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ABSTRACT

This paper represents a theoretical investigation of the location of the absolute
maximum bending moment in short simply supported beams under the influence of
several moving point loads. However, for decades it was considered that the absolute
maximum bending moment is determined by positioning the beam center-line mid-
way between the resultant of the loads and the nearer heavy load. Obviously, other
point loads may also be required to be mirror imaged with the resultant to ensure that
the obtained maximum bending moment is an absolute maximum. This method was
assumed to be working for al spans of smply supported beams without any
limitations.

In this paper it is shown that this traditional method is not dways valid. Examples
of short span beams subjected to moving point loads having distance between two
loads exceeding half the length of the beam indicate absolute maximum bending
moments greater than those obtained by the traditional method.

Keywords: Absolute maximum bending moment; Short simply supported beams;
Moving point loads; location of maximum moment.
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NOTATIONS

Mabs : Absolute Maximum Bending Moment
Mc.  : Moment at Mid-span of the Beam

R : PP, (r>1)

P,  :Heaviest Moving Point Load

P, :Load adjacent to Heaviest Moving Point Load

P|l’

P2,  : Other Moving Point L oads

Pii

X : Distance between Heaviest Load and Resultant
R : Resultant of moving point loads

L : Length of Beam

: Distances between Point Loads and Heaviest Load

de : Critical Distance between moving point loads

Got  : Minimum Distance that kegps P, within the vicinity of the beam

w td/iL

We 1 dg /L

Wourt Qout /L

S RIP,

S OPidi/PL
S 1 2PilP;
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INTRODUCTION
or smply supported beams the critical positions of the loading and the
associated absolute maximum bending moment cannot, in general, be
determined by inspection.
Russell C. Hibbeler ™ concluded that the critical position of the absolute
maximum moment in a simply supported beam occurs under one of the
concentrated forces such that this force is positioned on the beam so that it and the
resultant force of the system are equidistant from the beam's center line. As a genera
rule, the absolute maximum moment often occurs under the highest force lying
nearest to the resultant force of the system.

W. R. Spillers @ developed a simple result which can be useful in determining
how loads should be positioned in order to produce maximum bending moment. He
sdlected one load of a group of moving loads and found the location of the load group
so that the moment under that load is considered to be the maximum. For maximum
effect, the load group should be positioned so that the distance from the centroid of
the load group to the right support equals the distance from the left support to the load
under consideration.

R. L. Jindd ¥ considered that the moment a the center is generally not the
absolute maximum bending moment and in short beams the difference is appreciable
The maximum moment under any load will occur when that load and the center of
gravity of al the loads are equidistant from the center of the beam.

Research Significance

The present theoretical investigation examines some limitations in the calculation
and location of the absolute maximum bending moment in short simply supported
beams; since most of the moving loads in Iraq are due to vehicles moving on roads,
and the main vehide characteristics are limited by the state or highway authorities to
suit both transportation services and highway network conditions. It states that the
maximum distance between whedls in a semitrailer combination is limited to (7.93
m)[“], therefore, the term short beam in this research will refer to beams with spans
less than (15 m).

THEORETICAL INVESTIGATION

Two types of loadings are considered in this research, two point loads and more
than two point loads.
Simply Supported Beams Under The Influence of Two Moving Point L oads

A simply supported beam of length (L) loaded with two moving point loads (P;)
and (P;) where (P1) is the heaviest load; by applying the traditiona absolute
maximum bending moment procedure, the resultant force would be  (R=P,+P,)
and the location of the absolute maximum moment would be under one of the point
loads such that this force is positioned on the beam so that it and the resultant force of
the system are equidistant from the beam's mid-span, as shown in Figure (1).
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Figure (1) — A Simply Supported Beam L oaded with
Two Point Loadswith (d>L/2).

R=P,+P, and M, =Pd

R (L- X)z

== ar

If (d>L/2) then the moment at the center of the beam due to (P.) would be:
MCL: P]_L/4

The relationship between M s and M. would be;

R 2
—(L-x
Mahs:4L( )pMahs:r+1 - WQ
M. PL M. r e r+lg
4

Whel’e:r:i' W:E and r3 1,
2

The relationship between (Mapy/Mc.) and (w) is shown in (Fig. 2); the error areain
the traditional absolute maximum bending moment procedure lies under the line

(M s/ ML = 1)_
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Figure (2) — The Relationship between (M ad/Mci) and (w).

The critical distance (d.) between the two moving point loads can be obtained by
substituting M_ =M,

LIS
4L(L X) 4

Then by substituting, (R=P,+ P,) and ( x = %d) thefollowing is obtai ned:

L(P.+P,) P d _PF7d® _P°L

4 2 4aL(P+P) 4

PZ

J :g(Pl +P,)£ /(P +R,) P, o

2

Since the minimum d is required, and R is much greater than P,, then the positive
sign will beignored and d.- would be:

d =(;~#P1+P2)' P1+P2 ’ Pl
cr 8 P

2

d, =Jr+1l/r+1-7)
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w, =S =1 (Yrea- o)

Any distance between the two point loads larger than the amount cd culated by Eq.
(1), (do), leads to a falure in the traditional absolute maximum moment procedure
and the maximum moment location would be at the middie of the beam under the
influence of the heaviest point loads (P1).

If the distance (d >% +§ ), then P, will be positioned outside the beam, therefore

the minimum distance (doy) that keeps (P2) within the vicinity of the beam would be:

_r+1,
uor+1

W _d, _r+1
L 2r+1

W, < I < Wout

Jrat (Jret- )< g It

L 2r+1

The distance between the moving point loads with relative to the length of the
beam depends on the value of (r) which is dways greater than or equal to (1).

w,=f(r)=+r+1 («/r+l- \/F) ,r3l
If (r = 1) then:

f(r)=0.5858

If (r—o0) then:

Lim(gy) f(r)=05
This relaionship is shown in (Figure 3).
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0.60
| @r=1;
0.58 w,,=0.5858
3‘6 0.56 -
It
—10.54
0.52 -
0.50 T T T T T T T T T
0O 5 10 15 20 25 30 35 40 45 50 55
(r=P,/P,)

Figure (3) — The Relationship between (r=P,/P,) and (f (r) = wg)

According to the above function, in the case of two moving point loads if the
distance between the two point loads (d) accedes 0.5L, no matter what the values of
(Py) and (P,) are; if (wy<w< W), then the traditional absolute maximum moment
procedure is invalid and the maximum moment occurs when the heaviest point load is
positioned at mid-span.

Figure (4) shows the validity of the traditiond absolute maximum moment
procedure for asimply supported beam with regard to w, We and Wy.

0.8
I —&— wout
% 0.7 A Wcr <w< Wout
1] —&—wcr
=
0.6 -
0.5 -
0.4 T T T T T T T T T
0 1 2 3 4 5 6 7 8 9 10
r =P,/P,

Figure (4) — The Validity of the Traditional Absolute M aximum
Moment Procedurefor a Simply Supported Beam.
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SIMPLY SUPPORTED BEAMSUNDER THE INFLUENCE OF MORE THAN
TWO MOVING POINT LOADS

For a simply supported beam of length (L) under the influence of more than two
moving point loads (P1, P2, Pi1 Pia,....,Pi), three cases must be considered regarding
the location of the heaviest moving point load, these cases are:
a) If the heaviest load is in the middle, then the traditional absolute
maximum moment procedure may be applied to calculate the maximum
bending moment.
b) If the heaviest load is the second load, then the resultant would be
nearer the heaviest load;, by applying the traditional absolute maximum

moment procedure, the resultant force would be (R=P, +P, +é P, ) and the
location of the absolute maximum moment would be under the heaviest closer
point load (P,) such that this force is positioned on the beam so that it and the

resultant force of the system are equidistant from the beam's mid-span, as
shown in (Figure 5).

"f H PR Pﬂi g
Al 1B
<U-| /ﬁ U|1 %
<> |<—&|
U | L2
P P P
B 11 Pll PZ llz Iall :
A—I 1B A ! e M
>~ ol d/2 v
MCL—£+aP“$d;-d,i2 T L
4 2 @2 ¢

Figure (5) - A Simply Supported Beam L oaded with more
than Two Point L oads, the 2™ L oad isthe Heaviest.
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R
Mabs_I(L_ X)Z- a I:)I|dl|
But:
PL_aPR.a | o
M, =—2—+ —-d, =+
CL 4 2 gz “ﬂ
Then by substituting M x,=Mc,
.2 ..
O os+s) 89'9+(82+sf- Sr- ssz):o
elLg elLg
c—2=w, =(S+8S,)- /S(25,+S, +r)
ete (4)
Where:
[o] [o]
P.d; P
S:B,Slza li Yli Szza li andr:ﬂ
P, P,L P, P,

So if (W < W = d/IL < Wyy) , then the traditional absolute maximum moment
procedure does not work and the maximum moment occurs when the heaviest load is

positioned at the center of the beam.
c) If the heaviest load isthefirst load, then two cases must be tested:
- When x<d/2:
In this case the resultant of the system would be closer to the heaviest load.
By applying the traditiona absolute maximum moment procedure, the
resultant force would be

(R=P+ P2+é R,) and the location of the absolute maximum moment would be
under the heaviest point load ( P,) such that this force is positioned on the beam so
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that it and the resultant force of the system are equidistant from the beam's mid-
span, as shown in Figure (6).

R Clp
X P PP PXE: P PP
Pl( Zl 11 |2l 1‘ , Zl 11 IZl
T l B
!I ull ! | 1 L/2 II L/2 %I
| d | | 1 d |
| 12 | |<—d—>|
| 4 S —
! i | I
P1 lPZ Pl
Al : ] B l
LS 2 AA‘:IJD M.
[ | PL | ”1/2 N V,
M, =i RAF;XH

Figure (6) - A Simply Supported Beam Loaded with more than Two
Point Loadsthe 1¥ L oad is Heaviest - Casel (x<d/2).

R=PR+R+Q PR

M= Pzd"'é Rd,
M _Rd+3Rd,
Xx=—=——
R R
R 2 PL
M,.=—I|L-Xx)", My =—2=
abs 4L( ) CL 4
Then by substituting M ,=Mc,
R yp=ht
4L 4
& ol ¢ U
= - 2(s- s )6—++i
elLo eLogy
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...... (6)
Where
o
R P.d, P
S=—, slza "andr =L
2 PZL 2
To calculate Woyu=do,/L, substitute d=(L/2+x/2)
L x
dout =+
2 2
\ dout =W . - S+Sl
L ot 25-1
...... 7

SO if (We < d/L < Wour) , then the traditiona absolute maximum moment procedure
does not work and the maxi mum moment occurs when the heaviest load is positioned
at the center of the beam.

- When x>d/2:
In this case the resultant of the system would be closer to the second oad
(not the heaviest load), and that happen when the va ue of the second load is

approaching the value of the heaviest load; by applying the traditiona
absolute maximum moment procedure, the resultant force would be:

(R:F1+P2+é R.) and the location of the absolute maximum moment
would be ether under the closer point load (P,) or under the farther point
load (P,) whichever the heaviest as shown below:

a) Thecloser point load (P,) is positioned on the beam such that this force and

the resultant force of the system are equidistant from the beam's mid-span,
as shown in (Fig.7).
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X R CL gf-x)/z
Py i Py IsLPul 5 £ P'lLP'ZL -
|<—d—>| s R s

[ . .
Ut |

[=1

|L/4
PPP

P, 1P PP C A
= 27/ |_/ (o- x)/Zy R,

H‘Z-%-}-v})& —-(d& d}\
\....

Figure (7) - A Simply Supported Beam L caded with morethan Two
Point L oadsthe 1 L oad is Heaviest -Case2-a (x>d/2).

Mahs:i(l-'d"'x)z'épli(dli'd) """ (8)
4L
_PL AP 0

MCL_ 4 2 62 (d d)g

Then by substituting M»,=Mc,

R 2 9 _PzL o ﬂ___ (o) 1
H(L'd"'x)'apn(dn'd)_ 4 +a Pli(e§2 (dli d)
S+
(S-l)g“—ig g SSZ)( Sl)mtq +s+57- s1+5)))=0
2s +s +1)_

d_, =(s+s) s+s

L (s-1) ... (9)

Where;
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o o
Pd. P
S:B,Sl=a ! “,Szza ! andrz—Pl

P, P,L P, P,

To caculate Woy=do/L, substitute d=[L/2+(d-x)/2]

:L+d- X

d
out 2

— (S' Sl)
L out iS+1j (10)

Soif (Wy < d/L < Wey) , then the traditiona absolute maximum moment procedure
does not work and the maximum moment occurs when (P,) is positioned at the center

of the beam.
b) The farther point load (R) is positioned on the beam such that this force and the

resultant force of the system are equidistant from the beam's mid-span, as shown

in (Figure 8).
R  CLR
X '
e LI P x22] P RRy
d I : 1 B
| —] R
| i l . {
| dI2 | |(—dd”—>|
L/4 : , I ,

Figure (8) - A Simply Supported Beam L caded with more than Two Point
L oads the 1% L oad is Heaviest-Case2-b (x>d/2).

2823

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Eng. & Tech. Journal, Vol.30, No.16, 2012 Absodute Maximum Bending Moment in
Short Simply Supported Beams under
Moving Point L cads

R=R+R+AR

M=Rd+3 Rd,
_M _Rd+3Rgd,
R R
_Ra X0
ATLE2 2p
R 2
M, =—I(L-x)" . 11
abs 4L( ) ( )
P,L o o o 1
MCL: Z +a Pli@ (dli'd) Y

Ry v_PRL P& 10
aL (L X) 4 + > (e§2 (dli d)
.2 ,
O Jls(s, +1)- s, & s2+57)- s(sz+1)]:o
elo elo
d $'s,(s,+2)
=W :S(Sz+l)- Sl- \/
L -s(s,+12s- 1) (19
Where:
s=R g-aPfd .o _aR
P, P,L P,

To calculate Wy =do/L, substitute d=[L/2+x/2]

dOLJt = S+

L 2S-

[EY

.. (13)

Soif (Wy < d/L < Wey) , then the traditiona absolute maximum moment procedure
does not work and the maximum moment occurs when the second point load is
positioned at the center of the beam.
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CONCLUSIONS AND RECOMMENDATIONS
From the theoretical investigation done in this research the following can be
concluded:

1) For short simply supported beams subjected to two point loads, if the distance
between these two loads is more than half the length of the beam, then the
maximum bending moment occurs when the heaviest load is positioned at mid-

span.

2) For such beams (w,;) and (W) must be calculated according to Eq. (2) and Eq.
(3) respectively. If (wWg<w<w,y), then the traditional absolute maximum
moment procedure is invaid and the absolute maximum moment occurs when
the heaviest load is positioned a mid-span.

3) For short simply supported beams subjected to more than two point loads, and
the distance between the heaviest load and the load adjacent to is more than
half the length of the beam, then three cases must be checked:

a) If the heaviest load occurs in the middle of the moving loads, then the
traditional absolute maximum bending moment procedure may be applied
to calculate the amount and location of the absolute maximum bending
moment.

b) If the heaviest load is the second load from either side of the beam, then
(Wg) and (Wo) must be calculated according to EQ.(4) and EQq.(5)
respectively, to check the validity of the traditional absolute maximum
bending moment procedure.

If (We<w<w,,), then the traditional absolute maximum bending moment
procedure would be invalid and the absolute maximum moment occurs
when the heaviest load is positioned at mid-span.

¢) If the heaviest load is the first load from either side of the beam, then two
cases must be checked:

- If the distance between the first load and the resultant of system of moving
loads (X) is less than half the distance between the first two loads (x<d/2),
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then (wy) and (W) must be calculated according to Eq.(6) and Eq.(7)
respectively, to check the validity of the traditional absolute maximum
bending moment procedure. |f (We<w<wo.), then the absolute max moment
theory would be invalid and the maximum moment occurs when the
heaviest load is positioned at mid-span.

- If the distance between the first load and the resultant of moving loads () is
more than half the distance between the first two loads (x>d/2), the resultant
would be close to the second load (not the heaviest one), then two cases
must be checked for the absolute maximum moment location:

*  Case-1l: When the resultant is positioned on the beam such that it and the
closest load (not the heaviest one) are equidistant from the beam's mid-span,
in this case M4 must be calculated according to Eq. (8).

*  Case-2: When the resultant is positioned on the beam such that it and the
farther load (the heaviest one) are equidistant from the beam's mid-span,
Moaps must be calculated according to Eq. (11).

If the moment in case-1 is larger than the moment in case-2, then case-1 would

be dominating and (wey) and (W) must be calculated according to Eq. (9) and

Eq. (10) respectivdy, to check the validity of the traditional absolute maximum

bending moment procedure. If (We<w<w,.), then the traditiona absolute

maximum bending moment procedure would be invaid and the maximum
moment occurs when the second point load (P,) is positioned at mid-span.

Otherwise case-2 would be the dominating case, then (W) and (Woy) must be

calculated according to Eq. (12) and Eq. (13) respectively, to check the vaidity

of the traditiona absolute maximum bending moment procedure. If

(Wer<w<w,), then the traditional absolute maximum bending moment

procedure would be invalid and the maximum moment occurs when the second

point load (P,) is positioned at mid-span.

4) In short simply supported beams, designers must check the correct location and
amount for the absolute maximum bending moment, following the cases
mentioned in this research; the highest moment must be taken into
consideration for the design.
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APPLICATIONS

1) Example on short simply supported beam subjected to two point loads:

- Cadlculate the location and amount of the absolute maximum bending moment in
the simply supported beam of 5m length subjected to the moving loads shown in
the figure,bel ov:

é)kN C>I(N

3m

Upon agpplying the method proposed in this research according to Eq.(2) and
Eq.(3), the following is found:

r=n =305
P, 20

w=39-3-06
L 5

w, =Jr+1" [Jr+1-Jr)=0625

_r+1
2r+1

=0.625

out

Since (W, <W<W,_,), then the traditiond absolute maximum moment

procedure is invalid, therefore the maximum bending moment occurs when the
heaviest load is positioned at mid-span:

Mo = = (3008) _ g7 g
4 4

To check that, below is the calculation of moment according to the traditiona
absolute maximum bending moment procedure:
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1.2" 50N G R
KNY = | lkN p & | P
O O i v 2
Sm Al Y : VI
f—— — !
m /22

R =30 + 20 = 50kN
M =20" 3=60kN .m

x=9 _1om. X-06m
50 2
2
My = & X0 _351 kvm
L é2 2y

2)  Examples on short simply supported beam subjected to more than two moving
point loads:

a) Cdculate the location and amount of the maximum bending moment in the
simply supported beam of 6m length subjected to the moving loads shown in
figure.

R
10N 10
L 7

| Im | im | 3.2m |

| | = |

The second load from the right of the moving loads given is the heaviest one; upon
applying the method proposed in this research using Eq. (4) and Eq. (5) the following
is found:

R=10+10+30+ 20 = 70kN
I\/I( )= 34kN.m

P, =30"N
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=34 _05m, X =025m
70 2
~4_32_4s3,
L 6
=235 1=2215
0 2
o 10 ()+(0) (1) _ . o _(10+10)_,
' (20) (6) TR 20
w, =(S+S,)- {/S(2S,+S, +r) =051
W, = S°5 _o54
25-1
WCI' <W<W0Ut

Then the traditional absolute maximum moment procedure is invalid, and the max
moment occurs when (P,) is positioned at mid-span.

PL . aRa ¢
M, =nb @@ 40
9

R

M, =45+15+5=65 kN m

While the moment according to the traditional absolute maximum procedure will

be:
x-2/2 :C.L
R A
3q " 20
Aj ; 1B
y -
| 3m } 3m |
10" 1ch 30"
A V Mabs
o j[3-0-25=2.75m"
_70(3- 0.25)

R, = =321 kN.m

M .. =58.275 kN.m

b) Calculate the location and amount of the maximum bending moment in the simply
supported beam of 5m length subjected to the moving loads shown in figure.
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©)

i 30N 10N l llOkN
i |

3m ; Am
L

The first load of the moving loads given is the highest one; upon applying the
method proposed in this research using Eq. (6) and Eq. (7) the following is found:

R =30+10+ 10 =50kN
M(Pl=30kN) =70 KN.m
70 d

X=—=14m, —=15m,
50 2

\x<E
2

Then the traditional absolute maximum moment procedure is invalid, and the max
moment occurs when Py is positioned a mid-span.

PL
M, =M =—= =375 kKN.m
4

max

d) Calculate the location and amount of the maximum bending moment in the simply
supported beam of 6m length subjected to the moving loads shown in figure.

30 KN 2.4 OKN EKN OkN

| ]‘ | |

The first load of the moving loads given is the highest one; first of al check x and
dr2:
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R=30+20+15+10=75 kN

:ig_ '2:221_6
75 2
\ x>g
2

Upon applying the method proposed in this research, two cases must be checked:

- Case-1: When the resultant is positioned on the beam such that it and the closest
load (P,) are equidistant from the beam's mid-span; calculate My according to

Eq. (8):
M, :%(L- d+xf- & P,(d, - d)=495 kN m

- Case-2: When the resultant is positioned on the beam such that it and the heaviest
load (P,) are equidistant from the beam's mid-span, ca culate M 4 according to Eq.
(11):

R

Mabszﬂ(L- x)* =405 kN.m

M abs (case l) ﬁM abs (case 2)

Then case-1 is dominating, therefore using Eq. (10) and Eq. (11) the following is

found:
w=9-32_053
L 6
_75_375 S = (15)(4.2)+(10)(52) _ 096, S, = (15+10) _ 105 1230215
(20)6) 20
w, W, = (s-s)_ 0.59
(s+1)
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WCI' < W < WOUt

Then the traditional absolute maximum bending moment procedure is invalid, and
the max moment occurs when (P,) is at mid-span.

PL o P ab
M =24 _lig™—_

M., =50 kN.m

(dn' d)g

A Summary of the Applications’ Results and the Percentage of Error between the
Traditional Method and the Proposed Method is shown in Table-l, while a
comparison between the traditiond method and the proposed method is shown in

Table-2.
Table (1) — Shows the Percentage of Error between the
Traditional Method and the Proposed M ethod
Cases M+ Mp % of

kN.m | KN.m | Error
36.1 | 375 |37

Simply Supported Beam
(2-Point L oads)

Simply Supported Beam
(3-Point L oads) 268 |375 |285
1% L oad isthe Heaviest (x<d/2)
Simply Supported Beam
(4-Point L oads) 582 |65 10.5
2" L oad isthe Heaviest
Simply Supported Beam
(4-Point L oads) 495 |50 1
1* L oad isthe Heaviest (x>d/2)
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Table(2) — Shows a Comparison between the Traditional
M ethod and the Proposed M ethod

Cases Method Used
dEL/2 d>L/2
Simply  Supported Proposed Method:
Beam Traditional Method Calculate wg, and w,,, using Eqgs. (2& 3)
(Two L oads) W <W<W
cr out

Maps = When Py islocated at Mid-Span
Simply  Supported
Beam
(>Two L cads) Traditional Method

Heaviest Load in the
Middle

. dEL/2 d>L/2
Simply  Supported
Beam Proposed Method:
(n>dTWO Loads_) Traditional Method Calculate w,, and w,,, using Eqgs. (4&5)
2 Load is the
Heaviest Wer < WS Wy
Maps = When Py islocated at Mid-Span
dEL/2 Traditional Method
Proposed Method:
d >£ and x <9 Calculate w,, and w,,; using Egs. (6&7)
2 2 Wcr <w< Wout
Simply  Supported Maps = When P islocated at Mid-Span
Beam . N
(> Two L cads) i L . d | f dMabs(Eq.S) EIS D%rglggtlng calculate wg
1% Load is the 5 andx>= ) and o, using gs. (94 10)
Heaviest Wer < WS Wy
Calculate Mg, using | Mabs= When P, islocated at Mid-Span
Egs. (8&11) If Maps (EQ.11) is Dominating calculate we
The largest moment | ad Wy, Using Egs. (12& 13)
will dominate Wer W< Woy
Mabs = When P, islocated at Mid-Span
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