Ct ) |xt| < 1' (1'22)
The Rogers formula for gb,(l“'b) (x,y,clq) is:
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VN @) " OtDe
Z Z ¢n+k (x,y,¢clg) GO (@GCDre /4, x8;9)

(x?; @)
& (q,y?,q¢/6 Q)
The Srivastava-Agarwal type generating function for qb,(la'b ) (x,y,clq) is:

(a,b) (v/u,yut; @) e
b (x,y,clq)Py(u,v) =
; " " (q; q)n (xut; q)oo

al’...'ar
q* .o (bl;"',bs;q, chk>,max{|t/€|,|€x|} <1. (1.23)

n

C (ut;q)y(w/uy (T .
X ¢ | b1, bs; q, cutq’ |, |xut| < 1. 1.24)
L (eyutq; 7 ’ (
The Srivastava-Agarwal type bilinear generating function for ¢,(la’b ) (x,y,clq) is:
b t"
> e @ v, clg) —
! (@ Dn

00} al’..-’ar
vt, ax; q)e a, ut;
_ (wtaxq) @uEDn_ <b1’ ) (125)

_ -+, b i g, ctqh
ut, % q)e0 £t (4,08, /%; Q) e

where max{|ut|, |x|} < 1.
The g-integral was introduced by F.H. Jackson [19] as follows:

b
| ot = b =) Y febatra"
and =

b b a
f f(t)dqtzf f(t)dqt—f f(®O)d,t.
a 0 0
The Askey-Wilson integral is given by [20, 21]:
]” h(cos26;1) B 2n(abtd; q) o
o h(cos6;a,b,?,d) (q,ab,at,ad,bt,bd,£d; q)s
where max{|a|, |b|, |£|,|d|} < 1and
h(cosB;a) = (ae'?,ae™; q)..
h(cosB; a4, a,,...,a,) = h(cosB; a;)h(cosb; a,)...h(cosb; a,).
In 2008, Chen and Gu [22] introduced an extension of the Askey—Wilson integral:

(1.26)

2i iy 0.
fn (e lH’e lg,fgelH;CI)oo
o (aeiej ae—iej beiej be—ie,{)eie,{)e—ie,deie, de—ie’geie; CI)oo
f; aeie’ae—ie
i . —-i0
X 3¢2| fge®,ab ;q,9e”" |dO

_ f,at,be
n(abtd g e ( ) (127)

== ; 'd
(q,ab,at,ad,b?,bd,£d,£g; q)e fgt,abtd; q,dg

where max{|al, |b|, |?],]d], |g|} < 1.
The Andrews-Askey integral is presented as follows [20, 23]:

ff(qt/e, 4t/f; D, _ A= Df@.e/f,qf /e, abef; Do

(at,bt; @)  ? (ae, be,af,bf; Q) e
In 2018, Liu [24] introduced the g-integral:

(1.28)
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ff(qt/e, qt/f, abut; q)ood - (I -a)f(q.e/f.af /e av ef, bvef,abu/v; q)«

. (at, bt, vt; @)oo a (ae, be}ve, jlf]; bf,vf; Qe
ve,vf,vef/u

X . 1.29

392 <av ef, bvef;q, abu/v> (1.29)

We use the generalized homogeneous g-shift operator ,®4(D,,) in this paper to do the

following: We constructed a generalization of numerous well-known g-identities in Section 2,

including Hiene's transformation and Jackson's transformation. In Section 3, we present

another generating function formula, Rogers Formula, as well as the bilinear generating

function of the Srivastava-Agarwal type for the polynomials qb(“b)(x,y,clq). Finally, in
Section 4, we generalized the Askey-Wilson and Andrews-Askey integrals' extensions.

2. Generalization of g-identities

In this section, we established a generalization of various well-known g-identities,
including Hiene’s transformation, g-Gauss sum, and Jackson’s transformation using the
generalized homogeneous g-shift operator rCDS(ny).

Theorem 2.1 (Generalization of Hiene’s transformation of ,¢, series). For max{|d|, |x|} <

1, we have
(0] bqn
@b, (“1' o
Z T+1¢S+1 bl)'"ﬁbSﬂdqn;CI' ct
£ (q,d; Dn”
. al'c-o'ar
_ (b, ax; Q)ooz (d/b,x;q)n b . bl,""bs;Q; ctq™ |. (2.1)
(d,x;q)o0 &=t (q,0%; Q)
Proof. Setting a = y/x and x — xt in Heine’s transformation (1.8), we get
(b; Dn P (x,y (b q)ooz (d/b; q)n n(ytq 5 q) oo 2.2)
@D, " Dol @On (0 Qe
al,...‘ar
Applying the operator @ <b1, -, bs;q, cny> on both sides of (2.2), we get
G Dn o (2
P ——— q) b I“.Pb ; ) D P )
O(q:d;q)nt rs 1 s34, Clxy {n(xy)}
n=
_(b;q)ooz /b Dn Zi’---’gr'qcD {(ytq”;q)m}
= ) YMSsH Yy -
CHORY RN CA M U™ @)oo
(b; Dn (a,b)
——t"¢, (x,y,clq
— (q,d; Pn (e, ¢la)
(b Deo X (/0 D, O™ @) N
_ » q ooZ q)n pn Ytq"; @)oo b b1, by q,ctqm ).
(d; @)oo (@GDn  (tq5 Qe "
(By using (1.19) and (1.20))
(b; @ (a,b)
— " X,V,C
— (9, d; @)n Pn (5 26l0)
b,yt; Qe N (d/b, xt; G Gr
el e ()
) ) co n
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By using (1.18), we obtain
LHS of (2.3)
_ (ag, -, ar; Qx [(_1)kq(}2<)]1+s—r " b; Q)
— (q, b1, e Ds; @) ~ (d; )n (@ Dn-k

I (alj...,ar; q)k K (k) 1+s—r ) (b; Q)n+k .
Z Z (q, by, ..., bg; Q)i [( 1)%q‘2 ] c @ D@ D t" P, (x,y)

=0 n=0
1+s-r

(b; Dn c (ay,*+,a,bq™ @)k (k)
= _— n , _1 k k
) @@y P X T b da o) o] e

o bq"
(v/x,b; q) Ag, s
(q d: q) - (Xt)n T‘+1¢S+1 bl;"':bs; dqn; q ct |
Uy n

Hence equation (2.3) can be written as

t"Py_i(x,y)

Ft'

8?:‘

(y/x’b;CI) a aT"
(qd—.q)n (xt)" 410541 | b1, -+, bs, dq™; g, ct
U, n
(b, yt; @)oo O (d/b, xt; q) Ay, Ay
~ (dxtq) Z (a9, vt 9) =b" s | b bsigoctg™ ) (24)
) ) [o'e) n

Setting y/x = aand xt — x in equatlon (2.4), we get the required result.

Setting ¢ = 0 in equation (2.1), we obtain Heine’s transformation (1.8).
If x = d/ab in equation (2.1), we get a generalization of g-Gauss sum (1.7).

Corollary 2.1.1 (Generalization of gq-Gauss sum). For max{|d|, |d/ab|} < 1, we have

bq
(a,b; q) @12 O
—n(d/ab)n T+1¢S+1 bli'“lei danq' ct

— (9,d; @)n
al:"';ar,b
(d/b'd/a; Q)oo d
= d/ab o) r+1Ps+1 bl'...,bS,E;q,ct : (2.5)

Proof. Putting x = d/ab in equation (2.1), we obtain

S @b () gr'j;qn_ .

= (0,45 @)n re1Pser| P B G40

_ Bd/bie 0 @b, N @t D [ (1T
(d,d/ab; q)ooz (@ Dn — (q, by, s bs; @i [( Da ] (ctq™)

_ bdbide N (@ a0 e T e N @A
(d,d/ab; @) &t (q, b1, -, bs; D [( D ‘72] (ct) ; @D (bq™)

1+s—-r

(ct)* (by using (1.2))

: 2 : k
— (d/b' d/a' CI)OO (a1, » Ay b) CI)k [(_1)kq(2)]
(d,d/ab; Q)eo &4 (4,b1, -, by d/3; i
b
(d/b,d/a;q)o a1 G
= (d d/ab'q) T+1¢S+1 bl’“"bS’d/a’; CI’Ct '
* For ¢ = 0 in equation (2.5), we obtain g-Gauss sum (1.7).
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* Setting b =0 and d =0 in equation (2.3), we obtain the generating function for

o (x,, c|q) (equation (1.22)).
* Lettingd = 0, b = v/u and t — tu in equation (2.3), we obtain the Srivastava- ~ Agarwal

type generating function for ¢(a -b) (x,y,c|q) (equation (1.24)).

Theorem 2.2 (Generalization of Jackson’s transformation of ,¢; series). For |x| < 1, we
have

(o] a cee a

a, b; Lo

( q)n x" rd)s (bl,”.’bS;q' Cq”)
n

~ (9,d;@)n

] 2 1y n a,a
ax; q)e —D"g\2/(a; " b; y oty Ay

_ .q) (=D"q .( Dn_n uqk o b bes q,cqk ), (2.6)
Do &2 (0% q)n (4,4

Proof. Settmg b=x,d=yandx = fin equatlon (1.9), we get

@D 1 (D _ @00 D@ e y)
(q Dn O Dn 5 Do g (@, af; Pn O Dn

Z @0y 1, 085D _ @10 0@ @ n . P0Y) 3 D
(q; q)n x5 D Do & (4.0f; D 0 Dn (6 Do

(2.7)

al, e, ar
Applying the operator , & (bl, -, bs;q, cny> on both sides of equation (2.7), we get

N @D (BT (G0
L@@, T\ T s,
(@f; Do (102 (@ ), ar, e, dy P.(5,Y) (75 @)en
- n @, by be;q,cD,
fiDe & (@ af;Dn / T(DS( U Dy {(y: D (% q)oo}
o

(@ Dn . V9" Deo
TL b ’...’bs; , n
Z @Dn’ 0 q)S( ' e )
_ @fi9e 0 D" @ ),
Do &= (q,af;5@)n
. n -Nn 4. ay, =, ar
x LD N (0055 D q* ros <b1w°ubs;q, cq")- (2.8)

(6@ &=t (@Y D

fn

(By using (1.20) and (1.21))
Setting x = b, y = d and f = x in equation (2.8), we get the desired result.
* For ¢ = 0 in equation (2.6) and by using equation (1.5), we obtain equation (1.9).

3. Another formula to the identities for ¢'*" (x,y, c|q)
In this section, we use the generalized homogeneous g-shift operator TCDS(ny) to give
another formula for: the generating function, the Rogers formula and the Srivastava-Agarwal

type bilinear generating functions for polynomials ¢,(la'b)(x,y,c|q). By providing some
specific value, we recover the generating function, Rogers Formula and Srivastava-Agarwal

type bilinear generating functions for the polynomials gb,(l"'b) (x,y,clq).
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Theorem 3.1 (Another generating function for ¢>,(1“‘b)(x,y,c|q)). Let qb,(l“’b)(x,y,cm) be
defined as in (1.18), then

z 6P (x,y, clq) ——

‘l’l

(@4 Dn
Ot Qoo A Xt
Zm O | b bs; g et ] 1 | VEq A, x| < 1. (3.1)
Proof. Setting s — /1/y in equation (1.15), we get
1 O (- 1)”q(2>/1” Vtq" oo i Pyt t" 32)
Bl @O @50 L " @ Lo, |

al’ e, ar
Applying the operator ,®, <b1, -, bg;q, cny> to both sides of (3.2) and then using (1.19)

and (1.20), we obtain (3.1).

Setting 4 = 0 in equation (3.1), we obtain the generating function for the polynomials
¢(a ") (x,y,clq) (equation (1.22)).

Theorem 3.2 (Another Rogers formula for ¢,§“’b)(x, y,c|q)). Let qb,(l“'b)(x, v, c|q) be defined
asin (1.18), then

» ¢(“.”)(xyclq) t RN (—1)”61(121)(%61")”: 0% Qoo
L Tt ' (q'q)-(q'q),- - (q,at; @)n bt/ Q)

i=0

2 (14D @t ) (@)t > (~1)mg G gk ) (g7 Ft/O™
@yt at;e L2 (4y€0% Qm(E/4q70™; e

X

-0 all » Ay
X Qs <b1,-'-,bs;q, c{’q“m), max{|x?|,|t/?|} < 1. (3.3)

Proof. We will prove t hIS theorem by using equation (1.14).

c (o 4m
LHS of (1.14 Z X,V,a;
(114 = L L Unem 62, ) (o @ D

© -(n+m)
_ gt ) e (T X e
- ( ) q a 2¢1 0 y 4, qx/a

(@ Dn (@ Dm
(By using (1.13))

_ Z Z [n ;m] (- 1)n+m+kq(n+m) (Izc)‘(””m)kJ’ka”*m‘kPk(x, y)

(By using (1.1))

X

(@ Dn (@G Dm

[oe] k o0
@,y ) (~1)%q(2) (2l @) (@) = (/% D (xO)”
Qo & (Q' q)k(af’ Yo & (@y09 Dn

RHS of (1.14) =

= (at;q) (~1)q2 (at)"Z t" P (x,y) 049" oo
T (@ Ot D S (@ Dn (29 D (699w
As a result, equation (1.14) can be rewrltten as follows
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S
+

m

- n+m (M) +(5)-(amyk-+i _ t" e
1 n+m+k 2 2 an+m kP X,
Z; [ k ( ) a <) e m (@ D

o (—1)" (at)" t"  P(6y) (0495 o
= @D 2, G et Z @ D 205 D Ve (34)

(=}
o
=
Il
o

aq, ,

Applying the operator @, (bl, =+, bs; q,cDyy,

)

n=0m

> for both sides of equation (3.4), we obtain

S
+

m

ib1s
]

=
S

[n '|l‘cm] (_1)n+m+kq(n;m)+(§)_(n+m)k+kan+m_k¢)]§a’b) (x Y, C)
0
_gm

8 (g; q)n (g; q)m

o (~1)*q&) (@t & L 0205 D O (@K D

m
1 (q; Di(at; q)y 4 (¥04)e0 £a (4,70% D
al; )
X g (bl,'",bs,q, ch’”m). (By using (1.19) and (1.21)) (3.5)

LHS of (3.5)

o n+m nem k
— Z [Tl -I’l;m] (_1)n+m+kq( 2 )"’(2)—(Tl+m)k+kan+m—k¢lgarb)(x' y, Clq)

n=0 m=0 k=0
t" £m

k
S ][ Jae-se-ocpmer Tk g
=0 n m

@Dn @O Y e 40D
= i i i i [n] [] ]q(n 1)1( 1)n+m+l+Jq(n;m)+(i2+j)_(n+m)(i+j)+(i+j)
n ‘gm

(@ Dn (@G Dm

= i i i (-D"q ( )(aqj)nd)i(f']’l’)(x.y,dq) e /i

X ¢;§ P (x,v,clq)

X

amtm=D @D (x,y, clq)

i+j

e CHARCHZCHD)
& (—)mgle ) @ty
8 mZO (@ Dm
_ . SR (a,b) ti {’j < (—1)“q(121)(atqj)”
(at; Q)oo; ,Z(; bivi (¥, ¢l @GO@D L @l
(By using (1.4))
RHS of (3.5)

IR S e Tt o 700" D
= @80 2, G tat q)kz(q O L) ).,
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_ ay, -, a

(g7 xq"; q) Voo

(q,y£9%;: @) = q™ s | i bs;q et
) ) m

m=0
(0e] k (o]
NCELTE (~1)q12) et @) (at)® $ /ey

xt; @)oo (@ Dyt at; q)i CHON
al’ e, ar

n = =
n m -nm+m (quk; Q)m
DI ]
m=0

(By using (1.1))
k
_ @yt e (D4Rl e m Jim G4 Om
TP Z (@ DeC e ats ) Z( D e
ag, -, ar o —k\n
(t/67"q
by, bs: g, cOgkt™

_ @yt . (D4, q)k(at)"i 1y G D
@ & (@G k(yE at; g (q,yl’q ; Dm

(g0t /; @)oo

) k o m
_ @byt e (—1*ql) et (et & (~1mg ) (e/8q7)™ (x8q" Dm
bt/ Do (G OCYEat; e £ (@789 Qm(E/6q74™; O

al: e ar
X r¢s <b1’ ., bs i q, C{)qk+m>.
Consequently, equation (3.5) might be rewrltten as follows:

a i fj 1n() jyn
zzd)l(+])( %y, ¢|q) t (=1) (atq’)

(@Gai@a)j&  (q.atq)n

ay, -, Ay 1
X (t/2q7F)™ s <b1: , bs; q, cfqkt™ (By using (1.3))

i=0 j=

co k o0 m
RECLTITE (~1)*q&) (xts )i (at)” S (~1)"q &) (g *e/0)" (g ;
Ot/ Dot (GDRCYEat; Q) Lo (4,729 Qm(E/£q™ ™ e

al’ cee , ar
X r(ps (bp “ee bs i q, quk+m).
* Setting a = 0 in equation (3.3), we obtain Rogers formula for the polynomials

o (x,, c|q) (equation (1.23)).
Theorem 3.3 (Another Srivastava-Agarwal type bilinear generating function for

dL b)(x v, c|q)). Let p*» (x y, c|q) be defined as in (1.18), then

(d e, f q)k k () (a,b) t" — (Ut, ax; CI)oo
g ki Z P Kl (v, €l0) s = D)

def al,...'ar
(a,ut,q)n n &)

'h ' ’Zt n b'”'ﬂb 1 ’Ct n ) 36
—~ (@, vt,q/% ) L 3¢2| g q,ztq" | rés| b1 s34, ctq (3.6)

provided that max{|ut|, |ct|, |x|} < 1.
Proof. Equation (1.17) will be used to prove this theorem.
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(gr”) "
(v, 2]q) (@ Dn

LHS of (1.17) = Z 6@ (x| Q)

n=0

& g (d,
- g 0 o 1% (Pp(us) (B using (116)
(d e, f q)k k (@)
Z (9, h; D (zt) Z Prac (X |Q) )nP(u,v).

def

(vt,ax, q)Oo (a,ut; q)n »=

RHS of (1.17) = n ,h ;q,ztg™
(t, % @) Lot (@,05,4/2 D | sP2|g:h ia.7tq

(@D @Dn (PO \ (e ).
- . . q 3¢2 g,h— 1qutq Tl-_'
(65 @)oo £t (q,4/% @) (utq™ q)e
Equation (1.17) can be rewritten as

C e ;D N @ t"
@m0 2 P (l)P ) T

k=0
(@) @ D (Rl \ g e
- . . q 3¢2 g;h !q;th . .
(6 Do £ (q,9/% @n (utq™ @)

(3.7)

al: e, ar
Applying the operator , &, <b1, -, bs;q, CDuv) for both sides of (3.7) and by using (1.19)

and (1.20), we get the required result.

Setting r=3, s=2, z=0, c=2z a=(d,e f) and b = (g,h) in equation (3.6),
we obtain Srivastava-Agarwal type bilinear generating functions for w,gd'e'f 'g'h)(u, v,z|q)
(equation (1.17)).

Setting z=0 in equation (3.6), we obtain Srivastava-Agarwal type bilinear
generating function for qb,(f’b) (x,y,c|q) (equation (1.25)).

4. Generalization of g-integral

By utilizing the generalized homogeneous g-shift operator ,.®(D,,), we generalized an
extesion of the Askey-Wilson integral and an extesion the Andrews-Askey integral in this
section.

Theorem 4.1 (Generalization an extension of the Askey-Wilson integral). For
max{|a|, |b|, |£|,1d], 19|} < 1, we have

T ( 2i0 e—2i9 fgeiH;Q)oo Z (aeiG,beiG;q)n

o (aei®, ae=0 bei® be~if peif pe=if deib de~if, geif; q),, (q,ab; @),

- (@7 ge%q) i
x g~2inb = qu ) (b1 “,bs; q celqu>d9
i6. s ! s 4
+ (q,f9e™; \ )

_ 2n(abtd,€fg; Q) o (af,bt;q), (/)" @™ g% g

(q,ab,af,ad,bt,bd,¥d,tg; q)°°n=o (q,abtd; q), P (q,fg9t;

al’...,ar

X rqbs(bll“"bs;q;quk); (41)
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Proof. Equation (1.27) can be written as
™ (2,210 Fgel®. g,
fo (ae®, ae~19, bel®, be=19, peif, P10 delf de10, gelf; q)
S (f.ae? bel®; q),
£ (q,fge’®, ab; q)n
2n(gf, abld; q)e o (f,ab,btq),
- (q,ab,aft,ad,b?,bd,¥d,£g; q) o (q,¢fg,abd?;q),
Let f = y/x, g = x in (4.2), we obtain
fn (210, =210, g i (ae®®, bei®;q),
o, (aei?, ae=® pel pe=i0 peif pe=i0 deib de=if;q),, i (q,ab; Q)
P.(x,y) (ve’; @)oo

(ge~®)"d6

(ga)™ (4.2)

% e—i@ n > i do
) e e

_ 2 (abld; @) o (at,bt; @)y, g P, y) (745 @)oo 4.3)
(q,ab,af,ad, b?, bd, £d; q)oon=0 (q,abd?; Q) (V€; Dn (Xf; Qoo '

al: e, ar
Applying the operator , & (bl, -, bs;q, cny> on both sides of equation (4.3), we have

fn: (eZiBJ e—2i9; q)oo o (aeiO’ beie; q)n
o (ae®,ae=0 bel® be~i0, peif pe=ib deif de=f;q),, ] (q,ab; ),
n=

a, -, ar i
: P.(x,y) (ve"; @)oo
x (e~ P by,-+,bs:q,cD nt : de
(e ) r s( 1 s,4,C xY> {(yele;q)n (xele;q)oo

B 21(abed; q)e, o (ab, bt q), o
B (q,ab,at,ad,bt,bd,¥d; q) . (q,abd?; q),
n=
al,...’ar
P, y) 0 Qe
X D (bl,...,bs;q, cny> {(;{)_q) TNt (4.4)
) n ) o]
4 (eZiB‘ e—2i9; q)oo oo (aeie’ beiH; q)n

, (ae®,ae= bel® be=10, pelf pe=i0 deib de=if;q), ~ (q,ab; ),

i6. n -n i6. ag, ", ar
(ye ;q)oo (e_lg)n (C[ , Xe Iq)k k rd)s (bl,"',b i6 k> de

(e—iB)n

- . ;q,ce'’q
(xe%; q)oo L (g, q)x ’

[o} n
B 2n(abtd; q) o (af,b?; q)y, g 0 Qe 0" @™ xt )k,
(q,ab,a?,ad, b?,bd,¥d; q)oonz0 (q,abd?;q),  (xf; Q) e (q,v%; O 1
al;'”;ar
X Qs <b1,---,bs;q, c#qk). (By using (1.21)) (4.5)

Replacing (y/x,x) by (f,g) in (4.5), we obtain equation (4.1).

For ¢ = 0 and then g = 0 in equation (4.1), we obtain the Askey-Wilson integral (1.26).
For ¢ = 0 in equation (4.1), we obtain the extension of the Askey-Wilson integral (1.27).

Theorem 4.2 (Generalization an extension of the Andrews-Askey integral). For
max{|at|, |bt|, |vt|, |ae|, |bel, |af], |bf|, |vel,|f/el} < 1, we have
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T (qt/e, qt/f,abut; q) ar, -, ay
) ) ) o b '..-’b .
J; (at,bt,vt; @) rds | b1 s;q,ct dqt

_ (L= )f(q.¢/f,af /e, abef,abue; )s X~ (ae, be; )

e n
(ae, be,af,bf,ve; q)o o (q,abef; q)n (/e
n _ a e a
(@ " ve; Qi ( v
X » ————=q" ;¢g| b1, bs; q,ceq” |. (4.6)
= e .
Proof. Using equation (1.11), equation (1.29) can be written as
T (qt/e qt/f, abut; q)e
[ i
e (at,bt,vt; @)
(- @f@e/f.affe.abef abeusq),  (aebe ™y -
= bef,abeu >4, V] |- .
(ae, be,ve,af,bf;q)w 3¥z| abef,
Let abu = v and v = u in (4.6), we have
f " (qt/e, qt/f; Do (VE Qoo
e (atbt;q)e UHQw * }
_ A -af(a.e/f,af /e abef; q)o (ae, be; q)y, fr P,(u,v) (ve; @) o (4.8)
(ae, be, af, bf; @)oo L (g abef; )’ (Ve @)n (U@

al’ e, ar
Applying the operator @, <b1, -, bg;q, cDu,,> on both sides of equation (4.8) and by using

equations (1.19) and (1.21), then replacing (v,u) by (abu,v) in (4.8), we obtain equation
(4.6).

For ¢ = 0 and abu = v in equation (4.6), we obtain Andrews-Askey integral (1.28).

For ¢ =0 in (4.6) and by using equations (1.5) and (1.10), we obtain the following
corollary:
Corollary 4.2.2 For max{|at|, |bt|, |vt|, |ae|, |be|, |vel, |af], |bf], |vf], |bu|} < 1, we have

f T (qt/e, qt/f,abut; q)o i
. (at, bt, vt; q) oo a

evf
_(A=q)f(q.e/f af /e abef,aefv,bu; q) ae,af, /u. \
- 302 ;q, bu

(ae, be, ve, af, bf, vf; q)er abef, aefv /

(4.9)

Conclusions
We perform the following using the generalized homogeneous g-shift operator . ®¢(Dy,,):
1. We generalized some well-known g-identities.

2. We offer an additional formulas for the polynomials ¢,(l“'b) (x,y,clq).
3. We generalized an extension of some well-known integrals.
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