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Abstract

In this paper we generalize the result of S. Ali and C. Heatinger ongleft
centralizer of semiprime ring to Jordan ideal, we proved th& it a 2-torsion free
prime ring, U is a Jordan ideal oR and G is an additive mapping fronRR into
itself satisfying the conditio®(ur +ru) =G(u)o(r) +G(r)o(u), for all
uJU,r OR. Then G(ur) =G(uw)a(r), for all udU,r OR. Also, we extend the
result of S. M. A. Zaidi, M. Ashraf and S. Ali on lefo(, o )-derivation of prime ring
to Jordan ideal by introducing the concept of generalized Jordan defr ¥
derivation.
Keywords: centralizer, 0 -centralizer, ¢ ,T )-derivation, left @, 7 )-derivation,
generalized ¢ , T )- derivation, prime ring.
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1. Introduction ring Ris said to be prime ikRy =0

hroughout the  present paper implies thatx =0 or y=0 and Ris

R will denote an associative Lo .

ring with centeZ(R), not semiprime in casexRx=0 implies

|g ith identit ’I t x=0, [1]. An additive subgrougJ

\r}vezessan )(N\lﬁl an \INﬁtnel Y € er;:)ern ' of R is said to be Jordan ideal (resp.
allx, yOR[X, Y] = xy - and Lie ideal) of R if uorJU (resp.
. yy_ y + );Xy forxfhe nyie oroduct [ur]OR), for all udU,r OR, [1].
and Jordan product, respectively. A A ring R is called n-torsion free,
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where n is an integer in casx =0,
for xOR, implies x=0, [1]. An
additive mappingd : R - R is called
derivation if d(xy) =d(x)y + xd(y)

, for all x,yOR, [2]. An additive
mappingd: R - R is called Jordan
derivation if d(x?) = d(x)x + xd(X),

for all xR, [2]. It is clear that each
derivation is a Jordan derivation. The
converse is not true in general.
Hersetine's result [2], states that each
Jordan derivation of 2-torsion free
prime ring is a derivation. Awtar [3]
generalized this result on Lie ideals.
M. Bresar [4], introduced the
definition of generalized derivation to

be an additive mappind-:R - R
such there exists a derivation
d:R- R such that
F(xy)=F(X)y+xd(y), for all

X, yUR. We call an additive
mappingF : R - R is a generalized
Jordan derivation if there exists a
Jordan derivationd:R - R such
that F(x?) = F(X)x+ xd(x) , for all
XOR, [5]. M. Ashraf and N. Rehman
and S. Ali in [6], showed that in a 2-
torsion free prime ringR , every
generalized Jordan derivation on Lie
ideal U of R such thatu?0U for
all UlU is a generalized derivation
onU .

An additive mappingd:R - R is
called left derivation (resp. Jordan left
derivation) ifd(xy) = xd(y) + yd(X)
(resp. d(x*)=2xd(x), for all
xOR) for all x,yIR, [7]. Clearly,

every left derivation is a Jordan left
derivation and the converse is not true
in genral. In [7] M. Ashraf and N.
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Rehman proved that every Jordan left
derivation of 2-torsion free prime
ring on Lie idealU of R is a left
derivation onU . According to S. Ali
and C. Heatinger [8]F :R - Ris a
generalized derivation iff- is of the
foom F=d+G, where d is a
derivation andG s a left centralizer
on R. Following B. Zalar [9], an
additve mapping G:R - R is
called left (resp. right) centralizer if
G(xy) =G(x)y  (resp.  G(xy)
=xG(y)), for all x,yOR. If
alR, then L,(x)=ax is left
centralizer andR,(X) = xa is a right

centralizer. IfGis a left and right
centralizer, therG is centralizer, [9].
An additive mappingG:R - R is
called Jordan left (right) centralizer in
casd5(x?) = G(X)x (respG(x*)
=xG(x)), for all xOR, [8].
Obviously every left  (right)
centralizer is a Jordan left (right)
centralizer. The converse is in general
not true (see [10],Exapmple 1). In [9],
B.Zalar proved that every Jordan left
centralizer (resp. Jordan centralizer)
on a 2-torsion free semiprime ring

is a left centralizer (resp. centralizer ).
Recently, E. Albas [10] introduced the
following definitions which are
generalizations of the definitions of
centralizer and Jordan centralizer. Let
o be an endomorphism oR. A

Jordaro -centralizer of R is an
additive mapping G:R - R
satisfying

G(xy + yx) =G(x)a(y) + a(y)G(x)
=G(y)a(X) +o(X)G(y), for all
X, YOR. An additive  mapping
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G:R -5 R is called a left (resp.
right) o -centralizer of R if
G(xy) = G(x)a(y) (respG(xy)
=o(X)G(y)), forall x,yOR. If G
is a left and righto -centralizer, it is
natural to callG is an o -centralizer.
It is clear that for an additive mapping
G:R -5 R associated with a
homomorphism 0J:R - R, if
L,(x) =ao(x) and R,(x) =o(x)a
for a fixed elemenaJ R and for all
xOR, then L,(x) is a left o

-centralizer andR,(X) is a right o

-centralizer. Clearly every centralizer
is special case of a 1-centralizer,
where 1 is the identity mapping on
R.

Let G:R - R be an additive
mapping and is a g be an
endomorphism ofR. We call G a
Jordan left (resp. righto -centralizer

if G(x*) = G(X)a(X) (resp.G(x?)
=o(X)G(x)), for all xOR.
Oboivously every left (resp. righty
-centralizer is Jordan left (resp. right)
o -centralizer.

In [10], Albas proved, under some
conditions, that in a 2-torsion free
semiprime ringR, every Jordan left

o -centralizer of R is a left o
-centralizer ofRR.

If G:R - R is acentralizer, then
an easy compution gives that
G(xyx) = xG(y)x, for all x,yOR.

A natural question is to ask wether the
converse is also true.

In [11], J. Vukman gave the
affirmative answer in cas® isa2 -
torsion free semiprime ring.
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In [10], Albas proved, under some
conditions, that in a 2-torsion free
semiprime ring R, every Jordano
-centralizer ofR is a% -centralizer of
R. According to [8], M. N. Daif, M.
S. Tammam El-Sayiad and C.
Heatinger proved that in a 2-torsion
free semiprime ring R, for an
endomorphismo of R and for an
additive mappin§® R - R such
that G(xyx) =o(X)G(y)o(x), for
al x,yOOR, then G is a o
-centralizer of R. In [12], L. Molnar
proved that if R is a 2-torsion free
semiprime ring ands: R - R is an
additive mapping such  that
G(xyx) =G(x)yx, for all x,yOR,
then G is a left (right) centralizer. In
2008, S. Ali and C. Heatinger [8]
generalized Molnar's result as follows:
if R is a 2-torsion free semiprime
ring, ¢ be an endomorphism dR

and G:R - R is an additive
mapping such that
G(xyx) = G(x)a(y)a(x) (resp.

G(xyx) =a(x)a(y)G(x)), for all
X, YOR, thenG is a left (right) o
- centralizer ofR.

In section 3, we generalize the
above mentioned results for a Jordan
ideal.

Given some endomorphismg and
r of R, an additive mapping
d:R- R is called a ¢,71)
-derivation if d(xy)=d(X)o(y)
+7(X)d(y), for all x,yOR. Recall
that a Jordan @, 7 )-derivation, as
defined in [13], is an additive
mapping d:R - R  satisfying
d(x?) =d(X)a(x) + r(X)d(x), for
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all xOR. An additive mapping
F:R - R is called a generalized
(o,r)-derivation on R if there
exists an @,r)- derivation
d:R- R such that
F(xy) = F(X)a(y) +r(x)d(y), for
all x,yOOR, [13]. An additive

mapping F:R - R is called a
generalized Jordand(, 7 )-derivation

if there exists a Jordan o(,7)
-derivation such that

F(x?) = F(X)a(X) + 1(x)d(x), for

all xOR, [14].
An additive mappingd:R - R is
called left (o,r)-derivation if
d(xy) =a(x)d(y) +7(y)d(x), for

all x,yUR, [13]. Clearly, every left
(1,1)-derivation is a left derivation on
R. Shaheen [15], introduced the
concept of generalized left derivation
as an additive mappind=:R - R,

if there exist a left derivation
d:R- R such that
F(xy) =xF(y)+yd(x), for all
X,yOR. The author in [16],
introduced the concept of generalized
left (o ,r)-derivation to be an
additive mapping F:R - R such
that there exists a leftd,7)
-derivationd : R —» R such that

F(xy) =a(x)F(y) +1(y)d(x), for

all x,yOR. In the year 2003, S. M.
A. Zaidi, M. Ashraf and S. Ali [13]
proved that every Jordan lefo(, o)
-derivation on a Jordan idedl of a
2-torsion free prime ring is a left
(o, o0)-derivation onU .

In section 3, we discuss the

application of theory of o
-centralizers and extend the last result
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by introducing the concept of
generalized Jordan left &, 1)
-derivation. Throughout this paper
consider g is an automorphism of
R.

2. Prelimineries

Now we will introduce the
definition of generalized Jordan left
(o,1r)- derivation and some basic
results which extensively to prove our
theorems.

2.1 Definition:

Let Sbe a non empty set &8 An
additive mappingF : R - Ris called
generalized Jordan left &, 1)
- derivation on S if there exist a
Jordan left O , T )-derivation
d:R- R such that
F(xy) =o(X)F(x) +7(X)d(x), for
all xOOS.
2.2 Example:

Consider the ring

a o0
R= :a,b0Z;, where Z
R

denotes the set of integer numbers.
Define F:R - R by

3 L 5 e e

easy to checkFis a generalized
Jordan left ¢, 7)- derivation onR
with endomorphisms

s 8)5 o=
s 93 o o

exists a Jordan left d,1)
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-derivation d:R - R which is

ez I3

Lemma (2.3) and Lemma (2.4) can be
found in [13].
2.3 Lemma:

Let R be a 2-torsion free prime
ring and U a nonzero Jordan ideal
of R. If aU =0 or (Ua=0), then
a=0.
2.4Lemma:

Let R be a 2-torsion free prime
ring andU a nonzero Jordan ideal of
R. If aUb=0, then a=0 or
b=0.

2.5 Lemma:

Let R be a 2-torsion free ring,
Ua Jordan ideal of R and
G:R -5 R an additive mapping
defined by
G(ur +ru) =G(u)a(r) +G(r)o(u)

, for all uJU,r OR. Then for every
udu,r R, the following
statements are hold:

(i) G(uru) =G(u)a(r)o(u).

(i) G(urv+vru)=G(u)a(r)a(v)

+G(v)a(r)o(u)
(i)
(G(u?r) -G(u®)a(r))olu?,r] =0.

Proof:

(i) Replace by 2ur +r2u. Then
G(u(2ur +r2u) + (2ur +r2u)u)
=G(u)o (2ur +r2u)

+G2ur +r2u)o(u)
=2(G(u)a(u)a(r) + G(u)a(r)a(u))

+G(u)a(r)a(u) +G(r)a(u)o(u))
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(1)
On the other hand,

G(u(2ur +r2u) + (2ur +r2u)u)

= G(2u’r +r2u®) + 4G(uru)
=(G(U?)a(r) + G(r)o(u®)) + 4G(uru)
=2(G(u)a(u)a(r) +G(r)a(u)o(u))

+4G(uru) (2)
By comparing equation(l) and
equation(2) and sinc& is 2-torsion
free, we

getG(uru) =G(u)a(r)o(u) .
(i) If we replaceu by u+v in (i),
we get the required result.
(i) Let u,vJU , such thatuv U .
Let W =G(uvuv+uwu). Then by
(i), we get
W =G(u)a(v)a(uv) + G(uv)a(v)o(u)
3

On the other hand, ©
W =G(uv)? + G(uv?u)

=G(uv)a(w) + G(u)a(v¥)o(u)

4

By comparing equation (3) (a?nd
equation (4), we get
0=(G(uv) -G(ua(v))a(uv) = (G(uv)

~G(u)a(v))a(vu)

= (G(w) -G(w)a(v))olu,v]

For any uJU and rR, the
element v=ur +ru satisfies the
criterion uvJU , hence by above ,
we get
0=(G(u(ur +ru))

—G(uwa(ur +ru))ofu,ur +ru]
= (G(u?r) + G(uru) - G(u)a(u)a(r)

—G(u)a(r)o(u))afu® r]
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= (G(u*r) -G(ua(u)a(r)olu®,r]
= (G(u*r) -G(u*)a(r)olu® r]

Note that Lemma (2.5) holds in
case o is just endomorphism of the
ring R.

2.6 Lemma:

Let R be a 2-torsion free prime
ring andG(ur +ru) =G(u)o(r)
+G(r)o(u),for all uOU,r0OR. If
ulJU such that udZ(R), then
G(ur)-G(u)a(r)=0
Proof:

LetW = G(vur +urv)

=G(V)a(ur) +G(ur)a(v)
(5)
On the other hand sinca JZ(R),
then
W =G(wur +urv)

=G(wa(r)a(v) +G\V)a(r)o(u)
6

Compare equation (5) and eq(ua)ltion
(6) to get
(G(ur) =G(u)a(r))a(v) =0, for all
uviOU,ridR,i.e.

o (G(ur) -G(u)o(r))u =0.
By Lemma (2.1), we getG(ur)
-G(uo(r)=0.

2.7 Lemma:

Let R be a 2-torsion free prime
ring, U be a Jordan ideal oR and
G(ur +ru) =G(u)a(r) +G(r)o(u)

, forall udJU,r OR. ThenG(u’r)
-G(u®)a(r) =0.
Pr oof:

Let u,vOU such that 2uvU

and 2vu JU .
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Let W = G(uvsvu + vuswv) .
By Lemma ((2.5),(ii)), we get
W =G(uv)a(s)o(vu)
+G(vu)a(s)o(uv)

(7
On the other hand by Lemma
(2.3,(ii)), we get
W = G(u(vsv)u) + G(v(usu)v)
=G(u)a(vsv)a(u) + G(v)o(usu)o(v)
=G(u)a(v)a(s)a(v)a(u)

+G(v)a(ua(s)a(u)a(v)

8
By comparing equation (7) (a?nd
equation (8), we get
0=(G(uv) -G(ua(v))a(s)o(vu)
+(G(w) - G(v)a(u))a(s)a(uv)
=(G(w) -G(u)a(v))a(s)o(w)

~(G(vu) -G(u)a(v))a(s)a(uv)

=(G(w) - G(u)a(v)a(s)alu,V]
For any uJU,sJR, the element
vV=ur +ru satisfies the criterion
uvJU andwvulU , hence by above
we get
0=(G(u(ur +ru))
—G(u)a(ur +ru))o(s)olu,ur +ru]
= (G(u?r) -G(u)a(u)o(r))Rofu?,r]

= (G(u’r) - G(u*)a(r))Rofu?,r]
SinceR is prime, either

G(u’r) - G(u?)a(r) = 0orofu?,r]
=0.

If o{u®,r]=0, thenu’0Z(R). By
Lemma (2.6), we get

G(u’r) -G(u?)o(r)=0.

3. Main Results

In this section we introduce our
main results.
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3.1 Theorem:

Let R be a 2-torsion free prime
ring, be aU Jordan ideal ofR and
G be an additive mapping fronR
into itself satisfying the condition
G(ur +ru) =G(u)a(r) +G(r)a(u)

, for all ullU,rOR. Then
G(ur) =G(u)a(r), foraluiu ,
rdRr.

Pr oof:

LetW =G(uur +uru)

=G(u)oa(ur) +G(ur)o(u)

9)
On the other hand,
W =G(u’r +uru)

=G(u*)a(r) + G(u)a(r)o(u)

=G(ua(u)a(r) +G(u)a(r)a(u)

10
By comparing equation (9)( aznd
equation (10), we get
(G(ur) -G(u)a(r))o(u) =0, for
aluduU,rJR. (11)
Replaceu by u+V in equation (11),
we get
(G(ur) =G(u)a(r))a(v)
+(G(wr) ~G(v)a(r))o(u) =0
Replacev by v? in the last equation
and by using Lemma (3), we
get(G(ur) - G(u)a(r))o(v?) =0,
forall u,vOU,r OR. (12)

Now linearize equation (12) ow
and use equation (12) and equation
(11) to get

(G(ur) -G(wa(r))a(v)a(u) =0,

for all u,vOU,rOR and this
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implies that
o (G(ur) -G(u)a(r))lUu=0.

By Lemma (2.4), either
G(ur)=G(u)a(r) =0 or u=0.

If u=0, for all uOJU then U =0
and this a contradiction. Therefore,
G(ur)-G(woa(r)=0, for all
udu,r 0R.

As a consequence of Theorem (3.1)
we get the following Corollaries:

3.2 Corallary:

Let R be a 2-torsion free prime
ring, be aU Jordan ideal ofR and
G be a left Jordaro -centralizer on
U. Then G is a left o -centralizer
on U.

In Corollary (3.2), if =1, 1
where is the identity mapping, we get
the following:

3.3 Corallary:

Let R be a 2-torsion free prime
ring, be aU Jordan ideal ofR and
G be a left Jordan centralizer &h.
Then G is a left centralizer o) .

3.4 Corallary:
Let R be a 2-torsion free prime
ring. Then every left Jordan

centralizer onR is a left centralizer
on R.
Zalar in [9], proved that Corollary
(3.4) in case iR semiprime ring.

If U is a Jordan ideal and a
subring ofR andG: R - R is a left

O _centralizer onY into R, then an
easy computation ginen that
G(xyz) =G(x)a(y)o(z), for all
X,¥,zOU . A natural question is to
ask wether the converse is also true.
We prove the following theorem
which contains the answer on this
guestion
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3.5 Theorem:

Let R be a 2-torsion free semiprime
ring, be aU Jordan ideal ofR. If
G:R - R is an additive mapping
such that G(uru) =G(u)o(r)o(u),
forall udU,rOR, thenG is a left
o -centralizer orlJ .

Pr oof:

By the hypothesis, we get

G(uru) =G(wa(r)o(u), all
uu,r dR. (13)
Replacingu by u+v in equation
(13), we get

G((u+Vv)r(u+v))

=G(wa(r)a(u) +Gu)a(r)a(v)
+G(v)a(r)a(u) +G(v)a(r)a(v)

for

(14)
On the other hand,
G((u+Vv)r(u+v))
=G(uru) + G(urv + vru) + G(vrv)
(15)
Combining equation (14) and

equation (15), we get

G(urv+vru) =G(u)a(r)o(v)
+G(v)a(r)o(u), for all u,vOU
JOR. (16)
Replacev by 2u®in equation (16),
we get

G(uru® +u’ru)

=2(G(u)a(r)o(u®) +G(u*)a(r)o(u))
,forallullU,r OR. a7
Put r =ur +ru in equation (13) and
using equation (13), we get

2G(uru?® + u’ru)

= 2(G(u(ru)u +u(ur)u)
=2(G(uw)a(ru)a(u)

+G(u)a(ur)o(u)) (18)
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By comparing equation (17) and
equation (18), and sincd? is a 2
-torsion free we get

(G(u?) - G(u)a(u))a(r)a(u) =0,

foralludU,r OR. (29)
Now we setG(u?) — G(u)o(u)

= A(u), foralluJU .

Then equation (19) reduces to
A(w)o(r)o(u) =0, forallulU ,
rdRr. (20)
Since is g onto, equation (20)
implies that

A(u)so(u) =0, for all ulU
,SUOR.

(21)
Replacing s by o(u)zA(u) in
equation (21), equation (21) gives that
Awo(u)zA(u)o(u) =0, for all
ulU,zOR. (22)
Since R is semiprime, then
A(u)o(u) =0, for all uduU .
(23)

Replace u by u+v in equation
(23), we get

A(u+v)o(u) + Au+v)a(v) =0,
for all UOU | (24)
Since

A(u +Vv) = B(u,v) + A(u) + A(V)
, forall u,vJuU . (25)
Where

B(u,v) =G(uv +wu) -G(u)a(v)

~G(v)a(u)
In view of equation (25), expression
(24) implies that
A(u)a(v) + B(u,v)a(u) + A(v)a(u)
+B(u,v)a(v) =0, for all u,vOU .
(26)
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Replace u by —-u in the last

equation, to get

A(u)o(v) + B(u,v)a(u) - A(v)a(u)

-B(u,v)a(v) =0, for all u,vOU .

(27)

Adding equation (26) with equation

(27) and using the fact th&t isa 2 -
torsion free semiprime ring, we find
that A(u)o(v) +B(u,v)a(u) =0,

for all u,vUOU .

On right multiplication of equation
(28) by A(u), we get

A(u)a(v) A(u) + B(u,v)a(u)A(u) =0

, forall u,vOuU . (29)
From equation (21), we get
o(U)A(U)Ro(u)A(u) =0, for all
uJu .

Since R is semiprime,
o(u)A(u) =0, for alluduU .

then

(30)
On combining equation (29) and
equation (30) and sinceR s
semiprime, A(u) =0, for allulU ,
i.e., G is a Jordan lefu - centralizer
and henceG is a left 0 - centralizer
on by Corollary (3.2) .

Now we present some application of
the theory of @ -centralizer in rings.
The following theorem is a
generalization of main theorem of [7].

3.6 Theorem:

Let R be a 2-torsion free prime
ring, U be a Jordan ideal and a
subring of R. If F is a generalized
Jordan left ¢, 0)-derivation onU ,
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then F is a generalized leftq , 0 )-
derivation onU .

Proof:

Since F is a generalized Jordan
left (0,0 )-derivation on U , then
there exists a Jordan lefto( o)-
derivationd onU such that
F(u®) =og(u)F(u)+o(u)d(u), for
all uJu .

Now we write G=F —d. Then, we

find that

G(u?) = (F —d)(u®) = F(u®) —d(u?)

=og(u)F(u) +o(u)d(u) —2g(u)d(u)

=g (u)(F(u) —d(u))

= o(u)G(u)

That is, G is a Jordan lefto

-centralizer onU . Thus by Corollary

(3.2), G is a left o-centralizer on

uU.

By [13],d is a left (0, 0 )-derivation

onU . Therefore,F =G+d and

F(uv) =G(uv) +d(uv)

=g (u)G(v) +o(u)d(v) + a(v)d(u)

=o(u)(F(y)—d(y)) +o(u)d(v)
+o(v)d(u)

=og(u)F(v) +o(v)d(u)

HenceF is a generalized left¢f, o)

-derivation onU .

In Theorem (3.6), if F =d whered
is a Jordan left ¢,0)-derivation
associated withF , we get the main
theorem of [13].
3.7 Coroallary:

Let R be a 2-torsion free prime
ring, U be a Jordan ideal and a
subring of R. If d is a Jordan left
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(o ,0)-derivation onU , thend is a
left (o, 0 )-derivation onU .

In Corollary (3.7), if 0 =1, where 1
is the identity mapping ofR , we get
3.8 Corallary:

Let R be a 2-torsion free prime
ring, U be a Jordan ideal and a
subring of R. If d is a Jordan left
derivation onU , then d is a left
derivation onU .
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