
The Dynamics of Newton's Method on Complex Quartic Polynomial …..  
Dr.Hussein Jaber Abdul Hussein 

 

              هجلةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةة   ل ةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةة        ةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةة       ةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةةة                                                 

 3122  ح دي و  سبعوى   عذد 

81 

The Dynamics of Newton's Method 

on Complex Quartic Polynomial 

Dr.Hussein Jaber Abdul Hussein 
College of Science, Al Muthana  

University, Al Samawa, Iraq 

 

Key word: Newton's Method, Quartic Polynomial, Julia set. 

 

Abstract:  
         Newton's method is used to calculate approximately the roots of any 

complex or real valued function consists iteration. For each complex 

polynomial )(zP , Newton's method defines a dynamical system on the 

complex Riemann sphere. 

The our goal is to prove that any quartic polynomial with at least two 

distant roots topologically conjugate to N  and any two polynomials with 

roots has a similar quartic shape then the Newton function for each 

polynomial are conjugate. 

       Finally ,we study the symmetry of Newton's function with real and 

complex axis. The software MatLab will use to view the dynamics of 

quartic polynomial after the iterations of Newton's method. The graphical 

nature of the iterations gave us very nice properties that allow us to 

describe the behavior of the points in the plane. 

1-Introduction 

            Newton's method is one of the preferred methods to find roots  of 

differentiable function, Newton's method defines a dynamical system.  If 

consists of iterating the function )(zf  then 
)(

)(
)(

zf

zf
zzN


  

         By starting with an initial approximation, 0z , sufficiently close to the 

root of )(zf  ,the sequence of iterates, )(1 nn zNz  , will converge to the 

root[1]. The study of iterated maps is the study of the dynamics of orbits 

of points under repeated composition of a function with itself[2].If the 

function )(zf  is polynomial ,then the iteration function )(zN  will be a 

rational function of the form, 

                                                  
)(

)(
)(

zQ

zR
zN   

Where )(zR  and )(zQ  are polynomials with real of complex coefficients 

[1]. The global study of Newton's method can now be analyzed using the 
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theory of the complex dynamics of rational functions on the Riemann 

sphere ( }{ CC


). Any complex analytical function will decompose the 

plane into two complementing sets, the stable set , where the dynamics are 

mostly tame, and the unstable set ,where the dynamics become chaotic 

and unpredictable [3]. The study of this idea was started by G. Julia and P. 

Fatou in the 1920[3],[4].  

      The orbit of a point 0z  is the set of 

iterates )),...}((),(,{,...},,{ 000210 zNNzNzzzz  . The point z  is a fixed point of 

)(zN if zzN )( , for Newton's method applied to a  polynomial )(zP , each 

root of )(zP  will be a fixed point of )(zN ,and these will be the only finite 

fixed points. If )(zP  is not degree one, then   will also be a fixed point of 

)(zN [1]. The point z  is periodic point if zzN t )( , for some positive 

integer t . The least such integer t  is called the period and the orbit of z is a 

t-cycle [1]. 

        In the Newton's method ,we would like our initial point 0z  to 

converge to the fixed point that root. The certainly happens most of the 

time ,but other things can happen. The orbit of 0z  could converge to a t-

cycle, or it could wander chaotically about the Riemann sphere [3].     If 

z is periodic point of period t , then the derivative )()( zN t  is called the 

eigenvalue of the periodic point z . It follows from the chain rule that  is 

the product of the derivatives of )(zN  at each point on the orbit of z . A 

periodic point z  classified as : superattracting if    0   ; attracting if 

1 ; repelling if 1 ; and neutral if 1 [2]. 

        The Julia set is the set of points whose orbits have unpredictable or 

chaotic behavior. We define the family of functions {f }n to be normal on 

U  if every sequence of nf  has a subsequence that either converges 

uniformly on compact subsets of U  or converges uniformly to   on 

compact subsets of U . The Julia set, J, of f  is defined to be the set of all 

points for which the family of iterates {f }n  is not normal at 

z [5].equivalently, the Julia st of a rational map is equal to the closure of 

the set of repelling periodic points.. the Fatou set or stable set is the 

complement of the Julia set [4]. 

       If we are interested in dynamics of )(zN  on the Riemann sphere, we 

can always conjugate )(zN  by invertible linear fractional (Mobius) 

transformationT , and the dynamics of the iterates of )(zN  ill be same as 

the iterates of 1TNT  [1]. A Mobius transformation is a rational map of 
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the form 0,)( 



 bcad

dcz

baz
zT , where we have the usual convention that 

 )(,)(
c

d
T

c

a
T ,for more details see [4],[6]. 

       From the  properties of the Fatou and Julia sets we saw that they were 

compliments of one another of one another ,and the Julia set was the 

boundary for the points that converge that those that  do not [3],[7] . Since 

the dynamics of quartic polynomials are more complicated than that 

quadratics and cubic polynomials which study in [1],[3] .we shall be 

relying more on computer graphics to illustrate their behavior and help 

give us a better understanding of what is actually happening. The 

conclusions for quadratics were somewhat easily obtained, and would be 

ideal if the same approach could be taken for quartic, along with getting 

the same sort of results. However ,the global conditions of the dynamics 

of N  seem to be much more complex .we will assign a coloring scheme 

to the points on the dynamical plane and use it for part of our 

investigation. we do not want to get ahead of ourselves thus we are going 

to develop idea like those in [3] for quartic polynomial. 

     The main results of this paper are prove the following propositions. 

Proposition(1-1) : 
       For any complex quartic polynomial P  with at least two distinct 

roots, pN  is to topologically conjugate to N  for some C . 

Proposition (1-2):  

        If )(zp and )(zq are quartic polynomials whose roots similar quadrate 

shape pS and qS , respectively then pN  is conjugate to qN  via some affine 

map. 

Proposition (1-3): 

        If R , then N  is symmetric with respect to the real axis. 

We also will be studying the types of graphs one would get if they looked 

at these same Newton's function in the complex plan. 

2-Newton's Method on Complex Quartic Polynomial 
        Let )(zP  be a fourth degree complex polynomial (Quartic Polynomial) 

01

2

2

3

3

4

4)( azazazazazP   with four roots .it is also known that we can 

view this same polynomial in terms of its roots ,if we first factor out 4a  

,we now have ))()()(()( 4 dzczbzazazP   where dcba ,,,  are roots of 

)(zP [3].Newton's method on any general quartic polynomial CCP


:  that 

has at least two distinct root is 
)(

)(
)(

zP

zP
zzN p


  
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        To simplify the understanding of the dynamical properties of 

Newton's Method on quartic polynomials, we will utilize the one-

parameter family )1)(1)()(()(  zzzzzp   rather than )(zP  itself. This 

still contains quartic with at least two distinct roots, and we will refer to 

the function created after applying Newton's method as N . This is 

defined by 
zz

zz
zN

23

2224

44

23
)(









  

       We must introduce the notion of a cross ratio to find a conjugacy 

between N  and  pN  . We are allowed to use this category of maps, since 

they are the class that is analytical and differentiable on the Riemann 

sphere .  

       We us the cross-ratio of five distinct point 43210 ,,,, zzzzz  as the Mobius 

transformation [6];[8] . 

                                    ( 43210 ,,,, zzzzz ) = 
))()((

))()((

423130

432120

zzzzzz

zzzzzz




 

which brings us to the following proposition 

Proof of Proposition (1-1):  

          Let us assume, we have a polynomial )(zP  with at least two distinct 

roots ,so we will have to consider two cases for this. 

First case: 

 when dcba ,,,  are all distinct, let's choose a complex quartic polynomial  

                                  ))()()(()( 4 dzczbzazazP  . 

Considering the cross ratio of the roots of )(zP  and the roots of  

                                  )1)(1)()(()(  zzzzzp  , 

we can derive a Mobius  transformation ,call it T  ,which conjugates N  

and  pN . We find T  by setting  

                                     )1,1,,,(),,,,(  wdcbaz  

                                    
)1)(1)(1(

)11)()((

))()((

))()((














w

w

dbcacz

dcbabz
 

                                     

)1)(12(

44

)()(

)()(
2

2










w

w

cdadcbabccdadcbabz

bdadbcacbbdadbcacz




   Cross multiplying 

and solving for w  yields:  

                                       
11

11)(
dzc

bza
zTw




  

 Where 
                                   )(4)12)(( 22

1 cdadcdabbdadbcaca    
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)(4)12)(( 22

1 cdadcdabcbdadbcacbb    

                                   )(4)12)(( 2

1 cdadcdabbdadbcacc    

                                    
)(4)12)(( 2

1 cdadcdabcbdadbcacbd    

This is somewhat tedious to work with, so let's simplify by find a value of 

  for which the map T  is affine map. That is, make the function a linear 

mapping, we set 01 c  we get the following transformation  

                                      
1

1

1

1)(
d

b
z

d

a
zT    

And solve for   to give us 

 
)(2

)(4)442222()442222( 22

bdadbcac

bdadbcaccdabbdadbcaccdabbdadbcac




  

So ,we have two  : 

 
)(2

)(4)442222()442222( 22

1
bdadbcac

bdadbcaccdabbdadbcaccdabbdadbcac




  

and 

)(2

)(4)442222()442222( 22

2
bdadbcac

bdadbcaccdabbdadbcaccdabbdadbcac




  

It immediately follows that 
1

~ NN p  and 
2

~ NN p . 

Second case : 

 let )(zP  have only two distinct roots , b and c . By letting ac   in our 

original equation for 1c  ,then we have 1  , 1~ NN p  where 

))(()()( 2

4 dzbzczazP                       □    

         Let us define a quadrate shape created by the roots of N  when 

RC  . We will denote this quadrate S  where each side of S  is 

determined by any pair of distinct root. Note that if R , then all the 

roots will lie on the real axis and thus will be collinear[3].we will be able 

to infer some things about N  just by looking at this quadrate shape. we 

can even generalize the following property to generic  quartic polynomial 

Remark[1],[4]: 

         Any Mobius transformation can be represented as the composition 

of a finite number of inversions , created by the function 
z

zv
1

)(  , 

magnifications, created by the function Azzm )(  where RA ,rotations , 

created by the function zezr i)(  ,where R  , and translations, created by 

the function Bzzt )(  where CB . 

    Now,  we prove the proposition (1-2). 
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Proof of Proposition (1-2)  : 

      Consider the geometric representation of the two quadrate shape 

pS and qS . We only need to make . we only need to make three 

manipulations to  achieve our goal. Recall a linear transformation is the 

form bazzg )( ,where Cba ,  and a 0 . 

Now ,let us consider  
                                  ))(()( ztrmzg   

                                          ))(( czrm   

                                          ))(( czem i      

                                          ))(( czeA i       

                                          ))cAezAe ii         

                                          11 BzA    

Where iAeA 1  and cAeB i1 . Each of these mappings are non-

fractional, linear mappings, thus )(zg  is conformal for all points in 

complex plane. With a few calculations, one can see that the angles of pS  

are preserved under each mapping. This is independent from our choice of 

,c  and A . Therefore, we can choose these such that )(zg  will conjugate 

pS and qS . Thus implying that )(zp conjugates to )(zq ,and from our 

previous knowledge, making  pN conjugate to qN  through this affine map.                                          

        The following  pictures illustrates the rate of convergence for each 

point in the plane with a different color .we can see that the points form a 

right quadrate shape in the plane. Thus, any roots from another 

polynomial that a right quadrate shape will be conjugate to this 

polynomial.        

                       
Figure(1):Newton's method on quartic polynomial 1)( 234  zzzzzp  
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      Not only can the function created with the Newton's method of our 

particular family of quartic polynomial be examined by quadrate shape 

created with the roots, even when we do not see a quadrate shape, N  

exhibits some very nice properties. In fact, what  we realize is that the 

roots of the quadrate shape have become collinear and form a line the 

plane. 

This exemplifies the following proposition . 

  Proof of Proposition (1-3):  
        we need to show is that for the two complex roots of the function                 

))(Re())(Re( zNzN   and ))(Im())(Im( zNzN     

))(Re())(Re( iyxNiyxN    and ))(Im())(Im( iyxNiyxN    

We call our function N  since we are assuming that we have R . Refer 

back to our original Newton's function  

                                      
zz

zz
zN

23

2224

44

23
)(









  

Now ,if we substitute iyxz  and simplify we get  

                                     
)(4)(4

)(2)(3
)(

23

2224

iyxiyx

iyxiyx
iyxN









  

)4)3(4(4)3(4

)4))((12()(212)(3
)(

232223

22222222222

yyyxixxyx

xyyxxyiyxyxyx
zN









  

With the same approach, let us examine iyxz   

                                       
)(4)(4

)(2)(3
)(

23

2224

iyxiyx

iyxiyx
iyxN









   

)4)3(4(4)3(4

)4))((12()(212)(3
)(

232223

22222222222

yyyxixxyx

xyyxxyiyxyxyx
zN









  

Consider the following substitutions,  
                                 22222222

1 )(212)(3   yxyxyxr  

                                 xyyxxys 222

1 4))((12   

                                  xxyxr 223

2 4)3(4   

                                  yyyxs 232

2 4)3(4   

So ,we have that 

                                    
22

11)(
isr

isr
zN




  

                                   
22

11)(
isr

isr
zN




  
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Multiplying the top and the bottom by complex conjugate of each 

denominator, we have                     
2

2

2

2

2121

2

2

2

2

2121 )(
)(

sr

rssr
i

sr

ssrr
zN









  

2

2

2

2

2121

2

2

2

2

2121 )(
)(

sr

rssr
i

sr

ssrr
zN









  

With this representation it is clearly that the real parts of )(zN and )(zN  

are in fact equal, and the corresponding imaginary parts are complex 

conjugates.                             

3-Graphical analysis  
        In proposition (1-1),we prove that any complex quartic polynomial 

with at least two distinct root is topologically conjugate to  

                                      
zz

zz
zN

23

2224

44

23
)(









  

 where  

)(2

)(4)442222()442222( 22

bdadbcac

bdadbcaccdabbdadbcaccdabbdadbcac




  

is only parameter with dcba ,,, as the coefficients of our quartic 

polynomial. This Newton's function, )(zN is that in which we will be 

referring to for the remainder of the discussion. we want to utilize the 

ability of computer graphics created with the program MatLab which will 

enable us to describe and visualize the dynamics of  quartic polynomials. 

Let us focus on the behavior of a particular point in the plane. The  Julia 

set of a complex function is the set of all points on the boundary between 

the set of points that escape to infinity and the set of points that do not 

escape to infinity. We see this with the following example. 

Consider 1)( 234  zzzzzp  , we calculate the values of   from 

proposition(1-1) 20.4559i+ -37.95261  ,which 16.2022i- 18.6806 2  . Let's 

look at the convergence of the points under Newton's method ,for deferent 

value of    .we see this in Figure (2) and Figure(3).  
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                          Figure(2): N  for 20.4559i+ -37.95261   from 5.1 to 5.1  

 

 

                              
                                Figure(3): N  for 16.2022i- 18.6806 2    from 5.1 to 5.1  

         Now, we zoom in on the portion in the center that looks like it is 

glowing. As we zoom in, we see this part taking shape. This is our Julia 

set for the particular polynomial created with 20.4559i+ -37.95261   
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                          Figure(4): N  for 20.4559i+ -37.95261   from 5.0 to 5.0  

 

The is not only figure that we can see with a particular value of 

 .we also gets pictures that illustrate parts of nature . 

 

 

 

                          
                        Figure(5): N  for 20.4559i+ -37.95261   from 1.0 to 1.0  
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Appendix 
A:   Newton's Method on Complex  Quartic Polynomial  
%This program will plot convergence of the values for the 

Newton function 

%of quartic polynomial for any choice of coefficients. 

function NMQ(a b c d e) 

% default settings 

min_re=-1.5; 

max_re=1.5; 

min_im=-1.5; 

max_im=1.5; 

n_re=400; 

n_im=400; 

tol=0.01; 

coeff=[a b c d e];polyRoots=roots(coeff) 

format compact; 

max_steps=20; 

%step size 

delta_re=(max_re-min_re)/n_re;delta_im=(max_im-

min_im)/n_im; 

x=min_re:delta_re:max_re;y=min_im:delta_im:max_im; 

[X,Y]=meshgrid(x,y);Z=X+i*Y; 

for j=1:n_im+1 

    for k=1:n_re+1 

        z=Z(j,k); 

        if z==0 

        z=tol; 

    end 

    m=0; 

    flag=0; 
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    while(flag==0) 

        %iteration 

        z=z-

(a*z.^4+b*z.^3+c*z.^2+d^z+e)./(4*a*z.^3+3*b*z.^2+2*c*z+d) 

        if norm(a*z.^4+b*z.^3+c*z.^2+d^z+e)<=tol 

            flag=1; 

        end 

        if m>max_steps 

            flag=1; 

        end 

        m=m+1; 

    end 

    %assign color according to number of steps 

    Z(j,k)=m; 

end 

end 

%plot the result 

colormap(hot);colormap(jet(20)); 

brighten(0.5); 

image(Z) 

pcolor(X,Y,Z) 

axis off; 

shading flat; 

 

 

B:  Newton's Method on   Quartic 
%This program will plot the rate of convergence for value 

of the Newton 

% function of quartic polynomial simply change the values 

for the mim and 

% max of the x axis and y axis to zoom in or out .Figures 

(2),(4)and (5)  

% with 20.4559i+ -37.95261  and Figures(3) with 16.2022i- 18.6806 2  . 

function NMmu(mu) 

min_re=-1.5; 

max_re=1.5; 

min_im=-1.5; 

max_im=1.5; 

n_re=400; 

n_im=400; 

tol=0.01; 

20.4559i+ -37.9526mu ; 

%forms x and y vectors of n points between min and max 

default values 
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x=linspace(min_re,max_re,n_re);y=linspace(min_im,max_im,n

_im); 

max_steps=50; 

%step size 

[X,Y]=meshgrid(x,y);Z=X+i*Y; 

for j=1:n_im 

   for k=1:n_re 

   z=Z(j,k); 

     if z==0 

     z=tol; 

     end 

   m=0; 

   flag=0; 

   while(flag==0) 

   %iteration 

   z=z-(z.^4-((mu).^2+1)*z.^2+(mu).^2)./(4*z.^3-

4*((mu).^2*z)); 

    if norm(z.^4-((mu).^2+1)*z.^2+(mu).^2)<=tol 

    flag=1; 

    end 

    if m>max_steps 

    flag=1; 

    end 

  m=m+1; 

  end 

  %assign color according to number of steps 

  Z(j,k)=m; 

  end 

end 

%plot the result 

colormap(hot); 

colormap(jet(50)); 

brighten(0.5);image(Z) 

pcolor(X,Y,Z) 

shading flat; 

 

 ديٌو   ط يق  ً وتي على ه عذد ت   حذود هي   ذرج       ع 
 

 د.حس ي ج    عبذ   حس ي
 ج هع    وثٌى- ل     علوم -قسن    ي ض  ت وتطب ق ت   ح  وب

E-mail:hussein_almaaly77@yahoo.com  

 

 

   خلاص :
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 قرمع تت و  تدنتتمح رلتت  قا قري    تتو  وتستتدم ط يقة تتو ن تتيتح  بتتل ذستتال قريتت    قرد قة  تت          

تكتتقق ا قا قرفتت س قي ا تتل رفتت ق قر يتت  نتتي مقندتتو قا  م  دعتت ةو ذتت  ة  تتح قر   تتو قرققمعتتو 

)(zP تييم على قيقل    ة ح  مدلف ح تققب فا ةقرو ن يتح N  تعدمت  علتى قرمعلمتو    قردتل 

ذ  ة ري   نما نفس قرشكل قرقمتاعل  ح، ك رك مقندا على قا  م  دع ةت  zP)(ح ةمكح ذسامفا  

 ةكيناا  دققب  حا

 خ تتققت تتتا ة ق تتو خاتتت و قرددتتاحق ذتتيا قرميتتي  قري   تتل ر قرتتو ن تتيتح  قتت  ق تتدم  دا مقنتتا         

(MatLab) رعقض ةةدم و  دع ةقت قري  ة ن ه مع  ذلفا مطقة و ن يتحا 

 

 

 

 

 

 

 

 

 


