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ABSTRACT 
Numerical solutions of two dimensional Euler equations are obtained for

transonic and supersonic flows. The shock capturing method is employed to solve 
compressible Euler equations by using MacCormack's time marching method that 
an explicit finite-difference technique. The test case chosen is that of a transonic 
and supersonic flow through a channel with a circular arc bump on the lower wall, 
half wedge and extended compression corner. Computational results accurately 
reproduced the flow field. In three cases, contour plots showing the important 
features of the flow-field are presented. The algorithm is tested for steady-state 
inviscid flows at different Mach numbers ranging from the transonic to the supersonic 
regime and the results are compared with the existing numerical solutions. The 
method incorporates bounded high resolution of discontinuities and is therefore well 
suited to all flow regimes ranging from transonic to supersonic. 

Keywords: CFD, Euler Equation, Supersonic wind tunnel, MacCormack’s technique. 

  ولأشكال مختلفةثنائي البعد  فوق صوتينفق هوائي احتجاز الموجة الصدمية في 

 الخلاصة
. استخلاص الحل العددي للجریان الفوق الصوتي والانتقالي الثن ائي البع د باس تخدام معادل ة أویل ر للجری ان           

والاستفادة من طریقة احتجاز الموجة الصدمیة لحل معادلة أویلر للجریان ألانضغاطي بطریقة تقنیة ماكورماك 
ت م الحص  ول عل ى الح  ل   . ي الجری  انالمع ادلات التفاض  لیة المتحكم ة ف    وتوظی ف طریق ة الزح  ف الزمن ي لح  ل    

باختی ار ثلاث ة ح الات لتغیی ر     . العددي عن طریق تحویل المعادلات الحاكمة باس تخدام طریق ة الف روق المح ددة    
وعث رة نص ف الحاف ة الح ادة وزاوی ة      , شكل الجدار السفلي من المج رى الھ وائي باس تخدام عث رة ق وس ال دائرة      

وتم , وكانت النتائج الحسابیة دقیقة لحالات الجریان الثلاث. جرى الھوائيممتدة في الجدار السفلي للم ھانضغاطی
خوارزمی ة الاختب ار طبق ت عل ى حال ة      . رسم خطوط الانسیاب والتي أوضحت ظواھر ومیزات حقل الجری ان 

الجریان المستقر غیر اللزج ولقیم مختلفة م ن ح دود أرق ام م اخ وخاص ة ف ي الجری ان ف وق الص وتي وقورن ت           
الطریقة المقدمة توفر دمج الحدود بدقة عالیة لΔلك فھي ملائمة لكل من اطق  . بالدراسات العددیة المتوفرة النتائج
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INTRODUCTION 
hock boundary layer interaction is an important phenomenon in the
aerodynamic design of high speed aircraft wings, and of turbine and cascade
blades in turbomachinery and air breathing engine inlets and diffusers. Due 

to this, even in the numerical simulations, the general viscous flow in which flow 
separation occurs is of primary interest, in this paper, an attempt is made to 
study the shock capturing method to define the normal and oblige shock 
interaction on the test section. The algebraic grid generation technique used 
to build the computational domain, the simple mathematical concepts 
underlying in finite-difference methods make them easy to implement. 

In flow fields involving shock waves, there are sharp, discontinuous 
changes in the primitive flow-field variables p, ρ, u, T, etc., across the 
shocks. Many computations of flows with shocks arc designed to have the 
shock waves appear naturally within the computational space as a direct, 
result of the overall flow-field solution, i.e., as a direct result of the general 
algorithm, without any special treatment to take care of the shocks 
themselves. Such approaches are called shock-captur ing method. 

The capturing of sharp gradients in compressible aerodynamic flows as 
well as shock waves and contact discontinuities has been the subject of many 
research and development. The work has resulted in the devising of various 
high-resolution schemes, notably the total variation diminishing (TVD) 
technique [1] and Jameson’s artificial dissipation method [2]. Most of these 
schemes have been implemented in density-based numerical algorithms. 
Computational methods used in aerospace applications for the computation 
of compressible flows have reached a very high level of maturity with 
respect to accuracy and efficiency. Nowadays, there are two main approaches 
advocated in the development of algorithms for the computation of flow at 
all speeds; first, there is the modification of compressible solvers (density-
based) downward to low Mach numbers; second, extending of the classical 
incompressible solvers (pressure-based) towards the compressible flow. 
Density-based algorithms without modification become impractical for low 
Mach number flows. Turkel et al. [3,4] and Guillard and Viozat [5] 
introduced the preconditioning techniques and identified that in the low 
Mach numbers, the discredited solution of the compressible fluid flow 
equations may fail to provide an accurate approximation to the 
incompressible flow equations. Also, in a recent work, Razavi and 
Zamzamian [6] presented an artificial compressibility method to solve the 
incompressible flow equations using a density-based algorithm as the work 
in this paper. 

The shock capturing method is an ideal one for complex flow problems 
involving, shock waves for which we do not know either the location or 
number of shocks. Here, the shocks simply form within the computational 
domain as nature would have it. Moreover, this takes place without requiring  
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Any special treatment of the shock within the algorithm and hence 
simplifies the computer programming. 

The problem of internal supersonic flow has the potential of being 
investigated endlessly. To calculate the flow properties in such flows, the 
solution technique should be able to handle the strong interactions resulting 
from any compressible flow phenomena like shockwave/expansion fan 
patterns in the solution domain. Recently many CFD research efforts ([7]-
[8][15]S) were directed towards the development of such numerical 
techniques. These techniques should be able to operate on flow domains with 
shockwaves without altering the solution accuracy. 

 
GOVERNING EQUATIONS 

For high Reynolds number flow, viscous effects are confined to the vicinity of the 
surface, where large velocity gradients exist. This region is known as the boundary layer. 
Outside the boundary layer, the velocity gradients are negligible resulting in zero shear 
stresses. This region is called the inviscid region, and solution procedures for the inviscid 
flow region are governed by the Euler equations and the solution of this research depends 
on it, which is written in conservation-law form for two-dimensional flows of a perfect gas 
[22]. The general compact vector form is given as:- 
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Where: u and v are the velocities along the x and y coordinates, respectively, p is the 
pressure, ρ is the density, and et is the total energy per unit volume. And U, E, F, are the 
fluxes vectors. 
The governing equation in a conservation form could be written as continuity Equation 
given in [17]. ρ, u, v, p and e are a (primitive variables) non dimensional density, velocity in 
x-direction, velocity in y-direction, pressure and internal energy respectively.  

The time step (∆t) cannot be arbitrary, rather it must be less than some maximum 
values for stability, it was stated that ∆t must obey the Courant-Friedriches-Lowry criterion 
CFL. The CFL criterion states that physically the explicit time step must be not 
greater than the time required for a sound wave to propagate from one grid to next. 
The maximum allowable value of CFL factor for stability in explicitly time 
dependent finite difference calculation can vary from approximately 0.5 to 0.1. To 
determine the value of time step, the following version of the CFL criterion [17] is 
used. Where a i,j is the local speed of sound in meters per second, and C is the constant 
number.   
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and:  ∆t = min [C (∆t CFL) i,j] . 
 
COMPUTATIONS TECHNIQUE 

  The MacCormack's time marching method is an explicit finite-difference 
technique. It is second-order-accurate in both space and time. The results obtained by 
using MacCormack's method are perfectly satisfactory for many fluid flow 
applications [17]. A developed technique employs time-marching solution technique 
for numerically solving the time dependent Euler Equation. The main factors that 
influence this choice are the ability to use the same difference operator in both 
subsonic and supersonic regions of the flow field. To solve the finite difference 
pertaining, the MacCormack's predictor-corrector technique was used. The main 
geometric parameters of the supersonic inlet are referred to Figure (3.1). 
 
BOUNDARY CONDITIONS 

  At the inlet of the domain, all flow variables are specified if the flow is 
supersonic. For subsonic inlet flow, only three of the four variables need to be 
prescribed: the total temperature, the angle of attack, and the total pressure. At the 
outlet, all of the flow variables are obtained by linear extrapolation for supersonic 
velocities; the pressure is fixed when the outlet is subsonic. Slip boundary conditions 
are used on the lower and upper walls of the bump in the inviscid flow test cases. 

The Euler equation has an unlimited number of solutions. What makes a solution 
unique is the proper specification of initial and boundary conditions for a given PDE 
(Euler equation). A set of boundary conditions must be specified, it referred to as the 
“analytical boundary condition” Once the PDE is approximated by a FDE, Thus the 
FDE will require additional boundary conditions. This boundary condition will be 
referred to as “numerical boundary condition”.  
Solid Boundary Condition 

For the three solid boundary conditions (ramp, inside and outside cowl), the 
tangency grid body surface must be satisfied for inviscid flow. The components of the 
momentum equation for the two-dimension flow may be expressed with some 
mathematical steps, as [18]:-   
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Where U is the tangential velocity in the computational domain, and V is the 

normal velocity at the surface in the computational domain is equal to zero. There are 
two kinds of the solid boundaries they are:- 
The lower Solid Surface  
 For the lower surface, a finite difference equation for (4-1) equation is obtained, as a 
second order central difference approximation for the ξ derivatives and a second 
order forward difference approximation for η derivatives are used as illustrated in 
Fig. 4.1.1.  
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 Note that the unknowns are the values of pressure at soled surfaces. The value at the 
interior points has already been computed with the second order approximation by 
predictor step and corrector step of MacCormack's method. The finite difference 
equation is obtained as: 
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The value of normal velocity V is zero at the lower solid surface, therefore; this 
equation is regrouped so that a tridiagonal system is formed. The rearrangement is as 
follows:-  

dpcpbpa ijiijiijii
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The Upper Solid Surface 
For the upper surface V =0, and from Equation (4-1), a second order central 

difference approximation for ξ derivatives and second-order backward difference 
approximation for η derivatives are used as illustrated in Fig. (4.1.2).  
Finding the pressure at the lower surface of cowl, for nonporous surface (normal 
velocity V=0.), the tridiagonal system is found. The arrangement for the lower cowl 
surface is as follows:- 

dpcpbpa ijiijiijii =++
+− .1..1

---- (4-4) 

Where:

 


















+








∆
−=

−− ji

y

jiji

x

jii JyJxa
,1

,,1
,2

1 ηξ
ξ

ηη  

ji

yX
i Jb

,

22

2
3















 +

∆
−=

ηη
η 



















+








∆

−=
−+ ji

y

ji
ni

x

jii JyJxc
,1

,
,1

,
1

2
1 ξξ
ξ

ηη





 +

∆
−





 +

∆
+





 +

∆
−





 +








∆

+




















+








∆

+




















+








∆

−=

+++

−−−−

+++

++
+

++

+

++

+

vu

vu

vu

vu

P

Pd

jijijijiji

jijijijiji

jijijijiji

jijijiji
ji

ji

y

ji
ji

x

ji

ji

ji

y

ji
ji

x

ji

ji

i

xxJ
U

yxJ
U

yxJ
V

yxJ
V

JyJx

JyJx

,1,,1,,1

,1,1,1,,1

2,,2,,2,

1,,1,,
1,

1,
,

1,
,

2,

2,
,

2,
,

2,

)(
2

1

)(
2

1

)(
2

1

2

2

2

ηη

ηη

ηη

ηη

ηη

ηη

ρ
ξ

ρ
ξ

ρ
η

ρ
η

ηη
η

ηη
η

 

To solve Equations (4-3) and (4-4), the tridiagonal matrix solver system is 
obtained at j=1 on the lower surface and j=70 at the upper surface shown in [18]. 
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The velocity component in computational domain at the soled surface is, Ci, Di, for a 
perfect gas and the calculation equation to find the density at the wall could write as: 
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Air specific heat ratio, taken as (γ=1.4). 
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Note that the positive sign is used exclusively to prevent negative density value. 
 
5. NUMERICAL RESULTS 

The first validation is the flow over a bump in the channel geometry in which 
transonic and supersonic flows were computed by shock capturing methods and 
compared together and with the other existing numerical predictions, including 
pressure-based or density-based methods. Many problems have been solved to 
validate the applicability and effectiveness of the shock capturing method in the 
solution of supersonic internal flow problems. In all cases the method showed good 
agreement with analytical solutions, if any, and with the published literature. All the 
test cases have been solved using FORTRAN 90 code a preconditioned tridiagonal 
matrix solver. The reader is referred to [18] for more details. In this section we 
present three test cases. 
A. Circular Arc Problem 
Flow over an arc bump is a typical problem used to validate various algorithms for all 
Mach number flows. The circular arc problem is shown in Figure 5.1.  
The circular arc maximum height is set to 0.04. The solution domain is discretized 
using 120×80 uniform bilinear quadrilateral elements. The inlet boundary is 
supersonic and the following values have been used: Mach number =0.9, 1.0,1.25, 
1.4, 1.5, 1.65 & P=101325Pa, T=288K 
The no-penetration boundary condition is applied on both the upper and lower 
boundaries and  the exit boundary is left free  being supersonic. Figure  5.2  shows the 
 
 
Mach No. contours. The show results match very well the results given in [21] and 
[23].  
Figures 5.2 present the solutions for subsonic, transonic and supersonic flows (M = 
0.9, 1.0, 1.25, 1.4, 1.5, 1.65) for circular arc bumps in a channel, used in the 
computations. Although the mathematical model is simpler than the Navier–Stokes 
equations, the presence of discontinuities and their interactions (shock–shock 
interaction and shock reflection) serves as a good test for the capabilities of the 
method to resolve shockwaves and their interactions.  
 
 

Fig.5.1. Circular Arc 
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The constant Mach number contours are chosen to compare the resolution of shock 
waves for these schemes. The results of Jameson’s scheme in the density-based 
algorithm on a grid of 145×33 nodes [24], a total variation diminishing (TVD) 
scheme in a pressure-based algorithm on a grid of 90 × 30 [25] for the case M = 1.4, 
and the results for ref. [26] are shown in Fig. 5.2.1.b, d and c respectively. As it can 
be seen from these figures, all shock structures are very well resolved by the shock 
capturing method.  
B. Extended Compression Corner Problem 

The extended compression corner problem is shown in Figure 5.3. The solution 
domain is discretized using 210×70 uniform bilinear quadrilateral elements.  
The inlet boundary is supersonic and the following values have been used:  
 
Mach number =0.9, 1.0, 1.25, 1.4, 1.5, 1.65 & P=101325Pa, T=288K 
 
  Again the no-penetration boundary condition is applied on both the upper and lower 
boundaries and the exit boundary is left free being supersonic. Figure 5.4 shows the 
Mach No. contours. The show results match very well the results of the analytical 
solution given from the oblique shock wave theory. 
C. Half Wedge in a Supersonic Wind Tunnel 

The solution domain of a half wedge, as shown in Figure 5.5, is discretized 
uniformly with 210×70 bilinear rectangular elements. At the inlet boundary, the 
transonic and supersonic inlet boundary condition is used with the following values: 

 
Mach number =0.9, 1.0, 1.25, 1.4, 1.5, 1.65 & P=101325Pa, T=288K 
 
On lower boundary and upper boundaries, the inviscid wall (no-penetration) 
boundary condition is used and the exit boundary is left free being supersonic exit. 
Figure 5.6 shows the Mach No.( 0.9, 1.0, 1.25, 1.4, 1.5, 1.65) contours. Our results 
match the results obtained from the oblique shockwave theory.  

 
 

CONCLUSIONS 
The shock capturing method (density-based) is capable of recovering the 

implicitness parameters for the transonic and supersonic internal flow problems by 
used a computer program written in FORTRAN 90 based on McCormack’s 
technique was used to perform the objectives of this work, it gave a satisfactory 
performance in all the tested problems, and with the same algorithm, the presented 
method has an excellent resolution of flows under serve conditions (simple shocks, 
shock reflection, shock/shock interaction, etc.). The agreement between the results of 
the presented implementation of the method scheme and those of the other schemes 
such as pressure-based methods is excellent, as perhaps expected.  
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Nomenclature  

Units  Definition Symbol 
m2 Speed of sound a 
m/s Courant Friedrichs Lewry number of Stability. CFL 
  Velocity components in computational domain Di , Ci 

  Artificial viscosity coefficient in x and y. cx, cy 

J/kg Specific internal energy.   e 

J/kg  Total energy  et 

  Column vector in Cartesian  coordinate  E, F, V 
  Column vector in body filled coordinate E, F, V 
  Flux vector  E1,…E4 

F1,...F4 
U1,…U
4 

  Jacobian of coordinate transformation.  J 
  Mach number. M 

kg/sec Mass flow rates. m˚ 

N/m2 Static pressure.  P  

N/m2  Stagnation pressure.  Po 

  Time  t 

m/s Velocity component in x,y  Coordinate direction u, v 
  Conservation velocity component in η  coordinate direction. U 
  Conservation velocity component in ξ  coordinate direction. V 
  Unit normal vector. n 
  Time step ∆t 
  Spatial steps in physical domain ∆x, ∆y 
 Spatial steps in computational domain  ∆ξ, ∆η 

  Computational coordinates. ξ, η 
Subscript Node indices indicate position in the x, y direction. i , j 

Subscript  Spatial derivative  x , y 

Subscript  Average  av. 

Subscript  Total condition  o 

Subscript  Computational derivative ξ, η  
Subscript Undisturbed air station ∞  

superscript  Time level t 

superscript  Next time level t+ ∆t 
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Figure (3.1) the computational 
domain geometry with the types of 
boundaries 

Solid Boundary 
Condition Flow in Flow out 
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Figure (4.1.1) Lower solid 
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Figure (4.1.2) Upper solid surface 

PDF created with pdfFactory Pro trial version www.pdffactory.com

http://www.pdffactory.com
http://www.pdffactory.com


Eng. & Tech. Journal, Vol.30 , No.3, 2012           Shock Wave Capturing Numerically In 
                                                                           Two-Dimensional Supersonic Wind Tunnel  

                                                               For Different                
 

438 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (5.1.) Circular Arc 

Figure(5.3.) Extended Compression 
Corner 

Figure (5.5.) Half wedge 
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(b) 
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Figure (5.2.1) (a) Supersonic flow over circular arc, inlet M=1.4 (present work) 
120×80 mesh. (b) Mach contours [24]. (c) Mach contours (TVD) [25]. (d) Mach 

contours [26]. 
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                                                  Figure(5.4) Extended Compression corner 
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Figure (5.6) Half xxedge 
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