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ABSTRACT

The aim of this paper is to prove that the Cartesian product of two complete
fuzzy normed space is again a complete fuzzy normed space. Also to prove that
the Cartesian product of two complete fuzzy inner product spaces is a complete
fuzzy inner product space.

Keywords: fuzzy normed spaces, fuzzy inner product spaces.
pLadl) 13 alad g (b G slina Cpniliadl o udal)
Ladal)
(i 5 e sl Lial s (aals i (g Jlame Gailiad] 5 )10l o pucall Lia g Canill 138 3

L;—'L‘"‘ L{A';\J c.\;; cLiad BL) u-u\-’ u.\.u\_\...a @i\d c«\é,& u.\.u\...asj @J\&ﬂ\ c._u...'al\ L'\A‘),\ éhS} 3 (.\U
G
g

INTRODUCTION
n[6], Kider J.R and Sabre R.l introduced the definition of fuzzy inner product

space .We shall prove that the Cartesian product(X X ¥, {-,7)(.)) of two
complete fuzzy inner product spaces(X,(.,.)(.)l) and W,<>,<>}()2) is
complete fuzzy inner product space

BASIC CONCEPTS
Definition 1.1:[ 2]

Let X and Y be any two ses, the Cartesian product is denoted by XxY and is
defined by XxY={ (x,y) xT X,yT Y }.

Definition 1.2 :[ 51,[1]
A fuzzy point Pin X isafuzzy set with membership function.

a, ify=x
POI={, y=
- ; otherwise

For al y in Xwhere 0<o<1. P is said to have support x and value a (X is fixed
point).We denote this fuzzy point by X5 or (x,).
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Two fuzzy point X5 and yd are said to be distinct if and only if x£y.

Definition 1.3:[ 5 1,[3]
Let X be avector space over areal or complex field K .Let

|- ]():P(X)® R U{0}is a function which assigns to each xq 1 P(X)
,al (01)anon-negative real number | x||@) such that
(FN1) | x | (@) =0if and only if , x=0.
(FN2) I x| @) =|]| x| @)foral I T K .
9 x4y @)E] x| @)+] y] @)
(FN4)If 0£s £a <Lthen| x| (@)<| x| (s) ,andthereexists 0<a, <a
suchthat limpgy | X[ @n) =| x| @)..

Then | .| (.) iscaledafuzzy normand ( X, .| (.)) iscaled afuzzy normed
space.

Definition 1.4:[ 5]

A fuzzy sequence { (Xp,an)} inafuzzy normed space ( X,|.[(.)) issad
to be fuzzy convergent to X5 inX wherea T (01) if
limey| X, - X[ (s)=0 where s =mir{a,a,,...};
Xq is caled the fuzzy limit of {(Xp.an)} and we write
limye ¥ (Xp.ap) =(x,a)or smply, (x,,a,)® (x,a) .

Definition 1.5:[5]

A fuzzy sequence{ (Xp,an)} in afuzzy normed space (X, |.[(.)) issadto
be fuzzy Cauchy if for every e >0 there is an integr M >0 such that
|| Xm - Xn || (s)<e forevery mn>M

Wheres =min{a,,a,} .

Definition 1.6:[ 5 ]

A fuzzy normed space( X,|.|(.)) is said to be fuzzy complete if every
fuzzy Cauchy sequence {(Xpn,apn)} fuzzy converge to a fuzzy vector Xg in X
wherea T (0) .

Definition 1.7:[ 61,[4]

A fuzzy inner space on H, where H is a vector space over the field K(where K is
either R or C) is a mapping of H ™ H into the fidd K, that is with every pair of
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fuzzy vectors Xg ,yb there is associated a scalar Which written <)<a ,yb> or

xy) ().
Where | = min{a,b},a,bT (0,]] and is called the fuzzy inner product of
Xq and yb such that for all fuzzy vectors X5 ,yb yZg With
| =min{a,b,s} andscada r we have
(FIPL) (x+z,y)(1 ) =(xy)(I ) +{z,y)(1) .
(FIP2) (rx, y)(I ) =r(x,y)(I )
(FIP3) (x,y)(1)=(y.X)(1)
(FIP4) (x,x)@@)3 0 and (x,x)(@a)=00 x=0
(FIP5) If 0<b £a <1 then (x,x)(@) £ (x,x)(b) and then there exists
O<a, <a suchthat lim g, (x,x)(@,)=(xx)@)
COMPLETION OF CARTESIAN PRODUCT OF
TWO FUZZY NORMED SPACES

In this section we shall prove that the product of two fuzzy normed spaces is
also fuzzy normed space Also we prove that the product of two complete fuzzy

normed spaces ( X,| . ||(.)1)and (Y. ||()2) is complete fuzzy normed
space.
Theorem2.1:
If (X,||.||(.)l)and (Y,||.||(.)2)are two fuzzy normed spaces then
(X7 Y,[(.,.)] (.)) isafuzzy normed space by defining

[y @) =]x]@) *+]y]@),

Proof:
Let (xe,y)3XxY and A3K

FND [ (x.y) [ @)=0-] x| @), +[ y ]| (@) y=0
[x|@),=0 ad |y[(@),=0 « x=0 and y=0 >
(x¥)=(0.0)
FN2) I (xy) [ @) =] (I x1y) (@)
= x[@)+[1y[ @),
= xl@q+[1 [[yl@),
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=[x @7+ yl@),]
=1 [l xy @)

(FN3) | (6 y)+0q +yp)] @) =] (x+x.y+ )] @)
= x+x] @)+ y+ v @),
£l x| (a)l+H x| @)+ y[@),+
=| x| @), +] y[[ @), +] % | @) *] v;] @),
= | (v y) @)+, v @)
(FN4)If 0£s £a <1,then| X | (a)l£|| x| (s ), and
@), £] Y[ 6),%] ()| @) E[(x )] 6) dsotrereensts
O<a, <a suchthat

Iimn®¥" X ” @n) :” X ” @),and

lim.ey| v||@,). =] y| @), whichimplies that
lim o ] 06Y) | @) =[x )] @)
Thus (X7 Y,[(.,.)] (.))isafuzzy normed space.

Wﬂ@)z

Proposition 2.2:
If {n. @)} is a sequence in the fuzzy normed space( X,| ||()1)

converges to x in X and{(Ypn,an)} is a sequence in the fuzzy normed
space('Y,||. | ( .)2 ) convergesto y in Y then{(Xp, Yn).a n} is a sequence in
XxY converges to (%3 :Ya) in(X”Y,[(.,.)] (.) ) where
a =minfa,[nT N} .

Proof:

By theorem 21 , (X"Y,|(.,.)|(.)) is a fuzzy normed space
Since(Xq ,an)® X and (Ya ,an)® Ya

So limpgy | Xn - x[@)=0 and limpgy | yn- y[(s)=0
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Wheres =minfa,a [nT N} .Solimn®¥H (xn,yn)- (%, y)“ (s)=

limpe y | Xn - x| @)+limpey | yn- y[()=0+0=0
Thus { (X, Yn).a n} converges to (X5 ,Yg ).

PROPOSITION 2.3:

If {(n. &nd} is Cauchy sequence in(X,II- Il (. )1) and { (), &, )} is Cauchy
sequence in (Y, II. Il (.)5) then {(X,,, ¥, ), @,,} isCauchy sequence in
Oy, G, D G,

Proof:
By theorem 2.1 XxY is a fuzzy normed space since {(X,,@,)} ad

{ (¥, €y, ) }ara Cauchy sequences then for each given >0 there is a positive
constant M such  that I x, —x, Il (7) 1<§ and
Iy, — v, | (J]2<§ for ech mn >M and o=min{ @,, | neN}. Now for
ech mn  >M I Gy Vm) — (X, ) ll0) =
I G — X, Yo — ) 1l (0)
I X = X 1 ()1t 1 Y = Vo | (0= 4 =&
Thus{(X,,, V., ), &, | isCauchy sequencein (XxY, Il (.,.) Il (. )).

Theorem 2.4:
1 OGN (. )4) and (YLl (- )5) are complete fuzzy normed spaces then

oxxY, I C.,.) Il () isacomplete fuzzy normed space.

Proof:

By theorem 2.1 , (XxY, Il I:.,.]" I:]) is a fuzzy normed spacelet
{(Xp, Vo ), @, } be @ Cauchy sequence in XxY that isfor any given £>0
thereisM>0 such that || (X, Vi) — (X0, ¥ ) ll(0) < & which implies that

Il % — x5 | ()t Nl Vi — ¥ | (0)2<es0that
I x,, —x, Il ()< & ad I v =¥ | (0)2< & tha is
{(n, @y ) }

is Cauchy in (X, II. Il (. )1) and {(V,., @, ) }isCauchy in (Yl || (. }2).But
OGN (L)) and (YL Il (. ) 5)are complete fuzzy normed spaces , so there is
X, inX and V, inY such that {(X,,, &, ) } converges to X, and

{ (Vs €, )} converges to v, that is lim, . Il x, —x | (@),=0and
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lim, . I ¥ —y Il (@) = 0.

Now

lilnn—v:c I {:xw.}!n) - (X, .}’j I ((I] = ]‘]Inn—v:c I Xp — X I I: (I) 1t
lim, ..l v, —v Il (a),=0+0=0.

Thus  {(X,, V), @p} cONverges to  (Xg,Vg) IMXxY ,  therefore
xXxY, I (.,.) Il (.))isacomplete fuzzy normed space.

Theorem 2.5:

it xxv, Il (.,.) I (.)) is a fuzzy normed space, then (X,[.1l (.),) and
() ;)are fuzzy normed spaces by defining
Nl (e)y = (x,0) 0l (@) and Nyl Ca)=" 1 (0,y) 1l ().
Proof:

Let xeX and AeK
END Il x [l (@)1 = 0o 1l (x,0) 1l (@)=0 & (x,0)=(00) < x=0
(FN2) I Ax I (), = I (Ax, 0) Il (@) =
|AL 1 Cx, 0) I (@) = [A] I %(@)4
EN) Il x+ 2, (), =1l (x+2x,,0) | ()
< 101 (a)+ 1l (xq,0) 1l ()

Ixll Ca)y++ 1l x4 I ()s
(FN4) If Of£s £a <1 then
Ix (@), =100 (@ <1 (x0) e =1xI(0);. Also there
exists 0 <tf,, << ¢ such that
lm,, o | x I Cat) g=limy, o Il (2, 0) Il ()

=ll (x, 0) 1l (a)

=l x I (a);.
Thus (X, Il (- )4) isafuzzy normed space . Similarly we can prove that
Y-l (.),) isa fuzzy normed space.

Theorem 2.6:

If (xxv, Il (.,.) Il (.)) is a complete fuzzy normed space, then (X,II. Il (. )4)
and (Y,|I. Il (.]},) are complete fuzzy normed spaces .

Proof:

By theorem 2.5, (X, Il (.)4) and (Y,II. Il (.);)arefuzzy normed spaces

Let{ (X, @, ) } be a Cauchy sequencein (X,II. Il (.)1) then {((%,, 0),@,))} is
Cauchy sequence in XxY.But XxY is complete fuzzy normed space
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That is there is (X, 0) inXxy such that
{((x,,0),a,))} converges to(x,,0).

Now lim, Il x, — x|l (a);=lim,_. I (x,, —x0) Il (a@)-=0.
That is (X,II. Il (.);) is a complete fuzzy normed space . similarly we can prove
that (Y, II. Il (.),)isaare complete fuzzy normed space.

COMPLETION OF CARTESIAN PRODUCT OF TWO
fuzzy inner product spaces

In this section we shall use the definition of fuzzy inner product space appeared
[6] to prove that the product of two fuzzy inner product spaces is aso fuzzy inner
product space.

Theorem 3.1:

If (X, {-,")(-)1 Jand (Y, {-,-)(-)5 ) are fuzzy inner product spaces then
(X XY,(-,-)(.)) isafuzzy inner product space by defining

(1), (o) M(@) = (x4, ) (@) 1 + (¥, ¥22(@)

Proof:

Let (x,31)(0), (x,35)(B),(x3,¥3)(6) X XV ande=min{c,p,c}
(FIP1)

((ryyy) + (x215), (x3, va) (@) = (g + x5, +¥2), (23,73 ))(@)

= (X1 + 2%, X3 )(@) 1+ {1 + V2,2 (@),

= {x1,%3)(@)1 + (x2,%3) (@) + (y1, ¥3) (@) + (2,32 (@);
= (e ), Goay ) M) + {(0%), (X3 )} (@)

(FIP2)

Forany c£0eK

(c(xyy), (1)) (@) = ((exy 00 ) + (x50 @)

={cxy, ) (@)1 + {cy, yo @),

= {xy, X ) (@)1 + oy, Y2 ) ()2

=c{(x1y1), (x23:)) (@)

(FIP3){(x111 ), (00 )M @) = (x4, x5 0(@) 1 + (y1,020(@)
= (3,3 0(@)1 + (12,71)(@);
={((x2n), (3 (@)
(FIP4) Since {x,,%; (@), = 0 and (v;,v;} (@), = 0 s0
{I;xl}’lj.- (x1y; )(a)>0and
(Ceys), Caya (@) = 00) o (g, xq) (@)1 + (ya, 1) (w), =0
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ox;=0and v;=0 < (x,v,)=(0,0)

(FIP5) If 0<p<a<lthen {x;,x;)(@); = (xy,%;)(f);and
(e, v M), = (v, vy Y(B) 5 which implies that
((xyy1), Geyy @) < A(xoyy), (v )Y (B)

Alsothere exists 0 <at,, <= @ such that lim{(xlyl), (2, ) ()

= um{xl,xl}(aﬂ)l + lim {:}fl,:}fl}(%)z

= {lexl}(a)1+ {}’11}’1}(05)2 = (1), ey ) (@)
Thus (X X Y, {-,-}(.)) isafuzzy inner product space.

PROPOSITION 3.2:
If{(
X, &, )} is a sequence inthe fuzzy inner product (X,(-,-)(-);)

Convergesto X in X and {(Vy, €, ) }is a sequence in the fuzzy inner product
(Y, (-,7)(*)5 )Convergesto ¥V, inY then{(X,,Vy ), &, } is asequence in XxY
Converges to (x, }f] ((I] in XxY .

Proof:
The proof is similar to the prove of proposition 2.2 by using

I I (@)1= [(x, x) (@)1 ] and 1y Il (@), = [(,y)(@),]*/?

Proposition 3.3 :
If {(X,,, &, )} is a Cauchy sequence in the fuzzy inner product(X, {-,-}(*); )

and {(V, &, ) }is Cauchy sequence in the fuzzy inner product (Y, {-,-}(~)5 )
then { (X, ¥, ), &y, } isaCauchy sequence in (X X ¥, (-,-)(.)).

Proof:
The proof is similar to the prove of proposition 2.3 by using

Ix 1l (@)1= [{x x) (@) ]2 and 1y I (@)= [y, ¥} (@) ]**

Theorem 3.4:
If (X, ()01 ) and (Y, (-,-}(-)2 ) are complete fuzzy inner product spaces
then (X X ¥, {-,-}(.]) isacomplete fuzzy inner product space .

Proof:
The proof issimilar to the prove of theorem 2.4 by using the fact

Il Ce, ) I (@)= [(Cxey, 3), (le.}Jlj}(aj]lﬁ :
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Theorem 3.5

If (X XY, {-,-)(.)) is a fuzzy inner product space then (£,{-,"}(*)1 ) is a
fuzzy inner product space and (Y, {-,-)(-)5 ) isafuzzy inner product space

By defining(xy, %, )(a)y = ((4,0), (x5, 01)e) and

(v, ¥2 (@)1 = ((0,1), (0,52))) .

Proof:

Let Xq,%,,%X3 €X

(FIP1)

(g + %,,%3 Ma); = ((xy+ x5,0),(x2,0) )0
{I:xlrﬂ).- (Xg ,ﬂ]}((}i)—F {{:leﬂjy (xa ,ﬂj}(a)
={x;,x3 (@), + (x5, 23 Ma),

(FIP2)

(cxg, %))y = ((€x4,0),(x3,0))0)
=C {(xl,{]], (tzxﬂ)}(a)
=c{x,, %) (a); fordl 0£c K

(FIP3)

(1,25 ) ()1 = {(x4,0), (x5,0)) ()
={(x5,0), (x1,0) )0 ={xz,x;, )

(FIP4)
If 0<Bf<a<1l then

(x1,%1)(@) = ((x1,0), (x1,0) )
<{(x1,0), (x1,00)() =(x1, %, (5)
And there exists 0< ,, = & suchthat
r];iﬂ{xlrxl}(an) 1= iﬂ{(xly 0), (x4, 0)) ()4

=((x4,0), (x1,0) )

= {x1,%1 }(a)

Thus (X , {-,"}(*); ) is a fuzzy inner product space. Similarly we can prove that
(¥, {-,-)(-)2 )isa fuzzy inner product space.

Theorem 3.6:
If (X X Y,{-,}(.)) isacomplete fuzzy inner product space then
(X, (-,;-)()y Dand (Y, {-,-}(-), ) are complete fuzzy inner product spaces.

Proof:
The proof is similar to the prove of theorem 2.3 by using the fact

1933

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal, Vol. 30, No.11, 2012 Product of Two Fuzzy Normed Spaces and

itsCompletion

Ix Il (@)1= [{x x) (@), ]2 and 1y Il (@)2= [y, ) (@),]*?
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