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Abstract
In this paper, the theoretical results of the solvability, controllability and
observability of the mild solution to the following nonlinear dynamic control system

s=t

dudwt(t) + Ay (tF €ty (O I h(t s)d s u, (8))ds+ (B w)(t)
s=0

uy, (0) = ug

have been discussed and proved via Banach fixed point themmenstrongly continuous
semigroup theory.
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1. Introduction state equation. There are different

methods for investigation of

well developed theory of
Acontrollability and observability

for linear system have been
available for many years , even in
infinite dimension space[l]. The
controllability and observability in
nonlinear control system have been
limited and any success depends upon
particular classes of nonlinearity. The
choice of the appropriate method
depends on the type of nonlinearity in the

observability and controllability for
different types of nonlinear system, fixed
point theorems for non-linear mappings
[2], theory of vector field and Lie
algebras[3], perturbation method4],
ard Maximum principle [5]. In this
work, Banach fixed point theorem has
been adapting. There are various fixed-
point theorems available, the most
popular being Schauder’'s fixed point
theorem6],
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Banach fixed point theorenf7] and
Darboux fixed point theorer8]. Fixed
point theorems have found a wide
applications in both , the theory and
numerical aspects of differential
equations.

In recent years, Fazal and Khan
[1] have studied the controllability and
observability of the mild solution to the
nonlinear system:

d :ft) = A u(t)+ N u(t)
y(t) = Cu(t)
u(0) = uy,

..(1)
where A is the infinitesimal generator of
the strongly continuous semigroup

{T(t)}120 on a reflexive complex

Banach space X into X, the function)y/(

is referred to as the output which is
belong to Y , a reflexive complex
Banach space of the outputs , C is
bounded linear operator defined from X
into Y and N is non-linear operator
defined on X.

A continuous function

u() O C(JO : X) is said to be the
mild solution of the nonlinear system

defined in (1) if ul) satisfies the
following form:

u(t) =T(t) up+

s=t

JT(t—s) N u (s)ds

s=0

..(2)

where C(J,: X) stands for the set of all
continuous functions defined frond,
into X andJy = [O,tl]. As well as in[1],
some results concerning the
controllability and observability of the
mild solution defined in (2) to the
nonlinear system defined in (1) are
reproduced by using a new fixed point

approach, although these results have
already been established by Quinn and
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Carmichael [8]
point theorem.
Bahuguna.D in 19919], has studied the
local existence of the mild solution to the
semilinear initial value problem:

using Darboux fixed

+Au(t) = f(t,u(t))

du(t)
d

s=t
+ Jh(t—s)g(s,u(s))ds
s=0
u(0) = uy
...(3)
where A is the infinitesimal generator of
a strongly continuous semigroup

{T(t)}tzo defined from D(AX into

X, where X is suitable complex Banach
space, f and g are a nonlinear continuous

maps defined fron{O ) tl] xX into X, h
is the real valued continuous function
defined from [O,tl] into O where[7 is

the set of all real numbers .
A continuous function

u() 0 C(Jy:X) is said to be a
mild solution for the nonlinear system

defined in (3) if ull satisfies the
following form:

u(t) =T(t)u, + TT(t—s)[

f(s,u(s))+ Jsh(t - s)g(r,u(r))

dt }ds

..(4
Wwhere C(J, : X) stands for the set E)f)all
continuous  functions defined from
Jpinto X and uf] is a continuous
function belong toC(J0 : X).

Radhi and Manaf10] have studied the
solvability and exactly controllability of
the mild solution to the following
nonlinear control system:
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AU, () =

du,(t)
dt

f(t,u, (1))+ j h(t - s)

g(s,uW (s))ds+ (B W)(t),t >0
u(0) = uy
..(5)

where A is the infinitesimal generator of
a strongly continuous semigroup

{T('[)}120 defined from D(AJIX into
X, fand g are a nonlinear continuous
maps defined fron{O : tl] xX into X,

h is the real valued continuous function
defined from [O,tl]into 0 and the
control  function w(.) belong to
L?(J,.0), a Banach space of
admissible control functions with O as a
Banach space (control space) and
JO=[O,t1] , B is a bounded linear

operator from O into X.
A continuous function

u, (O C(Jo : X) is said to be a
mild solution to the nonlinear control
system defined in (5) ifu,, (Qlsatisfies

the following form:

u,(t)y=T(t)u, + TT(t—s){
f(s,uw(s))+Th(t—s)

g(r,uw(r))dr + Bw(s) }ds
...(6)

For every control function

w)o L (J,,0).

2. Preliminaries

Definition 2.1 [11]

Let {T (t)}tzo be a family of bounded

linear operators on a complex Banach
space X. The infinitesimal generator A of
T(t) is the linear operator defined by:

158

. T(h)yx =x
A(x) = Ir|1rqnO — for
xOD(A), where
D(A)={XDX jm X =X
h-0 h

exists }

The following is the most important
theorem in the theory of semigroup and
its applications to linear unbounded
operator.

Theorem (Hill-Yosida) 2.1 [11]

A linear unbounded operator A is the
infinitesimal generator of a dJstrongly
continuous semigroup) of contractions
T(t), t= 0 if and only if

A'is closed and the closure of the domain
Ais equal to X.

The resolvent sgb(A) of A contains R

and for every\ > 0,||R (A )” s %

where R is the set of all positive real
numbers.

Diagram 2.1[12]

The diagram (1) represents the relations
among a semigroup, its generator and its
Resolvent , see diagram (1).

Definition 2.2 [11]

Given any two pointsl,,u, [ X |

where X is a complex Banach space. The
mild solution defined in (6) to the
nonlinear control system defined in (5) is
said to be exactly controllable on

J, = [0,y], if there exist a control
w()oL?(3;,0) such that the mild
solutionuﬂ([) defined in (6) satisfy the
following

conditionsu ,, (0) = U, and

uﬂ(y) =V,, where uﬂ([) is a
continuous function depend on the
control function ﬂ([)which is belong

w0l?(3;,,0).
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3. The Solvability and Controllability

of Nonlinear Dynamic Control System

In the present work, we have studied the
solvability and exactly controllability of
the mild defined in (6) to the nonlinear
control system defined in (5) are
reproduced by using Banach fixed point
theorem and strongly continuous
semigroup theory , although these results
have already been established by Radhi
and Manaf[10] by using Schauder fixed
point theorem and compact strongly
continuous semigroup theory. The work
become stronger thdf0] by attenuation

of some conditions in it, i.e. we omitted
compact semigroup and some other
conditions that are used and we replaced
them by strongly continuous semigroup
theory.

Main Result 3.1

To study the solvabilty and
controllability of the mild solution
defined in (6) of the nonlinear control
system defined in (5), the following
hypotheses are adopted in the present
work and as follow:

(A 1) A be the infinitesimal generator
strongly continuous semigroup
{T (t)}120 and A defined from D(AY]

Xinto X , where X is a complex Banach
space.

(A 2)Let P’ be a positive constant
such thatp > p' satisfy the condition
[T (s = uof, < p",
Ostst,.

(A 3)Let f and g are nonlinear

continuous maps defined frorgxX into
X satisfy the following conditions:

(Ast) (V)] =N,
||g(t,v)||x < N, , OvOX

and t0OJ, = [O,tl] ,N;and N are
positive constants.

(A5 (i)
I (v)= 1 (vl < Lol = v,

159

IN

”g(t’vl)_ g(t’vz)”)( L1||V1 - Vz”
Ov,v,OX;0st<st,
,whereL , > OandL, > 0.

(A 4) Let h be the real valued

continuous function defined from ihto
] wherep is the set of all real numbers

with the positive  constant

s=tq
h, = _[|h (s)|ds .
s=0

X
<

(A 5 ) Let w(.) be an arbitrary control

function belong to L?(J,,0), a

Banach space of admissible control
functions with O as a Banach space
(control space).

A 5.1 ) The bounded linear operator B
defined from O into X, i.e.

[Bv ], = Kofv],.0vE O, K
is a positive constant .

(A 5. i ) There exist a positive constant
k, such thaﬂW(t)”O < K., for all
O<stst,.

(Ag) if t, OR", {where R" the set

of all positive real numbers}, satisfy the
following conditions:

(Aei)
p-p

t S Yl 3

PTMNL RN, F KK )

WherEpip'aNlaNzyhtlaKoaKl

and M are positive real numbers.

1- P

L, P+1l)

ML, +hgL,)

where P,L,,L,,h¢ and M are

positive real numbers.

(A7) The linear operator G from

L>(3:,0) into X defined by:

(Agii) t, <
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s=y
Gw=[T(y-sBw(Eds , [
s=0
w(.) DLZ(J;,O). Induces  an
invertible  operator G defined

L2(3;,0) |
from %er G into X, where

is quotient space, wherd, = [0,y].

(Ag)There exist a positive constant

I, such thatHG sy,

(Ag)Let 0 <y <t, and satisfy the
following conditions:

(Aq-i)

p=p"+MN,y+Mh N,y+
M K 1[IVl = M Jus], =M
(N1+hyN2)y]y

(A 4.ii )

y <

k-2)

MLo+M h,L;+M 2K ,lo(Lo+h,L;)

Remark 3.1

The  condition (A7) in  our
assumptions can be satisfied see
appendix if14].

Lemma 3.1

Consider the nonlinear control system
defined in (5). LelY = C(J,: X),
where Y is a complex Banach space with
the supnorm defined as follow:

Iyll, = sup|lv(® ||, and
<tsty

assume

S,y be a nonempty subset of Y which is
depend on the control function

w(.)0 L?(3,,0) , define as follow:
S ={uW ovY :u,(0)=u,,
Juw(t) = u,|, <p;0sts<t}
Then S, is a closed subset of Y for

every control functiom(.)1 L* (3,,0)

160

N

Pr oof

Let the sequence uj, S, such

thatu?, ocffi_u, as n. o, where

uy,is a sequence of continuous function
depending on the control function

w()d LZ(JO,O)WhiCh is point wise

convergent to u,, to prove that
u, 0S,, i.e. to prove the following
steps:

Step (1) proves that, OY , O control
functionw (.)0 L (JO ,O ) :

Step (2) proves that,(0)=u,, O
control functionw (.0 L2 (J,,0).
Steps (3) show thi,,(t) -u,| <p , O
control functionw (.0 L2 (J,,0).

For the proof of step (1), since), 0S,,

depending on the continuity property
with the point wise convergent of the

sequenceuy, , we have that the sequence

uyis uniformly convergent to u,,,

depending on the uniformly convergent
property, we have thau, 0Y, O w

()0 L2(3,,0), so step (1) holds. To
proof step (2), since the sequenafis
uniform convergent ta,, and

uy, - uWHY = Ostutpj ul(t)- uw(t)”X ,
where Y is a complex Banach space
thensuqu\’,‘v(t)—u\,v(t)uX -0 as n-oo,

oststy

which implies that‘

up(t)-u, | -0

as o, 0ttt i.e.
limu?(t)=u,(t),00< t<t,.

Ksma special case when t=0, one can get
lim u, (0) = u,, (0), m ug =u,, (0)

implies that, =u, (), O
functionw()0 L2 (J,,0).

control
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To complete the proof, the validation of
step (3) is needed as follow:

Jun (= o, =[timuf,(t)-uo| =

” lim u? () - lim uo” = lim ” ul (t)- uOH
n-e n-e X Noo X
<limp=p Hencdu,,(t) - ug|, <p,

Ocontrol functionw ()0 L2 (J,,0).

We conclude tha§,,is a closed subset of
Y for every control functionv(.)
oL2(3,,0).

Theorem 3.1

Assuming that the hypothese(ﬁ 1) to

(A 6) hold. Then the nonlinear control
system defined in (6) has a unique fixed
point L (JO : O), O control functionw
(OoL?(,.0).

Pr oof

For arbitrary control functiom(.) belong
to L?(J,,0), define the nonlinear
map F,:S, - Y by:

w w

(Fyuyw (1) = T(t)u, + Tm - )
{ f(s,uw<s>)+Th<s—T>

g(t,u, (1))dt + Bw(s) }ds

..(7)
, Ocontrol functionw() 0 L?(J3,,0).
Our aim is then to prove that there exists
a unique fixed pointu, of (7), i.e. there

is unique u, 0OS,such that
FyUw = U, for arbitrary control function
w) o L*(3,,0).

The Banach fixed point theorem is
adapted to ensure the existence of a
unique fixed poinu, of (7), for arbitrary
control functionw(.) O L? (JO,O)and

as following steps:

a

161

Step (1) S,, is closed subset of Y for
arbitrary  control function  w(.)
oL2(3,,0).

Step (2) Fy, (SW) O S,, for arbitrary
control functiomw(.) 0 L2 (J,,0).

Step (3) FK,is a strict contraction
onS,, for arbitrary control functiom(.)

0 L?(J,,0). By using lemma (3.1),
step (1) holds. To prove step (2), let
u, be the arbitrary element i®,, such

thatF,u,, O Fy (SW ) ;
thatF,u,, O S,,, the following are
needed (see the definition of the set
S,y inlemma 3.1).

1. (Fyu,)©0) =u,.0w) 0 L*(3,,0)

2. |uy®-u,, <p, 0 w(.)
01?(3,,0), 0t <t,.

From the definition of the méf, which

is defined in (7), it is clear that (1) holds.
To show (2) notices that:

to  show
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[(Fuua X0 - u ], = H Ty,
— U, + ]:.tT(t _S){ f(S,UW (S))
+ Jh s-1)g(t,u,(1))dt

+ Bw (s) }ds

X

”(quw)(t) - uo”X =

IT (t)u, = ug||, + J||T(t—s)
f(s,uy, (9))], ds+ j||T(t—s)
Bw(s)||xds+T||T(t—s)

ds

X

Th s-1)g(t,u,(1))dt

Since T(t) is bounded linear operator for

O<st<t;, there exists M>0 such that

||T(t)x||x <M ||x||X,Dx 0 X

..(8)

”(quw)(t) - uo”X =

IT ()u, = u, |, +M j
s=0

If (s,uy, (5)))], ds + M J
s=0

lBw), ds+ M [ [|h-)

s=01t=0
o (t, uw(r))||X dtds
By using the conditions(A 2 ) : (A 4)
,(A 3 [i) , and(A5),one can get:

162

I(Fuuw X(t) = ugf|, < p'+M Nt
+M K K, t+Mh; N,t

||(FWuv\,)(t)—u0||X <p'+

N1+KOK1+ht1N2)Mt

ctofo,t,]

||(FWuW)(t)—uO||X <p'+

(N1+K0K1+hth2 M t,
... (9)

By using the conditior{A 6 [i)and the
equation defined in (9), one can get:
”(quw)(t) - Uo”X sp,
00<t<t, . HenceF,u, OS,

, ie. Fy, Sy, - Sy,
functionw() 0 L?(J,,0).

To complete the proof, the validation of
step (3) is needed and as follow:

O control

Letu,,u,, US, ,whereu, U,
are the continuous functions depend on

The control functiom(.) 0 L* (3,,0),
then:

|(FuT)(1) = (R T (D), =

‘ T(t)uo+TT(t—S)

f(su, (s)) + Jh (s—1)
g(t,u, (1)) dt + Bw(s) }ds -
T(t)uo—TT(t—s)[ {50 (5)

+ Th(s— 1) g(1,T, (1)) dt

+ Bw (s) }ds

X
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[(Fum) (0 = (FuT) 0, =

TTu—s{ (8.7 (5) -

f(aEM(@)}

TT(t -9)

X

Th(s— r){ g(t,uy, (1)) dt -

g(t,T, (1)) }d'[ ds

X
...(10)
From the equations defined in (8) at@j(

and using the conditi06A4) , we get:

wly) (1) = (Fwﬁw)(t)HX < M

ﬂﬂmﬂm4ﬁm®m®

+M h, j”g(T a, (1) -

- g(T, Ty (1) | ds

By using the cond|t|or(A 3
can get:

JFum) 0 - (R (0], <
ML,

i ), one

_ﬁw (S)HX t+

ty =1 UW(T) _ﬁW(T)HX t
|(FuTa) (0 = (R T (1),

M L, sup W(t)—uw(t)H t, +
M iy L sup [T, () - T, (8]
|(FuT) (8) = (R T (D], <
(L,+h L)Mt,

T (1) = Ty (D],

sup

Oststg

163

By using the condition(A 6 i ) , we
have:

I(Fu @) (0 = (FuTy) (0], <
W(t)”x

1y el
. (1)

Taking the sup-norm ove[O, tl] to the
equation defined in (11), one can get:

sup||(FW u,)(t) - (F,u w)(t)”x =

Oststy

_ P
(1- 22 sl - 70,

. sincdly[l, = sup|ly® ||, . we
oststy

obtain:

IFut - o], <[1- 12

o - wall,

where0 <| 1- P <1,
1+p

Thus F,, is a strict contraction map

from S, into S,, and therefore by the
Banach fixed point theorem there is a
unique u,, O0S,such that F,u,, =u,,

for arbitrary control functionw(.) O

L2(3,,0).

Theorem 3.2
Assuming that  the hypotheses

(A1).(A2).(A5). (AL),
(Asti) (A7), (Ag)and(A,)

are hold. Then the nonlinear control
system defined in (6) is controllable on

J,=[0,y] where0 < y < t, .

Pr oof

Using the condition (A 7),
functioruﬂ([) define the
control functionw () 0 L (J0 ,O )

as follow:

arbitrary
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w(t):é'{ Vo = T(Y)u, -
jT(v s){ f(suy () +

J:h(S—T)g(T u,, (1)) dt }ds }(t)

(12)
, where U w([) is a continuous function
depend on the control functi(V_M([) O
L?(3;,0).
Define a nonlinear
Fﬂ . Sﬂ - Y by:

map

(Fuuw XD = T (t)u, + TT(t —s)

[ f(s,uy (s))+ Th(s—T)

g(T,uw(r))dr + Bw (S) }ds
..(13)

Substitutes equation (12) in the equation
(13), we have got:

(Fﬂuw)(t) =T(ug + TT(t -9)
[ f(s,uw(s))+ Th(s—T)

g(‘[,uw('[))dl' }ds+ TT(t -0)

Bé_l[
IT(v—S)[ s,y () +j:

h(s—r)g(T,uﬂ(r)) dt } }(e)de

. (14)

Vo = T(Y)ug -

164

Our aim is then to prove that there exists

a unique fixed pointUy, of (14), i.e
there is a uniquel U Sw such that

FyUy = Uy, for control function

w()oL?(3;,0).
The Banach fixed point theorem is
adapted to ensure the existence of a

unique fixed point,, of (14),

control function w ({) o L? (JO : O)
and as following steps:
Step (1) Sw is closed subset of Y for

control functionw () 0 L (JO ,O ) :
Step (2) Fy (Sw) 0 Sy for control
function ﬂ([) oL? (JO ,O ) .

Step (3) Fw is a strict contraction on

for

Sy for control functionw (1) 0

L? (J;,O). By using lemma (3.1), we
have gotS,, is closed subset of Y for
arbitrary control ﬂ([)D L? (J;,O),
so for the special casé®, is also a
closed subset of Y for co;ltrol function
w()o LZ(J;,O).TO prove step (2),
let Uy, be the arbitrary element iSw
such thatF,u,, U Fy (Sw), to show

that F,u, U Sy, the following are
needed (see the definition of the set
S,y inlemma 3.1).

1. (FWUW)(O) =u for control
functionw (1) 0 L? (J0 ,0 ) :
2. ||Fv7vu7 of, <P for  control

functionw (1) 0 L? (J0 : O),
, 0 t<vy. From the definition of
the map Fw which is defined in (14), it

is clear that (1) holds. To show (2) notice
that:
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(Fuuw)(D) - |, =

T(tu,

+ TT(t —s){ f(s,uw(s))+

Th (s- T)g(T.Uw(T))d-[ }ds +

6

t

T(t—G)Bé_l{ Vo = T(Y)ug
—jT(v—s)[ f(s,Uy (5) +
J:h(s—r)g(r,uw(r)) dt }

ds }(e)de

X

(Fuwuw)() = | <

s=t

IT@us - uol, + [ || T(t-9)

s=0

{ f(s,uw(s)) + Th (s-1)
g(t,uw(r))dr }

T(V)up - jT(v—s){ f s,y ()

s=0

ds +

X

T(t—e)Bé'{ Vo -

+ Tsh(s— 1)g(T,u, (1)) dT }

de

X

ds }(e)

165

From the equation defined in (8), one can
get:

H(quw)(t) - uOHX < [T (D, = uy,
g(‘[,uw('[))d'[

6=t
v

6=0

f(s,uw(s))+ Th (s-1)

X

Bé{ Vo — T(Y)ug -

J:T(V—S){ f(s,uy (s)) +

Th (s-1)g(t,u, (1)) dt }

ds }(e) de

X

By using the conditionéA 2),

(As [i),(A4),(A5 [i)and

(A 3),one can get:

[(Fuuw)(D) = ugf| <o + M Nt

.

6
+Mh N,t+MK I, |
0=

=t
0

= T(y)u, - IT(v—S)[
f(s,uy (8) + Th(s— T)

de

X

g(t,u, (1)) dt }ds }(6)
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(Fwuw)(t) = ug
+Mh, N,t+MK, I,

o=t 1=s _
J { IVoll, =M [Juoll, - ™ + Ih(s— T)g(‘[,Uw(T))dT }ds -
6=0 =0

s=t 6=t _
IW1+MNst}d9 ITU-GBG”{VO-TWMO—
s=0 8=0

(FwUw)(t) - UOHX <p'+M N,y J.T(y— s){ f(s, Ty (s) + J h(s- 1)
+Mh N,y+ MK I, 5=0 =0
[lvell, =M fuol, - m ot Ty ar |as |(@)ao

(N, +h,N,) v]y "

...(15) — B —

By using the conditiofA o [i) and the H(quw)(t) (Fﬂuw)(t)Hx :
equation defined in (15), one can get: ¢! ~ . _
H(quw)(t) - UOHX <p, for S-L T S){ [f (s,uﬂ(s))

control functionw ([) 0 L2 (JO ,0 )

,0< t<y . HenceFyUy, OS, f(s’ﬁw(s))]‘*ioh(s—r)

, ie. Fy 1Sy - Sy, for control [, (0)- 9, T () a1 }ds
functionw () 0 L2 (JOO) B B
6=t

To complete the proof, the validation of J~
+

s=t

TU—&B@*{—J

s=0

step (3) is needed and as follow:
|(FuTw)(t) = (Fu T )|, =

6=0

T(v—S)[ [ v, )-
H T(tug + JT(t—s)

[ f (s,Uw (s))+ Th (s—-1)

f(sT, @)+ Jh s- 0ok, 7, ()
f=t doe
g(‘[,Uw(T))dT }ds + IT(t -0)

- gt T, (1))]ar }ds }(e)

After simple calculations and u;ing the
-, condition(A 5 [i), (A ), (A 1i)

BG [ Vo ~ T(Y)uo - and(A B)With equation defined in (8),

one can get:

J:T(V - S){ f(s,Uy () +

Jh(s—r)g(r,Uﬂ(T)) dt }ds }(e)de

=0

166
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H(Fwaw)(t) - (Fwﬁﬂ)(t)HX <
ML,|Uw(s) - ﬁw (S)HX y +

My L [[Te (0 -Te @] v+

{ MZKOIO{ L,
T (0] }v }v

(Pt )(D) = (FuTu (1), <
M L, supl[ay, (1) = Ty ()] v+

0<t<
M hy L,supT,(t) -

Ostsy

e

+hy

Ty (9) - T O,

+hy L,

Uw(-[) -

Tw O, v+

L, sup ||Uu
O<t<y

[(FwTw)(0) - (F, T W)(t>H {

Loy+Mh,L y+M K, Oy
onyi) |

[(Futiu () - (FuTu)(), <

sup

W(t) - ﬁ
o<ty =

1

I 2

LovZ+Mhy L y? +M2K 1,y

(LO +hy Ll) } OssLtjngUw(t) - Ty

H(Fwﬁw)(t) - (Fﬂﬁﬂ)(t)ux < {
L,+M hVL1+M2KO

hyLl)}

By using the conditior(A 9
can get:

Lo+

y? sup|ja,, (1) = Ty, (1),

O<t<y

i ), one
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[(FuTa () ~ (FuTu XD, =
T (0],

Taking the sup-norm oved, = [0 , V]

to the equation defined in (16), one can
get:

sup
Ostsy

Uﬂ(t) -

OS<Ltij (FWUW)(t) (F w ﬂ)(t)Hx =
(1—‘)—’) sup ||T, (1) ‘ﬁw(t)H
P ) ostsyll = B X

we

sincely [, = sup[ly® |,

obtain:

,where0<(1—%J <1,

Thus Fy is a strict contraction map

from S, into Sy, and therefore by the

Banach fixed point theorem there is a
unique u,, 0S,,such that F,u, =u,

ccontrol functionw ([) 0 L2 (Jo ,0 ) :

4. The Observability of Nonlinear
Dynamic Control System

In the present work, the nonlinear control
system has been concerned:

Sl 4 a (1) =

F(t,u, (1)+ jh(t—s)

a(s,u (s))ds+ (Bw)(t), t>0
UW(O) = Ug
Yw = Cuy,

(A7)

where A is the infinitesimal generator of
a strongly continuous semigroup

{T('[)}tzo on a reflexive complex
Banach space X into X, f and g are a
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nonlinear continuous maps defined from
[0,y] XX into X, h is the real valued
continuous function defined from [,
into [ where [ is the set of all real
numbers and the control function(.)
referred to as the input which is belong

to L° (J0 , O), a Banach space of
admissible control functions with O as a
Banach space (control space) and
J,=[0,y], B is a bounded linear
operator from O into X and the function
Yw ([) is referred to as the output which

is belong to Y , a reflexive complex
Banach space of outputs , C is bounded
linear operator defined from X into Y.

A continuous functiord , ([) O

C(Jf) ; x) which is defined in (6) is
said to be a mild solution to the nonlinear
control system defined in (17), so that
the observability of the mild solution
defined in (6) to the nonlinear control
system defined in (17) have been
established via Banach fixed point
theorem and strongly continuous
semigroup theory. The observability of
the mild solution defined in (6) will be
discussed and proved, i.e. the problem is
whether it is possible to construct the

state of the systemt,, (t),t=0,
given the outpuyw([); for every
control  function w(.) belong to
LZ(J;,O). Consider the homogenous
linear part of (6), i.e. the system:

u(t) = T(Hu,, t0 35 =[0,y]

... (18)

And

y(t) = CT (t)u,,t 0y = [0,y]
... (19)

Let us denote® = C(Jg : Y) and

define an operator H: Xl -, by:
Hu,=CT(t)u,
Remarks4.1[1]

1. The system defined in (18) is said to
be initially observable if kernel H =

{0}.

(20)
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2. The system defined in (18) is said to
be continuously initially observable

it uofly = flull,
3. If a system defined in (18) is initially
observable then the map H s

injective but not surjective.
4. If the system defined in (18) is

continuous initially observable then
H™: YD - X exists and bounded, i.e.
there exists R > 0 such that
IH = v|, <R]|v|,.OvOY

X Y
Theorem 4.1 [13]
The system defined in (18) s

continuously initially observable on
J, = [O,V] if and only if the control
system define as follow:
Uy (t) = T(t) ug+

s=t

JT(t—s) B w (s) ds

s=0

is exactly controllable orl, = [0 ) y] .

Concluding Remark 4.1

1.1t is clear that from theorem (3.2), the
mild solution defined in (6) to the

nonlinear control system defined in (17)

is exactly controllability on
J, = [0 ) V] , S0 as the special case, the
nonlinear control system
uy,(t),t=0 given as follow:
Uy (1) = T(t) ug+

s=t

JT(t—s) B w (s) ds

s=0

is also exactly controllable

onJ, = [O,y]. Then by theorem
(4.1), the system defined in (18) is
continuously initially observable
onJ, = [O,y], so by remarks 4.1.4 ,
the operator H: XO - Y, defined by:
Hu, = CT(t)u, be invertible and

bounded .
2.Since the system defined in (18) is
continuously initially observable, then

the initial state U, of the system
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defined in (18) can be obtained as
follow:

Taking the mapH ~* from the left side
to the system defined in (18), we get:

H ™'y (t) = H'CT (t)u,, ...(21)

t0Jy = [o,y].
Since H=C T(t), so we get the initial state
U, from the equation defined in (21):

u, = Hy(1),t0J5 = [0,y]

.. (22)
From the equation defined in (22) and
the equation defined in (18), the nominal

solution u(t),t = 0 become:

u(t) = T(t)H " y(t),

t0J; = [0,v]

To generalize the result of the
concluding Remark (4.1.2) to the
nonhomogenous  original  nonlinear
control system which is defined in (18),
the following is adopted.

The problem formulation 4.1
The nonlinear observation

Y (t) = Cu,(t) of the nonlinear
control system defined in (6) can be
expressed by substitutes (6)¥in, (t) ,
one can get:

Yo(t) =CT (t)u, + CTT(t -S)
{ f(s,uw<s))+]=sh(t—s)

g(t,u, (1))dt + Bw(s) }ds

...(23)
For all control functionw(.) belong to

L2(3;,0).
To obtain finite time observer, one can
construct the initial state implicitly as a

function of the stateu, ([) and found
u,, ([) for arbitrary control function
w(.) belong to L?(35,0). The initial

169

state U, of the system defined in (18)

can be obtained as follow:
From the equation defined in (23), notice
that:

CT (t)u, = Yw(t)—CTT(t—S)

{ f(s,uw(s>)+Th(t—s>

=0

g(t,u, (1))dt + Bw(s) }ds
...(24)

Since H is invertible operator, from the
equation defined in (24), we have:

H™CT (t)u, = H'l[ Yo (t) -

CTT(t —s)[ f(s,u, (s))+

jsh(t =) g(t,u, (1))dT +

1=

B w(s) }ds}
...(25)

From the equations defined in (20) and
(25), one gets:

u, = H‘{ Vw(t)—CTT(t—s)
[ f(s,uw(s))+TJ:‘Sh(t—s)

g(T,uW(r))dr + Bw(s) }ds}

... (26)
Substitute the equation defined in (26) in
the equation defined in (6), we have that:
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u, () = T(HYH '1[ Yu(t)-C

TT(t—s){ fsuw ()

Tjsh(t -9)g(t,uy (1))dt+
e

+ TT(t —S){ f(suw ()
+ it 9,

+ Bw(s) }ds

..(27)
Remark 4.2
The equation defined in (27) is the finite
time observer as long as we can
guarantee a fixed point for the mild

solutionu , () O C(Jz, X ),D

control functionw(.) O L (J0 ,0 )

The following main result is then
developed.

Main Result 4.1

To study the observability of the mild
solution defined in (6) to the nonlinear
control system defined in (17), the
previous results and the hypotheses

(A1), (Ag) . (A,) and(As)

as well as the following hypotheses are
adopted in the present work and as
follow:

(B 1) Let C is bounded linear operator

defined from X into Y, i.e. there exists
L>0 such that

lex], < Lxl,.ox 0 x .

(B,)IfyOR™, {where R* the

set of all positive real numbers}, satisfy
the following conditions:

(B, i)
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a-MRK,
M (1= MRL )(N, +hy N, + K K),)

, Where a, M, R, K L, Ny, Np, Ko, h,and
K, are positive real numbers such that

MRK ,<aandMRL #1

(B, Lii)
y <
lj—MRIO

a
(1_
a+

2 2
M RLI, + M RLI,h +M I, +Mh I,

, where a, M, R,ql I, I, hyand L are
positive real numbers such that

MRIO<(1— a j
a+1l

Lemma4.1
Consider the nonlinear control system

defined in (6). Let Z@(JB : X), where Z
is a complex Banach space with the
sup-norm defined as follow:

Jol, = suplz00 |,

and assuméM ,, be a nonempty subset
of Z which is depend on the control

function w(.)O LZ(J;,O), define as
follow:

My, ={u, 0Z:u, (), <a
0<t<y,alR'}

Then M , is a closed subset of Z for

every control function(.)0 L2 (3, 0)
Pr oof
Let the

sequence uy OM,, such

thatu? odtf_u, as n. «, where
uy,is a sequence of continuous function
depending on the control function
w()oL? (J0 , O)which is point wise
convergent to u,, to prove that

u, dOM,,, i.e. to prove the following
steps:
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Step (1) proves that, 0Z, O control
functionw ()0 L* (JO ,0 )

Step (2) show thaHuW (t)||x <a,[
control functionw ()0 L* (J0 ,0 )

For the proof of step (1), sinag), OM,

depending on the continuity property
with the point wise convergent of the

sequenceuy,, we have that the sequence

uy,is uniformly convergent tou,,
depending on the uniformly convergent
property, we have thawu, O0Z, O w
(o L2(3;.0), so step (1) holds.

To complete the proof, the validation of
step (2) is needed and as follow, since

the sequenceu\z is uniform convergent
tou,, and
upy =y, = sugul (1) u ()],
Z  ostgyl
where Z is a complex Banach space
thensud(ucv(t)—uw(t)” -0 as n.ow,
X

Osts!

which implies tha4

u\r)v(t)_l'lw(t)”X -0
noo, 10t <y
u,(t),00st<sy.
For 0 £ t £ vy , we have that:
Jua Ol =[imus ] =

lim u{,‘v(tm < lim a=a.Hence
n- o X n-oo

Juw(®], sa, Ocontrol
WoL?(3;.0).we that
M,is a closed subset of Z for every

control functionw(.)d L? (Jo ,0 ) .

Lemma4.2
Assume hypotheses

(A 1) (A 3) (A4) (A 5)and
(B 1) holds. Consider the nonlinear
(23)

as i.e.

lim uf, (t) =

function w

conclude

observatiory ,, (t) defined in

and?w(t),?,v(t) be the nonlinear
observations defined as follow
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respectively:

V() :CT(t)uO+CTT(t—s)
[ f(s,U, (s))+Th(t—s)
g(I,UW(I))dr+ B w(s) }ds

7., (1) = CT (1) u, +CTT(t—s)

[ f(s, T, (5))+ Th(t—s)

g(r,ﬁw(r))dr + B w (s) }ds

it K, = LM Jug|, + LM (N, +
hy N, +K,K,)yand
l,b=(LMI,+LMI,h,)y.
Then

V], = K. O
functionw(.)OJ LZ(J;,O)
2.
‘?W(t) - §W
sup [T, (1) = Ty (1),
O<stsy
, for all control functionw(.)O
12(3,,0), where
positive real numbers.

control

<1,

K 3 andl , are

Pr oof
For Gt<y, notice that:
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Fu 0l H CT (u, +
cTTxt—s)[f(&uW(9)+
Thu—wg@»munwr+

B w(s) }ds

Y

[¥w I, < [CT (O u], +

f(s,uw(s))+

CTT(t -S)
Th(t —s)g(r,uW(I))dT +

B w(s) }ds

Y

By using the conditiov(B 1) , One gets:
[Vw O], <L |, +

s=t
]
s=0

Th(t -s)g(t,u, (1))dT +

T(t—sﬂif(&uw<9)+

ds

Y

B w(s) }

...(28)
From the equations defined in (8) and
(28), one can get:
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[ Ol <t Muf, +L ™

s=t

J

s=0

f@uW@»+Thu—9

ds

X

g(T,uW(r))dr +Bw(s)ds

[y @, <L Mluo], +L ™

| { It (5. @), + [Inct-9)

s=

o uw (D), dr +[B W), }ds

B using the conditions
(A3[i),(A4)and(A5), one can
get:

Yu (O], <L Mllug, +L M

s=t

J{ N, +h, N, +K,K, }ds
s=0

Yu (O], <L Mllug, +L M
[N,+h,N,+K,K Jt,tO[0,y]

Hence

[V (O], <L M ugf, +L M
[N,+h, N, +K,K ]y

From the assumption of the positive
constant K3 , one can get:

[¥w (D], <K ., O control function

w()OL? (JOO) For the second part,
one should notice that:
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?W(t) - ?w(t)

Y

H cT (),
+CTT(t—S){ f(s,Tw (9))+
Th(t—s)g(T,UW(T))dT
+Bw(s) :|dS—CT(t)uo_
CTT(I—S){ t6Tu @)+
Th(t—S)g(r,ﬁW(T))dT

+ Bw(s) }ds

Y

T (1) = T (1)

Y

H CTT(t—s)[ f(sTw (s))-
f(s,;w ) }ds+CTT(t—s)
{Tjjh(t—s){ g(r. T, (1))~

o(t. T, (1)) }dT}ds

T (1) = Y (1)

Y

<

Y

H CTT(t - s){ f (s, (s))-

+

t(s, T, () }ds

CTT(t -s)

Y

173

Dﬁsh(t—s)

{ g(r. T, (1))-
g(T,ﬁW(r)) }dI}ds
...(29)
From the equation defined in (29) and

the condition(B 1) , One gets:

?W(t) - ?w(t)

Y

<

Y

T(t—s){ f (s, U, (s))-

s=t

-]

s=0

f(s,ﬁw (s)) }
T(t—s)ﬁsh(t—s){ g(t, Uy ()

- g(T,ﬁW(r)) }dI}ds

From the equation defined in (8), we
have:

?W(t) - ?W(t)

s=t
ds+ L I
s=0

X

<

Y

f (s, ()~

s=t

LMI

s=0

(T, ©)
Iy

- g(t. T, (M)

ds+L M

X

=S

J|h(t—s)|

=0

‘ g(t.u, (1))

dT}ds
...(30)

On using the condition@ 3 [ii)

(A 4)and the equation defined in (30),
we get:
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V() -V, (D] sLMI,
T, (s)-u,(s) || ds+ LM

|2hyj U, (1) -0, (1) | ds

‘?w(t)_§w(t) <L M |1

HUW (s) - T, (S)HX t + LM

I,h, Uw(r)—ﬁw(r)th

t03;, =[o,v]

Hence

\mu)—m(t) <SLMI,

[00 ) =T @), v +L™

|2hy UW(T)_ﬁW(T)HXy

\m(t)—?w(t) SLMIy

sup [T, (1) - T (D], +L My
Ostsy
I,h, sup Uw(t)—ﬁw(t)Hx

O<tsy
<

T -5
LML +LM1,h)y
sup |, (1) = T (V)]

From the assumption of the positive
constantl, , one can get:

?w(t) - ?W(t)

<

Y

T (1) = T (1),

0 control functionw(.)0 L (J0 , O).

Theorem 4.1:
Assuming that the hypotheses

(A1) (A3).(A,).(A5).(B))

and(B z)are hold. Then the nonlinear

I, sup

Ostsy
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control system defined in (27) has a
unique fixed pointu , ([) O

C(Jz, : X) , O control function
w)oL?(3;,0).
Pr oof

For arbitrary control functiom(.) belong
to L? (JO , 0O ) define a nonlinear map
Y, M, - Z by

(Wyuy)(t) = T(H 1{ Yw (1)

- CTT(t - s)[ f(s,u,, (s))+

Ish(t —S)g(T,UW(T))dT +

1=

B w (s) }ds}+TT(t—s)

T=s

[ t(s,u,, (s))+ jh(t—s)

g(r,uw(r))dr + Bw(s) }ds

..(31)

For all control function

w()o L2 (35,0).

Our aim is then to prove that there exists
a unique fixed poinu, of (31), i.e. there

[ unique u, OM,such that
Y,u, =u, for arbitrary control
functionw(.)0 L* (Jo ,0 )

The Banach fixed point theorem is
adapted to ensure the existence of a
unique fixed point u,of (31), for
arbitrary control function
w()OL? (J0 , O)and as following steps:

IS a

Step (1) M , is closed subset of Z for
arbitrary control function

w()o L2 (35,0).
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Step (2) l1—’\,\,(M W)D M, for
arbitrary control function
w()o L2 (35,0).

Step (3) W,Iis a strict contraction
onM ,, for arbitrary control function
w(.)O LZ(J;,O). By using lemma
(4.1), step (1) holds. To prove step (2),
let U, be the arbitrary element in
M ,, such that’y,u,, O %, (M)

, to show that!,u, OM, , the
following are needed (see the definition
of the setM , in lemma 4.1).

1. W,u, 0Z ow)oL(s;. o).
2. |[Wyun (D), <a,0w)o
L? (J;,O), O<t<y. From the definition

of the map¥,, which is defined in (31), it

is clear that (1) holds. To prove (2), for
O<tsy, notice that:

[(Wuu D), = T(t)H{

Y (t) - CTT(t —s)[ f(suw ()
+ Th(t -s)g(t,u, (1))dt +

B w(s) }ds}
+TTu—9{f@MW@»

+ Tfh(t ~s)g(t,u, (1))dt

From

+ Bw(s) }ds

X

...(32)
the equations defined in (8) and (32), we
have:
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Yo (1) —CfT(t—s){ f(suw ()

+ Ish(t —S)g(T,UW(T))dT +

1=

B w(s) }ds} + M

i

s=0

Th(t - s)g(r,uW(T))dT

X

‘f(&uw(w)+

+Bw(s) } ds

X

...(33)
From the equation defined in (33) and
using the definition of bounded operator

H ™ | one obtain the following:

I(Wwuw (D], <M R| Y, (1)

- CTT(I—S){ f(s,u, (s))
+ Th(t—s)g(r,uw(I))dr +

B w(s) }ds} +M

s=t

J

s=0

Y

f(s,uy,(s))+

T=s

Ih(t—s)g(r,uW(T))dT

=0

+ Bw(s) } ds

X
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A simple calculation and using the
condition(B 1) , One can get:

[(Wuu (D), =M R{

[yuol, -1 | 'Ht—@[

f(s,u, (s))+ jh(t—s)

g(t,u, (1))dT + Bw(s) }ds}

Y

o [] I eu, @), +

J|h(t - s)|||g(r,uw(r))||X dt +

1=

|mw@mx}%
.(34)

From the equations defined in (8) and
(34), one can get:

Wy uw (B, s ™ R{ 7 (D],
_LMT{”Nwm@Mh+
[Inct- 9ot v, ), o+
B w(@©)], }ds}+ M

s=t

j[ If (s,uy )], + J:|h(t—s)|

||g(r,uw(r))||x dt + B w(s)|, }ds

By using the conditionéA 3 [i) ,
(A 4 ) and(A 5 ) , We get:
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(¥, )0, <M R[ T (ol

—LM(N1+hyN2+KOK1)t}

+M(N,+h N, +K, Kt
...(35)

By using lemma (4.2.1) and the equation
defined in (35), notice that:

(W uw)(D, <
MRK,+M@-MRL)
(N,+h, N, +K,K,)t
,t0J, =[0,y]. Hence
[(Wyuw (D), <
MRK,+M@-MRL)
(N,+h, N, +K,K,)y

...(36)
By using the conditior(B 2 [i)and the
equation defined in (36), one can get:
W yuy (D], < a,0woo
L (J; , O) ,dostsy.
Hence¥,, M, - M, O
control functionw(.)0 L* (J0 : O) :
To prove step (3), I&, ,l:,!N UM, .
whereUW,ﬁW are the continuous
function depend on the control function

w()oL? (J0 , O), then:
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(W T )(1) = (W, T (),

H T(t)H{ Yu(t)-C
TT(t—s){ fsTw ()
Th(t—s)g(T,UW(t))dT+

B w(s) }ds}

+TT(t—s){ f(sTw ()
+T5h(t—s)g(r,vw(r>)dr
+;W(s) }ds—T(t)H'l

[ i(t)—czm—s{
t(s.T. (S))+Th(t—s)
g(r,ﬁw(r))dr_+ Bw (s) }ds}
—TT(t—s){ (5T, ©)
+Tsh(t—s)g(T,ﬁW(r))dT

+ Bw(s) }ds

X

177

(YT (D) = (W, T (), =

H T(t)Hl[ THOREMO }
+T(t)H1{ —CTT(t—s){
f(5.T, (9)-f 5.7, ) }ds }
+T(t)H1{ —CTT(t—s)[
Th(t—s){ g(t, T, (1))~

a(t. T, (1)) }dr }ds }
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+TT(t—s){ f (s, U, (s))
-f (s, U, (s)) }ds+ TT(t—s)
{ jh(t—s)[ o(t. U, (1)-

=0

o(t. Ty (1))

dt }ds

X

om0 - @, En], =

H T(t)H{ T (1) = T (1) }H

+

T(t)Hl[ —CTT(t—s)[
f(sT, (9)-1(8Tw () }ds }H

+

T(t)H [ - CTT(t - s)[
jh(t—s){ o(t. U, (1)-

g(r,ﬁw(r)) }dT }ds }

g

s=0
s=t

~f (s, (s))} ds+j

[ jh(t—s){ o(t. 0, (1)-
ds

dr}

From the equation defined in (8) and
using the definition of bounded operator

H™, have:

X

T(t—s){ f (s, U, (s))

T(t-5)

o(t. T, (1)

we
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Jevum - 0], <

M R [Ty (1) = T (1)

(s T, () }ds

+MR

X

- CTT(t —s){ f (s, U, (s))-

+MR

X

- CTT(t - s){ Th(t -3)

: g(r,UW(r))—g(r,ﬁw(nw
dt }ds }
.

-1 (s,T, (5))

+

X

f(s,Uy(8))-

s=t
ds + M J
s=0

H jh(t—s)[ o(t. T, (1))-

ds

X

g(T,ﬁW(r)) }dr

By using the condition(B 1) and some
simplifications, we obtain:

Jevm - @, B, =

M R (D) - YW (D] +MRL

X

j HT“_S{ f(sTw (9)-
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ds+ M R L

X

t(s. T, ) }

J

s=0

{gﬁﬂwu»—gﬁﬁuuﬁ}

|

v

s=0

~t(s, T, 9))

T(t- s){ Th(t -s)

ds +

X

f(s,U, (s))-
ds+ M ] {

g(t,u,(1))-

T|h(t—s)|

a(t. T, (1))

Using the equation defined in (8), we
get:

Jevuma - (T, <

M R

dt }ds

+M?RL

f |t (5T )~ 5.T 9] ds
*MIR LI{ [Inc-s)
||9(T,Uw(r)_)—g&r.ﬁw(r))llxdr }ds
“ M J

-t(sT, )

T (1) = T (1)

f(s U, (8))-

ds+MT[
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[Int=9)] o(t.w, (1)~

ot T (1)
X
From the lemma (4.2.2) and using the

conditions(A 5 Lii ) and (A 4 ) , one
can get:

Jevumae - (T, =

M R I, supllT, (1) —ﬁw(t)Hx +

O<tsy

dt }ds

MZR L |j HUW(t) —ﬁw(t)HX ds
s=0
+M2RLI, hVT [T (1) = Ty (O], ds
s=0
+M |j HUW(t) —ﬁw(t)Hx ds +
s=0

s=t
M hylzj [T () - T, (1)]] ds
s=0
(W T )(1) = (W, T <
MRl (?SLpr”UW(t) - T, (D), +M?
RL |1§SHEV||UW(t) — Ty (D)), t+ M2
RLI,h sup|d,(t) —ﬁw(t)Hx t
o<t<y

T (1) = Ty (O t+

+ M I, sup
Ostsy

M h, |2§ggHUW(t) —ﬁw(t)Hx t



Eng. & Tech. Journal, Vol. 29, No. 1, 2011

The Solvability, Controllability & Observability
of InfiniDimensional Nonlinear Control
System UsBanach Fixed Point Theorem

Jevuman - (T, =
M R 1g sup [T (1) ~ T (O] + M
R L 13 80p [T (1) = T (O] v+ M °

RLI,h sup

O<t<y

Uy (1) = Ty (1)]| v

+ M 1, sup u, (t) - ﬁw('[)Hx y+
<tsy

M h, 1, sup|[a,, (t) = T, (1), v
O<ts<y

|(WuTu)(D) = (W, T ()|, <
{(MRI,+M?*RLI,y+M?R LI,
h,y+M I,y+Mh, 1,y}

sup [0, (1) = T (V)]
(W T, (1) = (W, T, (D), <

{ MRI,+(M?RLI, +M?RL

I,h, +M I, +Mh 1,)y }

sup [T, (t) - ﬁw(t)”X
Ostsy

By using the condition(B o Lii ) , we
get:

H(LPWUW (1) - (Wwﬁw )( t)HX <
j sup [u, (1) - T (0]

( +
1
(37)

Taking the sup-norm over [f),to the
equation defined in (37), we have:

sup (W, T, )(1) = (Wu T (1),

o

. sincelz]), = suplz® [, we
Ostsy

a

sup

sup ||UW (t) - ﬁW (t)”X

1+ a ostsy

obtain:
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|[WuTu - wu T, <
a _ =
(122 o -,
,where0<(1— 2 j<1.
1+a

Thus W, is a strict contraction map from

M, into M, and therefore by the
Banach fixed point theorem there is a
unique u, UM, such that
Y, ,u, =u, for arbitrary control
functionw(.)d L? (JO , O) ,

Concluding Remark 4.2

To prove that the nonlinear control
system defined in (6) is observable

onJg = [O,V], recall the equation
defined in (31), as follow:

(Wyuy)(t) =T(H)H '1[ Yw(t)
—CTT(t—s)[ f(s,u, (s))+
Th(t—s)g(r,uw(T))dr+

+ TT(t )

s=0

B w(s) }ds}

|

g(T,uW(r))dr + Bw(s) }ds

Multiply the operator C from the left side
to the equation defined in (31), we get:

T=s

t(s,u, (s))+ jh(t—s)
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C(W,u,)(t)=CT(t)H 1{

vw(t)—ch(t—s){ f(suw )

+ Th(t —s)g(r,uw(r))dr +
B w(s) }ds}

+C5J=‘T(t—s){ f(s,u, (s))

s=

+ Th(t - s)g(r,uw(r))dr

+ Bw(s) }ds

...(38)
From the equation defined in (20), we
haveH = C T (t) , hence the equation
defined in (38)
becomeC (W, U, )(t) = ¥, (1),
Ocontrol functionw(.)0 L? (J0 ,0 )

From the theorem (4.1), the nonlinear
map W, has a unique fixed point, i.e.

Y,u, =U,, then
C u,(t) =y, (t) Ocontrol
function w(.)O LZ(J;,O). So we

conclude that the nonlinear control
system defined in (6) is observable

onJy = [O,y].

we have:

5. Conclusions:

1. The basic preliminaries of
understanding this subject are infinite
dimensional spaces and theory of
semigroup and some  non-linear
functional analysis. This subject is very

important in applications in control
theory area.

2. The existence and unigueness,
controllability as well as the

observability problems have represented
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the main objects of real life dynamical
control system and its applications to
applied mathematics, physics and
engineering.

3. This approach is limited to some class
of a nonlinear dynamical control system,
where the nonlinearity should satisfy
some required condition, the nominal
linear part defined in (18) must satisfy
the observability condition in infinite
dimensional space.

4. This approach and its theoretical proof
have depended completely on the theory
of strongly continuous semigroup and
Banach fixed point theorem. This result
may be generalized for important classes
of the semigroup theory, analytic
semigroup and compact semigroup.

5. The relation between the exactly
controllable and continuously initially
observable have founded the results of
the nominal system defined in (18) and
its nonlinearity control system defined in
(6), which leads to the concept of
nonlinear observability which is defined
in (23).
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