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ABSTRACT

In this paper, Bernsten piecewise polynomial is used to approximate the
solution of the fractional integro-differential equations, in which the fractional
derivative is described in the (Caputo) sense. Examples are considered to verify the
effectiveness of the proposed derivation, and the approximate solutions guarantee
the desired accuracy.
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INTRODUCTION
he concept of fractional or non-integer order derivation and integration can
be traced back to the genesis of integer order calculus itsdf [1]. Almost
every mathematica theory applicable to the study of non-integer order
calculus was developed through the end of 19" century.
However it is in the past hundred years that the most intriguing leaps in
engineering and scientific application have been found. The calculation technique
has to change in order to meet the requirement of physical realityin some cases.
The use of fractiond differentiation for the mathematical modeding of real
world physical problems has been wide spread in recent years, e.g. the modeling of
earthquake, the fluid dynamic traffic modd with fractiona derivatives,
measurement of viscoe astic material properties, etc, [2].
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There are several approaches to the generdization of the notion of
differentiation of fractiona orders, e.g. Riemann-Liouville, Grinwald-L etnikov,
Caputo and generalized Functions approach [3].

Riemann-Liouville fractionad derivative is the mostly used by mathematicians
but this approach is not suitable for real world physical problems since it requires
the definition of fractional order initial conditions, which have no physicaly
meaningful explanation yet. Caputo introduced an alternative definition, which has
the advantage of defining integer order initial conditions for fractional order
differential equations [4].

Unlike the Riemann-Liouville approach which derives its definition from
repeated integration, the Grinwald-Letnikov formulation approaches the problem
from the derivative side; this approach is used in numerical agorithms.

A fractiona Integro-Differentia equation arises in modeling processes in
applied sciences (Physics, Engineering, Finance, Biology ...).Many problems in
Viscodasticity, Acoustics, Electromagnetics, Hydrology and other areas of
application can be modeled by fractiona Integro-Differential equations.

In recent years, fractional Integro-differential egquations have been investigated
by many authors. Momani [5] obtained local and global existence and uniqueness
solution of fractional Integro-Differentia equation. Rawashdeh [6] used the
Collocation Spline method to approximate the solution of fractional Integro-
differential equations. Mittal [7] used Adomian decomposition method to solve the
fractiona Integro-differential equation. Arikoglu [2] solved the fractional Integro-
differential equation by using the differential transform method.

Mohammed [8] used the Homotopy Analysis method to solve the Fractional
Integro-Differential equations.

In this paper we shal approximate the solution of the fractional order Integro-

differential equation of the type:

DEy(e) = f(O) + [T k(t,s)y(s)ds, y(@ =y, 0<a<l (1)

where DZ is Caputo fractional derivative, a is a parameter describing the order of
the fractional derivative by using the Bernstein Polynomials. Bernstein
Polynomials have been used recently to solve some linear as well as non-linear
differential equations, ordinary and partial, approximately by Bhatta and Bhatti [9],
and some Integral equations, by Mandal and Bhattackarya [10]. These polynomials
defined over an interval forms a complete basis there, and each of them are positive
and there sum is unity. Description of the properties of Bernstein Polynomias can
be found in the paper of Bhatta and Bhatti [9]. Using these polynomials; we have
obtained an approximate numerical solution of (1) which is acceptable when
compared with the exact solution. It is important to notice that, all the
computations needed in this paper are coded in Mathcad 14 software and the
results are presented in tabulated form.
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FRACTIONAL CALCULUS

Many definitions of fractiona calculus have been proposed [3]. Most frequently
occurring are Caputo and Riemann-Liouville [4]. In this section, we shall discuss
definitions and some basic properties of these two types of fractional derivatives.
Abd-Reimannn fractional integral and derivatives[7]

The Abd-Riemann A — R fractional integra of any ordera > Ofor a
functiomp (t) with t € R*is defined as:

JAp(e) = 5 o (=D P(@)dz,t > 0,a >0 @
The A — R integrals possess the semigroup property:
J%JB =+ fordl a,f =0 (3

The A — R fractional derivative (of order @ > 0) is defined as the left inverse of the
corresponding A — R fractional integrdl, i.e

D% =1 (4)
For positive integer msuchthat m — 1 < a < m, (D™J™~%)J% = pm(jm-9j%) =
p™m = [, sothat D% = D™Jm~¢ j e

14"t Y@
F(m-a) dtm 0 (t—t)a+i-m

dm
M—mlp(‘r) a=m

dt m—-1<a<m

D*yY(t) = Q)

Properties of the operators J*and D%can be found in [3], for t > 0,a = 0, and
y > —1, we mention the following:

ry+1+a) ' Iry+1-a)

Caputo fractional derivatives[7]

In the late sixtieth decade an alternative definition of fractional derivative was
introduced by Caputo. Caputo and Mirandi used this definition in their work on the
theory of viscodasticity. According to Caputo’s definition DF = j™~4D™ for
m—1l<a<m,ie

1t Y™()
I} —dt m—-1<a<m
_ )JI(m-a)’0 (t—7)ati-m

DEP(e) = s ©)

=y @) a=m
One of the basic properties of the Caputo fractional derivative is:
k
JEDEp() = p(t) — Tty (0h) = M
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Caputo’s fractional differentiation is a linear operation, similar to integer order
differentiation, DA f(t) + u g(£)] = ADZf(t) + uDZg(t), where A and u are
constants.

BERNSTEIN POLYNOMIALS
The general form of the Bernstein polynomials of n™ degree over the interval is

defined by
o\ (=) (b—t)"!
Bi,n(t) - () (b—a)"

l

,a<t<bhi=012:,n

Note that for more properties one can see [12].

FRACTIONAL INTEGRO-DIFFERENTIAL EQUATION APPROXIMATE
SOLUTION FORMULATION

In this section, we shall derive the approximate solution of the fractiona
Integro-differential equation by using the Bernstein polynomids as follows:
Consider the Fractiona Integro-Differential equation of the form,

DEy(x) = f(x) + [ k(x,Dy()dt,0<a <1 ®
where D¢ is the Caputo fractional derivative of order aand f(x), k(x, t) are given
functions.

Our approach begins by taking the fractional integration to both sides of equation
(8) we get:

y() = y(©0) + 1% (x) + 1% (J; k(x, )y (e)dt) (9)

To determine the approximate solution of (8), we use the Bernstein polynomial
basison [a, b] as

y(x) = Xiz aiBin(x) (10)

where a; (i = 0,1, ..., n)are unknown constants to be determined.
Substituting equation (10) into equation (9), we obtain:

n b n
ZizoaiBi,n(x) = y(0) + I*f(x) + I <fa k(x,t) Zi=oaiBi’”(t) dt)

Hence

Z:l_oaiBi,n(x) —J® (Zn Oai(p(x)) = y(0) + I%f(x)

= i=

wherep(x) = [7 k(x, t)B; (t)dt
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thus, we have

Ni0a; [Bin(x) = 1%¢(x)] = y(0) + 1f (x) (12)
Now, we put x =x;,j =0,1,---,n into equation (11), x]fs are being chosen as
suitable distinct pointsin (a, b), putting x = x; we obtain the linear system:

Z?’:O aiaij = f} )j = 0)1).“)7" (12)

where a;; = B; ,(x;) — I¢(x;)andf; = y(0) + 1 (x;).

The linear system (12) can be easily solved by standard methods for the unknown
constants a’s. These a; (i = 0,1,2,---n) are then used in equation (10) to obtain the
unknown function y(x) approxi mately.

ILLUSTRATIVE EXAMPLES
In this section, we shall give some illustrative examples in order to clarify our
approach,

Example(1)
Consider the fractional Integro-Differentia Equation:

DAy(x) =1—2x+ [} xty(t)dt,y(0) =0,0 < <1 (13)

By taking the fractional integration for both sides of the above equation, we get:
1 1

y(x) = y(0) + I* (1 — gx) + ¢ (fo xty(t)dt) (14)

To determine the approximate solution of eq.(13), we set y(x) = ¥, a;B; 3(x)
and after substituting it into eg.(14), we get:

Zj_oaiBi,g(X) =y(0) + I (1 — %x) + ] <f01 xt ZLIS:OaiBi’s(t) dt)

So,
ao(l—x)3% +a;3x(1 —x)? +a,3x%(1 — x) +azx3
1 1
— ¢ [aoxf t(1 —¢t)3dt + ale 3t%(1 — t)?%dt
1 0 10 1
+ azxf 3t3(1 —t)dt + agxf tdt| =1« (1 - —x)
0 0 3
Hence,
— v)3 r@) xa+1 2 r(2) @+l
ao[(1 - x) ~ 0052 x | +a; [3x(1-02 -0, 1o 2sx |+

r(2) r()
a, [3x2(1 —x) = 0152 “+1] +a, [x —02--2x “+1] =
xa _ F(z)xa+1

I'(a+1) 3 (a+2)

(15)
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Case (1)
whena = 1then equation (15), will be:

ao(1—x)3 +3a;x(1 — x)? + 3a,x%(1 — x) + azx® — 0.05q, fox tdt —

1
0.lay J; t dt —0.15a, [ t dt — 0.2as [y t dt = [; dt —= [ ¢ dt.
or
ay [(1 —x)3 ——x ] +a, [Sx(l —x)? ——x ] +a, [sz(l —x)—

]+a3[x3——x]—x—§ (16)
Also, substltutlng x=10.1,02,03and04 into eq.(16), respectively, we get a
linear system, that has the following solution,
ao =0.0001,a,; = 0.3327,a, = 0.6689, and a; = 0.9921
Thus, the approximate solution of eq.(13), when @ = 1 becomes:
y(x) =0.0024(1 — x)® +0.32 x 3x(1 — x)? + 0.712 x 3x%(1 — x) + 0.841x3

015 2

Following table (1) represent a comparison between the approximate
solution of example (1) when a = 1 with the exact solution y = x.

X |Approximate Solution | Exact Solution
0.1]0.09996 0.1
0.2]0.1999 0.2
0.3]0.2999 0.3
0.4]0.3999 0.4
0.5]0.4996 0.5
0.6]0.5991 0.6
0.7]0.6982 0.7
0.8]0.7968 0.8
0.9]0.8948 0.9

Table (1) comparison between the approximate solution of example (1) when
= 1 with the exact solution.
Case (2)
whena = 0.5 into equation (15), we have:
ao(1—x)3 + 3a;x(1 — x)? + 3a,x%(1 — x) + azx® — 1°°(0.05a,x)
—1°5(0.1a,x) — 1°5(0.15a,x) — 1°5(0.2a3x)

1
— 105(1) _ 10.5(§x)
which may be written as:

N3 r) »15 N2 r(2) 15 201 _
ao[(l x)? — 0052 x ]+a[3x(1 )2 =015 2% ]+a[3x Qa

_ r(2) x15 r(2) x15 1 505 — 1 1"(2) 15
x) —0.15 rzs)* ] *asfx [ —02555% ] ras 3T@s)

17)
now, substituting x = 0.1,0.2,0.3, and 0.4 into eq.(17), respectivedy, we will a
linear system, that has the following solution,
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ag =0.158,a,; = 0.937,a, = 0.691, and a; = 1.987
Thus, the approximate solution of eq.(13), when @ = 0.5 becomes:
y(x) =0.158(1 — x)3 + 0.937 x 3x(1 — x)? + 0.691 x 3x2(1 — x) + 1.987x3
Following table (2) represent the approximate solution of
example (1) when a = 0.5.

X | Approximate Solution | Residual
0.1 0.364 0.04
0.2 0.523 0.01
0.3 0.652 0.01
0.4 0.765 0

0.5 0.879 0.04
0.6 1.008 0.14
0.7 1.168 0.31
0.8 1.374 0.59
0.9 1.642 0.96

Table (2) the approximate solution of example (1) when a = 0.5.
Case (3)
when a = 0.25 into eq.(15), we have
ao(1—x)3% +3a,;x(1 — x)? +3a,x2(1 — x) + azx® — 1°25(0.05a,x) —
1°25(0.1a,x) — 1°25(0.15a,x) — 1°25(0.2a3x) = 1°?>(1) — 10'25(§ x).
which may be written as:
0o [ —x)* ~ 005 P2 x125] + g, [3x(1 — x)2 — 0.1 F2 x125] +

r(2.25) r(2.25)
201 _ ) _ r) 125 _ r(2) ,125
a, [3x (1-2) - 0152« ]+a3 [x 0225 x ]_
1 025 1 T(@) ,1:25 (18)

r'(1.25) 3T(2.25)
now, substituting x = 0.1,0.2,0.3, and 0.4 into eq.(18), respectively, we will get a
linear system, that has the following solution,
a, =0441,a, =1.218,a, = 0.751,and a; = 2.345
Thus, the approximate solution of equation (13), when a = 0.25 becomes:
y(x) = 0441 x (1 —x)3+ 1.218 x 3x(1 — x)? + 0.751 x 3x2(1 — x)
+ 2.345 x x3
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Fdlowing table (3) represent the approximate solution
of example (1) when a = 0. 25,

X | Approximate Solution | Residual
0.1]0.6401 0.02
0.2]0.7844 0.01
0.3]0.8937 0
0.410.9878 0
0.5]1.0866 0.03
0.6/1.2100 0.1
0.7]1.3776 0.26
0.8]1.6095 0.5
0.9]1.9253 0.86

Table (3) the gpproximate solution of example (1) when ¢ = 0.25.

Fdlowing figure (1) represent the approximate solution of
example (1) for different valuesa = 1,0.5, and 0. 25.

25 I
a=1
295 | beee 3=0.5 il
a=0.25
2
1.75
15
1.25
1
...... f
0.75I T 2=~ [ [ .+ o ——
vt //
0.5[°
0.95 ...o //
. . —
/

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure (1) the approximate solution of example (1) for a=1, 0.5, and 0.25.
Example (2)
Consider the fractional Integro-Differentia Equation:

D%¥y(x) = xe* +e* —x + folxy(t)dt,y(O) =0,0<a<1 (19
By taking the fractional Integration to both sides of eq.(19), we have:
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y(x) = [*(xe* +e* —x) + 1% (folx y(t)dt) (20)
To approximate the solution of eq.(19), we sa y(x) = ¥, a;B;3(x), and
substituting into eg.(20), we get:
Z?:o a;B;3 (x) —1¢ (folx Z?:o aiBi,B(t) dt) =1%(xe* +e* —x),
or
ao(1—x)% +3a;x(1 —x)? +3a,x2(1 — x) +azx3 —I¢ [aox f01(1 —t)3dt +

3a;x f01 t(1 — t)3dt + Sazxfo1 t2(1 — t)dt + agxfo1 t3dt] = [%(xe* +e* — x),

hence

ao(1—x)% +3a;x(1 —x)? + 3a,x*(1 — x) + azx® — 1%(0.25a,x + 0.25a, x +

0.25a,x + 0.25a3x) = I*(xe* + e* — x),

and in order to avoid the difficulty of evaluating the fractional integration of e*, we
shall subgtitute it’s maclurian series up five terms to get:

a, [(1 —x)3 — &x““] +a, [Sx(l —x)? — &x““] +

I'(a+2) I'(a+2)
a, [3x2(1 —x) — %x““] +as [x3 — %x““] =]% (1 +x +
§x2+%x3+éx4) (21)
Case (1)

When a =1 into eq.(21) and after substituting x =0.1,0.2,0.3, and 0.4

respectively, we get alinear system that has the following solution,

ap=—2377x%x1073,a, =0.348,a, = 0.933,and a; = 2.819

Thus, the approximate solution of eq.(19), when @ = 1 becomes:

y(x) =—=2.377x 1073 x (1 — x)3 +0.348 x 3x(1 — x)? + 0.933 x 3x2(1 — x)
+2.819 x x3

Following table (4) represent a comparison between the approximate
solution of example (2) with the exact solution y = xe*:

X |Approximate Solution | Exact Solution
0.1]0.111 0.11052
0.2]0.245 0.24428
0.3]0.405 0.40496
0.4]0.599 0.59673
0.5]0.832 0.82436
0.6]1.112 1.09327
0.7]1.444 1.40963
0.8]1.835 1.78043
0.9]2.291 2.21364

Table (4) comparison between the approximate solution of example (2) when
a = 1 with the exact solution.
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Case (2)

when a« =05 into eq.(21) and after substituting x =0.1,0.2,0.3, and 0.4
respectively, we shall get alinear system of equations which has the solutions:

ap =0.145,a, = 1.115,a, = 1.966, and a; = 5.362

hence the approximate solution of equation (19), when a = 0.5 becomes:

y(x) =0.145(1 — x)3 + 1.115 x 3x(1 — x)? + 1.966 x 3x%(1 — x) + 5.362x3

Following table (5) represent the approximate solution of
example (2) when a = 0.5:

X |Approximate Solution | Residual
0.1 0.435 0.04

0.2 0.734 0.01

0.3 1.058 0

04 1.422 0.01

0.5 1.844 0.05

0.6 2.338 0.14

0.7 2.921 0.28

0.8 3.608 0.47

0.9 4417 0.73

Table (5) approximate solution of example (2) when & = 0.5.

Case (3)

when a« =0.25 into eq.(21) and after substituting x = 0.1,0.2,0.3, and 0.4
respectively, we shall get alinear system of equations which has the solutions:
ap=0417,a; = 1.791,a, = 3.073,and a; = 6.992

hence the approximate solution of eg.(19), when @ = 0.5 becomes:

y(x) =0417(1 — x)3 +1.791 x 3x(1 — x)? + 3.073 x 3x2(1 — x) + 6.992 x3

Following table (6) represent the approximate solution of
example (2) when a = 0.25,

X |Approximate Sol ution | Residua
0.1]0.8292 0.02
0.2]1.2522 0.01
0.3]1.7024 0
0.4]2.1963 0
0.5]2.7501 0.01
0.6]3.3803 0.06
0.7]4.1032 0.14
0.8]4.9352 0.27
0.9]5.8927 0.44
1371
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Table (6) the gpproximate solution of example (2) when ¢ = 0.25.
The approximate solution of example (2) will be represented by figure (2) for
vauesof o« = 1,05, and 0.25.

7 i
a=1
6 3_». eee 3=05 O
' a=0.25
5.6
4,
4. o
35
2. ot
2.1 - ///
14 o.". = =T
0T ==

0 0.1 0.2 0.3 04 05 0.6 0.7 0.8 0.9 1

Figure (2) The Approximate Solution of Example (2) for a=1,0.5, and 0.25.

CONCLUSIONS

In this paper a very simple and sraight forward method, based on
approximation of the unknown function of the fractiona integro-differential
equation on the Bernstein polynomial basis is presented, its use, produces
acceptable results if it is compared with the exact solution when ¢ = 1, aso it is
acceptable for « = 0.5, and 0.25 since the Residual is less than one for al values
of x.
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