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ABSTRACT

In this paper the principa objectives is to design a suitable profile that produces
minimum value of jerk and contact stress kegping the acceleration within a limit
especially in high-speed machine. Many works in the experimental part are done
on the synthesis of cam profile in accuracy and system flexibility on the output
follower motion; but there is a lack in the anaytica part. The anaytica
formulation has been done with classical plate theory of un-symmetric cam with
three drcular-arc contact profiles using the equation of circular plate solution due
to the distributed load comes from the perpendicular contact harmonic motion of
the follower. The cam used in the paper can be found in cutting and metal forming
tools, heavy duty of marine engine, and fast manufacturing equipment. The aim of
the present paper is to calculate the maximum deflection on cam boundaries
varying with (r and 8) coordinates between beginning and ending of contact
follower loadings. The results were classified into mathematical modd and finite
element using software ANSY S.

Keywords: Cam Profile, Contact Loading, Circular Plate, Finite dement, Un-
symmetric Cam.
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Nomenclatures:

Normal Letters

Symbol Definition Unit
a Mg or distance of Hertzian contact axis m
b Minor distance of Hertzian contact axis m
ay Major distance of dlipse axis m
b, Minor distance of dlipse axis m
a, Difference radius of curvatures between m
elipse and semi-dircle centers
C Particular solutionconstant | -mm-memeee-
D Bending rigidity N. m
Eq. E, Modulus of dasticity for both cam and N
follower m2
L Length of simply-supported beam m
Ly Difference length between two points of m
contact
m, n Functions of the geometry of the contact | -----------
surfaces
m, Singletrigonometric of Furrier series | ---mmeeeeee-
M, Mg,and M, | Circular plate bending and twist moment N.m
Maximum contact pressure
P Total contact 1oad
r,and 6 Polar coordinates m, Rad
Radius of clamped cam center m
Ry, Ry Whes radius of Curvature m
Head radius of Curvature m
q Loading contact per unit length N
m
W Circular plate deflection m
X, Y Cartesian coordinates m
Greek Letters
Symbd Definition Unit
Yield Stress N
m2
Constant (3.1416) | ---------
Angle between the planes containing curvatures Degree
Vi, Vo Poisson'sratio for both cam and follower | -----——--
o Angle depend upon the functions geometry m, n Degree
04, 6, Angles of the beginning and the ending for both | Rad, Rad
flanks and noses
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shape optimization of a two-dimensional cam profile that produces
minimum values of jerk and contact stress is designed in a heavily
constrained environment keeping the pesk values of acceleration within a
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limit based on genetic dgorithm and fuzzy membership function by using
classical splines of 6-, 7-, and 8-orders and B-splines of 6-and 8-orders for the
polynomial mod traps spline curves of control point parameters, [1,2, 3].
Moreover the fatigue life and microscopic edge cracks for two open-celled foamed
polymers having different densities is measured in compression impact using a
cam-driven compound pendulum system and observed that the meaterid
measurements at condtant incident energy included the static compression
modulus and peak dynamic stress, which progressively degraded as the number of
impacts approached one million, [4]. On the other hand the optimum displacement
curve is found for which cam-follower velocity curve, acceleration curve, dynamic
response of jerk, pressure angle, induced force and stress of experimental outputs
to be continuous and their pesk values as small as possible on both the rising and
the falling maotion of the cam-follower with changing the control points of degree
three and six which used in B-spline polynomial by using advanced techniques for
data acquisition and data processing, [5, 6, 7]. A synthesis method is described for
designing flexible cam profile of marine engine with just one revolving scan of the
profile and analyzed the minimum zone criterion of the form deviation error of
disc cam by using smoothing cubic spline curves interpolation for specifying
maximum and minimum distance between two curves, [8, 9]. The am of the
present paper is to caculate the maximum deflection on cam boundaries varying
with (r, and 0) coordinates between beginning and ending of contact follower
loadings.

ANALYTICAL PROCEDURE:

Higher values of acceleration and jerk of the cam-follower driven system are
never desirable as these affect smoothness of operation of the system and generate
force that induces high contact stress on the cam surface. In this study of genera
contact loading case assuming eastic and isotropic material behavior, Hertz
showed that the intensity of pressure between the contacting surfaces could be
represented by the dliptical (or, rather, semi-elipsoid) construction shown in Fig.
1, [10]. Maximum contact pressure (P,) for shakedown of the contact regioniis:

Phb=06%0, .. Q
And the tota contact load is given by the volume of the semi-élipsoid, [10]:
e p =2t (2
Where:
a=m s [B*P*A]US b=n* [%]1/3
And; '
A, = *[ T e I 3)

R} R2 R}

A——*(l—v)+—*(l—v w(d)

For flat sided Ry WI|| be the whed radius and R} will be infinite. Similarly for
railway lines with head radius R, the value of R, will be infinite to produce the
flat length of radii.

Also;

P = 90°, because the contact load is perpendicular to the cam profile.

i.e
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_ -1/B1
o = cos (A1)

Also;
1 1 1)2 1 1)\2 11 11 1
B =31k -w) *&-5) 2R -w) ) res @ v
©)
According to the value of angle (a), it can be found the value of n, m from Table
(1), [11]:

Table (1) Thevalue of angle (a) againgt the values of m, and n.

o 20 30 35 40 45 50 55 60
(degree)

m 3.778 | 2731 | 2397 |2136 |1926 | 1754 |1611 |1.486
n 0.408 |0.493 | 0530 |0.567 |0.604 | 0641 |0.678 |0.717
o (degree) 65 70 75 80 85 90

m 13781284 1202 |1128 |1061 |1

n 0.759/0.802 10846 |0893 |0944 |1

Fromthe circular plate equation as a function of (r, and 8) coordinatesis,[12]:

92 +2 d M. + 10 N 1 92 M
—+—— ] % —_—t—— | %
ar?  ror r ror r20e2 8

+(~Farm ~wa) * Mo+ = 0.112]

Where:

For isotropic plate, the bending and twist moments are, [12]:

2w 10w = 1 9%*w
= Dsx[—+vs(C—+=—
Mr D ar2 v (r ar rz 062 )]

10w 1 9%w 2%w.
My = =D % (——+——)+V*—
9 [ r or r2 002 ar2

1 9%w 1 0w
Mg =D * (1 - v) [;0r06_r_2%

Thevaue of first term of eq. (6) is:
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2w | voiw v d*w 2xv 93w 203w | 2%v d*w

or* | rord  r20r2062  r3 9rd@? r ar3 = r* 082

(0—2+zi)*Mr=—D* Fw

ar2 ror

And the value of second term of eg. (6) is:

10 1 9?2 1 92 10 2 9? 03 1 0*
(___+__) «Mg=—-Dx(-22W 10w, 20w vow, 10w,
ror r20e2 r2 9r2 r3 or r* 002 r or3 r* 064
v 0*w )
r2 dr2 062

Also the value of third term of eg. (6) is:

2 9?2 2 0 _ 2 0*w 2 3w 2 92w | 2xv d*w
IO 20) M =Da(—i oW 2 PwW 20w, 2 0w
rord® r2o0 r2 9r2962 r39ro6? r* 062 rz drz 0oz

2xv 33w 2%v 92w

3 0roe? | 1t 02
It can be put the three terms derived above in eg. (6) to obtain:

0*w , 20°w  10%°w |, 10w , 2 d*w 2 0w 4 9%w | 1 0*w
or# r or3 r2 or? r3dr r20r206%2 r30ro062 r* 062 r* 06%

The homogenous solution of eg. (7) is, [13]:
W(r,0)u = Xm,=135[Rm * sin (M % 8) + Ry, = cos (M x 6)]
Put the homogenous solution in eg. (7) to obtain:

W(r,0)y = Xmoq 35[(Am * ™ + By # 1™ + Cpy * r™*2 + Dy % r™72) &
sin(m*0) + (AL, *r™ + B/ r ™+ C/ *r™2 4+ Dl % r™2) xcos (M 0)]

For un-symmetric cam the deflection, slope, and the moment must be infinite a
the center of the plate, then the homogenous will become:

w(r,0)n = X1 35[(Am * ™ + Cpy * r™*2) s sin(m = 6) + (A, * r™ +Cpy *
rm+2) « cos (m = 0)]

Apply theinfinite series on the homogenous solution as below:
(m=8)3

3!
. (m*?)3 o (m*?)5

(rMssin(m=0) =@ +r+r2+r3+rt+r>+.)«(M=0—
(m+6)* _ (mx6)3 | (m=6)°
T_...)_rn*e_T+T
r2smx0 —r2 *—(m;?)3 +r2 *—(m;?)s +

+r+m=06-—r

8)3 +0)5
Bs«smx*0—r3 *—(m;e) +r3 *—(m;e)
* '(m;e)3 + 15 % _(m*e)S

a3 05
* _(m*e) =+ |’4 * _(m*e) =+
3! 5! 51

rf«mx0—r* r>s«mx*0—rd

It can be taken into account the un-symmetric terms (odd functions) because the
un-symmetric isotropic cam and ignore the symmetric terms (even functions) to
obtain:
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(r*m=0)3 + (r*m=0)5
3! 5!

(rmssin(m#+0))=(r*m=*0 — ) =sin (r*m * 0)
It can be taken the first mode, m = 1:
(r™ = sin(m = 8)) = sin (r = 0)

Also the same procedure for the second term:

(r™+2 x sin(m = 8)) = sin (r = 6)

As before
_ 2 3 4 (m+0)2 = (mx0)* _
(rmscos(m#*0)=(Q+r+r-+r>+r +---)*(1—T+T—---)—
2 4 2 4 2
1_(m*6) +(m*6) _H,_r*(m*e) _H,*(m*e) _H,z_rz*(m*e) 12«
2! 4! 2! 41 |

(m=0)* 413
4!

— 3% (m+0)? +13 % (m=0)* +r4— 4. (m=0)2 +rt *'(m*e)“

2! 4! 2! !
As above it can be taken into account the un-symmetric terms (odd functions)
because the un-symmetric isotropic cam and ignore the symmetric terms (even
functions) to obtain:

(r*m=0)2 + (r*m=0)*

(rms=cos(m=0)= (- ” "

) =cos (r*m=0)

It can be taken the first mode m = 1:

(r™ = cos(m % 8)) = cos (r * 0)

Also the same procedure for the second term:

(r™+2 x cos(m * 8)) = cos (r * 0)

The homogenous solution of eq. (7) will become:

w(r,0)g = Axsin(r*0)+Bx*cos(r+0) ,[13] (8)
Where:

A and B are constants.

It can be derived the homogenous solution (1, 2, 3, 4) times with respect tor and 6
to obtain:

‘;—V::A*e*cos(r*e)—B*e*sin(r*e)

%w _ 2 . 2
— = —A#*02xsin(r«0) —B =02 = cos(r = 0)

ar2

‘?3_W:—A* 03 * cos(r * 0) + B * 03 x sin(r  8)

ar3
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4
%:A*94*sin(r*e)+B*e4*cos(r*e)
0524;‘;2 = —Ax (=02 xr? xsin(r«0) + 40 +r*cos(r 0) + 2 xsin(r=0)) —

Bx (—02xr2xcos(r+0)—4x0x*rx*sin(rx0)+2xcos(r*0))

3
0‘:0‘;’2:A*(_e*rz*COS(V*9)—2*|’*Sin(r*9))—B*(—9*r2*

sin(r = 8) + 2 x r x cos(r = 8))

%w _ 2 . 2
—062——A*r *sin(r = 8) — B = r? « cos(r * 0)
o*w 4 . 4
—or = AT *sin(r=0) + B * r* * cos(r = 0)

After putting the above derivatives in eq. (7) and after simplification to obtain:

w(r,0)y =

2+03+r2 +6+1r2+0—0 2+03+r2+6+1r2+0—0

( ) * A *cos(r*0)— ( )
(0%4xr3+2+r3x02+02+r—4+r+r3) (0%4xr3+2+r3%02+02xr—4+r+13)

sin(r = 8) 9

And the particular solution is, [13]:
W(r,0) p = X3, =135[C* r* *sin(m * 6)] (10)
Applying theinfinite series on the particular solution as below:

* 3 * 5
r‘**sin(m*@)z(1+r+r2+r3+r4+---)*(m*e—%+%)
(m+6)°  (m+6)° P — s 0’ _|_r*(m*6)5

3! 5! 3! 5!

msx*0 —

Ignoring the higher order terms of the above series and applying the symmetric
and un-symmetric terms:

rt«sin(m=0)=r*m=0
It can be taken the first mode, m = 1:

The particular solution of eq. (7) will become:

w(r,8)p=Cx*rx0 (11
Substituting eg. (11) into plate equation eq. (7) and finding the value of constant
(©):

—qr?
C= 0%D
w(r,8) p = L= (12)
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The complementary solution of deflection is as below:

w(r,8) =w(r,8) g +w(,0)p

w(r,0) =

2+83xr2+6+r2+0—0 2+83xr2+6+1r2+0—0

( ) * A *cos(r*0)— ( ) * B *
(04*r3+2xr3x02+02xr—4*r+r3) (04*r3+2xr3x02+02+r—4+r+r3)

sin(r = ) + %ﬁ (13)

Applying the boundary conditions to eg. (13), the constants (A and B) can be
obtained:

At r=r;,=25cm,0=0;,,w(,0)=0
At r=r,=25cm,0=0,,w(r,0)=0
Where: 6, and 8,vary along each flank and nose profile.

Then;

A= Cy*Cz*sec(ry*0;)*cos(r;*0)*tan(r,*0,)—C,*Czxtan (r;%0,) _ Csxsec(r;+05)
C1*Cyx(tan(r;%05)*cos(r1*0;)—sin(r,*6,)) C,

C,*Cz*sec(ry*0;) xcos(ry#6,)—C,*Cs
C1*Cy*(tan(ry*0;)*cos(r;+01)—sin(r;%0,))

Where:

2403412 +6+1r2%x0, -0,

4.3 3,02 +02 3
07+ +2*r7*07+07*r; —4+ry+r3

C, =

2+03+r2+6+12+0,—0,

C, =
2 7 pturd+2+r3402+024r, —4sr +13
4
T
C3 — q*rq
D
~w(r,8) =

(2+03+r2+6+r2x0—0)
(04*r3+2xr3x02+02xr—4*r+r3)
[Cl*C3*sec(ri*ez)*cos(ri*el)*tan(ri*ez)—CZ*C3*tan(r1*62) _ C3*sec(r1*62)] N
C1*Cy*(tan(r;%0;)*cos(r1*0,)—sin(r,%6,)) C,
(2%03+r2+6+1r2x0-0) . [ C,*Cz*sec(ry*0,) xcos(r;*8,)—C,*Cs ] .
(0413 +42xr3x024+ 02 xr—4+r+13) C,#Cyx(tan(r,*#0;)*cos(r;#0,)—sin(r;%6,))

4
sin(r = 0) + %

cos(r = 0) —

..(14)

It can be assumed that the two points of contact load are as the simply-supported
beam subjected to distributed load (P,) per unit length of point loading on the
projected area (a* b), then:
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Where:
L: isthelength of simply-supported beam.
L, :isthe difference length between two points of contact.

In this study the cam profile boundary contains from three flanks and two
noses with its dimensions, [10], as illustrated in Fig. (1); but it can be applied the
equation of circular plate on (flank no.2 and a part of nose no.1) and (flank no.3
and a part of nose no.2) to obtain the value of deflection. Also the deflection of
(flank no.1, a part of nose no.1, and a part of nose no. 2) can be found using the
superposition theorem with the cam profile points as indicated in Fig. (2) By
applying the dliptic and the semi-circle plate equations as below, [13]:

The dliptic equation is:

2 2
X<y 2
51
_ gaj+bi (33 b3 )

8+D (3*a}+3+b% +2+a?+b?)

w(x,y) (16)

Where: a; and b,is the mgjor and minor distance axis of dlipse

And the semi-circle equation i:

— Yo 4xqrrt m my+2
W(rx e) - Zml=1'3'5[Tt*mi*(16—m§)*(4—m§)*D + A1m1 * I+ A3m1 ol G ] *
sin (my * 6) an
Where:
_ —2+q+(my+1)+a; ™1
Aim, = :

sm; *(16—m? )+(4—m3 )«D

2*q*(m1—1)*a§_m1

3M1 7 remy #(16—m2)+(4—m2)«D
[Comracs Euding | [I{oce 0o 2] Tiwce T 1] i
i [Courasy Begmmg |
] = I Flanki|Ma. 1] |
e T aeen by ce R L BTE
; } 4 = 7
{ AR 4 Flaal Mo 2
SRR 0T RO R T T
e e S e S e
S il A e S i i s e EB4g 1t e
i hett-} [ B
Fla_atl:\h #* “. l/ _
it i g S
EEEES A
g g e
ket BT EmiE
i 8 Fisiloeg H
EERIE IR ™~ i Pebibal] 1
I ! 1

Figure (1) Cam Profile Specifications.
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Figure (2) The Points of Cam Profilewith superposition theorem.

Numerical procedure:

For comparison, a static analysis was carried out with ANSY S Program software.
The linear dastic isotropic modd is used to investigate the deflection on cam
profile boundaries. For this problem, the (SHELL 99) element is used. This
element is used for the two-dimensional modeling of shell structure and is defined
by eight nodes having six degrees of freedom at each node: translations in the
nodal x, y, and z directions and rotations about the nodal x, y, and z axes. The
mesh generation of cam profile can be shown in Fig. (3).

1

ANSYS

Figure (3) The mesh generation of cam un-symmetric cam profile.
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Figure (4) Deflection of cam profile against angle
of contact for nose no. 1, flank no.1, and nose no. 2.

Figure (4) shows the deflection of cam profile against angle of contact for nose no.
1, flank no.1, and nose no. 2. The deflection of cam profile increases with the
increasing of the angle of contact. The values of deflection of flank no. 1 vary
randomly because the curve degree of flank no.1 is very high than nose no. 1 and

nose no. 2.
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Figure (5) Deflection of cam profile against angle
of contact for flank no. 2 and noseno. 1.

Figure. (5) shows the deflection of cam profile against angle of contact for flank
no. 2 and nose no. 1. The deflection of cam profile vary sinosoidaly with the angle

of contact for flank no. 2 and nose no. 1 because the contact loading vary
sinosoidaly at cam profile boundary. The percentage error between of deflection
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obtai nedfrom the analytical results and ANSYS results is very high than Fig. (4)
because the difference in length between two points of contact (L) is not accurate.

MOmE1z3
- i Anaktical Results
ol
_-:}_a;rl‘:t‘l - | ATMEVE Resulis

ORISR0 2 ‘ﬁ i,
: th
£ - ']
2 h
o OOTTRG T — '](Li?_‘ .
5 e kA,
= M
T - "'-.‘:d -l
- e
-E U006 TR G— = g
-E I
x B

O T 18— U

00052465 T . T . .
LuR ] i E (] Il A0
le gres)

Figure (6) Deflection of cam profile against angle of
contact for nase no. 2 and flank no. 3.

Fig. (6) shows the deflection of cam profile against angle of contact for nose no. 2
and flank no. 3. The values of deflection decrease with the increasing of the angle
of contact because the contact loading decreases with the increasing of the angle
of contact.

Table (2) The values of deflection varies with point'snumber of noseno. 1,
flank no.1, and nase no. 2for the un-symmetric pressure angle from the
beginning and the ending points of contact.

Points Number | Analytical Results(m) | ANSYSReaults(m) | Error (%)
3 0.00120034 0.0012824 6.3989 %
4 0.0014627 0.0013535 7.4656 %
5 0.0013924 0.0014197 1.9229%
6 0.0015784 0.0014434 8.5529 %
7 0.0015447 0.0014636 5.2502 %
8 0.00140015 0.0014526 3.6107 %
9 0.00149682 0.0015132 1.0824%
10 0.00161237 0.0015879 15176 %
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11 0.00160498 0.0017259 7.0062 %
12 0.00187767 0.0019148 1.9391 %
13 0.002625078 0.0024764 5.6637 %
14 0.00245408 0.0026312 6.7315 %
15 0.003052388 0.0028545 6.4830 %
16 0.003525277 0.0037995 7.2173 %
17 0.003883302 0.0042693 9.0412 %
18 0.005356948 0.0049005 8.5206 %
19 0.005874945 0.0053147 9.5361 %
20 0.005239998 0.0056304 6.9338 %
21 0.005647505 0.0057659 2.0533 %
22 0.0059227 0.0054491 7.9963 %

Table (2) shows the values of deflection varies with point's number of nose no. 1,
flank no.1, and nose no. 2 for the un-symmetric pressure angle from the beginning
and the ending points of contact. The deflection of cam boundary profile increased
transiently with the increasing of point's number on cam boundary because
varying the radius of curvature at these points from the point of beginning & nose
no.1 to the point of ending at nose no. 2.

Table(3) The values of deflection varies with point'snumber of flank no. 2
and nose no. 1 of the un-symmetric pressure angle from the beginning and
the ending points of contact.

Points Number | Analytical Results (m) | ANSY S Resaults (m) Error (%)
68 0.0010844 0.00093793 13.507 %
69 0.00115413 0.0010993 4.7507 %
70 0.00115213 0.0012491 7.7631 %
71 0.00123124 0.0012932 4.7912 %
72 0.00123323 0.0013015 5.2454 %
73 0.00132137 0.0013883 4.821 %
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74 0.00141482 0.0014082 0.4679 %
75 0.00151669 0.00139 8.353%
1 0.0011806 0.0013155 10.2546 %
2 0.00126109 0.0013071 3.52 %

3 0.00130718 0.0012628 3.3951 %

Table (3) shows the values of deflection varies with point's number of flank no. 2
and nose no. 1 of the un-symmetric pressure angle from the beginning and the
ending points of contact. The deflection of cam boundary profile increased
transiently with the increasing of point's numbers on cam boundary and then the
deflection can be decreased because varying the radius of curvature at these points
from the point of beginning at flank no. 2 to the point of ending at nose no. 1. The
percentage errors is very high in some locations because the contact beginning of

the un-symmetric isotropic cam.

Table (4) The values of deflection varies with point's number of nose no. 2
and flank no. 3 of the un-symmetric pressure angle from the beginning and
the ending points of contact.

Points Number | Analytical Results (m) | ANSYS Results(m) | Error (%)
22 0.01025422 0.0098552 3.8912 %
23 0.0102533 0.010417 15714 %
24 0.0108133 0.010394 3.8776 %
25 0.0100656 0.010599 5.0325 %
26 0.009128903 0.0094546 3.4448 %
27 0.0101918 0.0092871 8.8767 %
28 0.0089525 0.0090685 1.2791 %
29 0.00804704 0.0084081 4.2942 %
30 0.00701183 0.007521 6.7699 %
31 0.0077291 0.0071413 7.605 %
32 0.006876 0.006573 4.4066 %
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33 0.0059147 0.0060641 2.4636 %
34 0.00556022 0.0056907 2.2928 %
35 0.00490119 0.0045391 7.3877 %
36 0.00372417 0.0039719 6.237%
37 0.00349276 0.003474 0.5371 %
39 0.00328746 0.0032469 1.2337 %

Table (4) shows the values of deflection varies with point's number of nose no. 2
and flank no. 3 of the un-symmetric pressure angle from the beginning and the
ending points of contact. The deflection of cam boundary profile decreased
transiently with the increasing of point's number on cam boundary because
varying the radius of curvature at these points from the point of beginning & nose
no. 2 to the point of ending at flank no. 3.

CONCLUSIONS

(1) The deflection of cam profile was increased because the radius of
curvature and angle of contact were increased.

(2) The contact loading is approximatdy constant for each nose and flank of
cam profile because the radius of curvature is constant.

(3) The maximum deflection will occur at the nose no.2 having maximum
pressure angle (45°) of un-symmetric cam profile

(4) There is no deflection on the points of dud region profile because the
radius of curvature, force, and acce eration were zero.
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