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ORIGINAL STUDY

The Permutation Annihilator Ideals in
Commutative Permutation BCK-Algebras with
their Applications

Shuker khalil® *, Ali Abbas Asmael

Department of Mathematics, College of Science, University of Basrah, Basrah 61004, Iraq

ABSTRACT

This paper introduces new concepts such as permutation BCK—algebra, permutation involutory ideal, commutative per-
mutation BCK-algebra, and prime permutation ideal. Additionally, their attributes are examined. This paper elucidates a
method for determining a relationship between the chemical structure of atoms for the chemical element Cadmium, and
some of our suggestions are given here. In this work, the structure of the sets A* and 1A are defined. Next, we show
that if A is a permutation ideal, then A5**A is a permutation ideal that contains A. Also, in any commutative permutation
BCK-algebra the inequality (Af # Af Y# AL = (Af # 2Ly # Af , for any Af , Af L exis provided. After that, we show that
Wer)# 0w Ai) < @A) <AL, for any Af , )Lf L eXin any commutative permutation BCK-algebra, where
Mo Af =M #0f# A? ). The notion of triple merge permutation (TMP) in S,k for any permutations 8, § and y in
symmetric groups Sn, Sx and S, respectively is shown and then the concepts of triple merge permutation BCK-algebra
and triple merge permutation bounded are studied. Also, the atomic shells for three chemical elements they are Carbon,
Beryllium and Hydrogen are studied and the structure of the triple merge permutation is given from their atomic shells.
Some interesting inequalities in commutative permutation BCK—algebra and in triple merge permutation BCK-algebra

are given to support this work.

Keywords: Symmetric groups, Permutation sets, BCK-algebra, Annihilator ideal, Involutory ideal

1. Introduction

In 1966, Y. Imai and K. Iseki [1] defined two
types of abstract algebras, BCK and BCI-algebras,
to widen the concept of set-theoretic difference and
non-classical propositional calculi. Every BCI-algebra
M with O0#r =0 for every r € X is a BCK-algebra.
Any abelian group is a BCK-algebra, where # denotes
group subtraction and O represents group identity. As
a result, some scholars have looked into generaliza-
tions of BCK/BCI/RHO algebras (see [2-9]). Further-
more, there are other classes that are examined by
several scholars using permutation sets [10-23].

The ideals closed by this closure operator are
sometimes referred to as annihilator ideals. This
name refers to the fact that A is an annihilator ideal
if and only if it equals A = ann(B) for some ideal B.

Recent research has explored the annihilator ideals
of graph Cx—algebras [24], as well as Leavitt route
algebras [25].

The purpose of this activity is to investigate and
discuss some new concepts such as permutation BCK-
algebra, permutation involutory ideal, commutative
permutation BCK-algebra, and prime permutation
ideal. Furthermore their qualities are discussed. Some
of our recommendations are provided here. This
study describes a technique for establishing a rela-
tionship between the chemical structure of atoms
for the element cadmium. In this work, the struc-
ture of the sets A% and AL**A are defined. Next,
we show that if A is a permutation ideal, then
A**A is a permutation ideal which contains A.
Also, in any commutative permutation BCK-algebra
the inequlity (Af #AJ’? Y#IE = (Af # )L,’i) # )J; , for any
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Af , )J; , Aﬁ € X is provided. After that, we show
that (A ® Ah) # (A ® AL) < (Mh ® Aly) < Ah, for any
Af R k]’? S qu € X in any commutative permutation
BCK-algebra, where P )»? = M#0L # A? ). Some
intriguing inequalities in commutative permutation
BCK-algebra are presented and provided.

The concepts of triple merge permutation BCK-
algebra and triple merge permutation bounded are
next examined after the idea of triple merge per-
mutation (TMP) in S, k., for any permutations 3, §
and y in symmetric groups Sp,, Sk and S, respectively,
is demonstrated. Additionally, the structure of the
triple merge permutation is obtained from the atomic
shells of the three chemical elements such as carbon,
beryllium, and hydrogen that are explored. This study
is supported by some intriguing inequalities in triple
merge permutation BCK-algebra and commutative
permutation BCK-algebra.

2. Preliminary

In this section, we review some concepts and out-
comes that will be useful throughout the study.

Definition 2.1: [26] Let m = (my, my, ..., m;) be
a sequence of integers with my > my > --- > my > 0.
The length I(m) of m is recognized by I(m) =

{t € N; m; # 0} and the size |m| of m is recognized by
Im| = Zle m;, we say m is a partition of v, if |m| = v.

Remark 2.2: [26] For any B € S,, we can write it
as B = p1fa....he(p), Where p; disjoint cycles (DCs)
with length m; and c(B) is the number of disjoint
cycle factors (NDCF) overall the 1-cycle of B. Because
of any two (DCs) are commute, we can put m; >
my > --- > meg). Therefore m = (my, my, ..., my) is a
partition of n and each m; is called part of m.
Definition 2.3: [27] For any B € S, over the set

={1,2,...,n} with m(B) =(m,my, ..., myp),
then B composite of pairwise (DCs) {ul}c(ﬂ )
where ;= (t,tl, ...,t(ii), l<i<c®B). If u=
(t1,t2,...,t) is r—cycle in S, we recognize B-set
by u ={t1,t,...,t} and it is said to be B-set of
cycle u. The B-sets of {m}ff? are recognized as
=1t 6, ....t,)1 <i<c®B)

Definition 2.4: [28] An algebra (X, %, 0) of type
(2,0) is called a BCK-algebra if for any x, y, z € X such
that

1. (Gexy)«(xx2z))*(@Zxy)=
2. (xx(xxy))*xy=0

3. xxx=0
4. 0xx=0
5. xxy =0 and y*x=0imply x =y.

3. Some ideals in commutative permutation
BCK-algebras

This section provides new ideas including
permutation BCK-algebra, permutation involutory
ideal, commutative permutation BCK-algebra, and
prime permutation ideal. Also, investigates their
characteristics.

Definition 3.1: Assume that X = {kﬂ }fffi) ={t,d,
...,t(;i}|1 <i=<c(B)} is a collection of B-sets, where
B € Sy. For some Aﬂ eXputT = kﬁ where )Jg satisfies
Y= S&M < b VO <1 < (). ().
In other side, for any /\5 Aﬂ € X two disjoint 8-
sets satisfy ( * ). Let T = Aﬁ if 3th e Aﬁ with th <
5, VA <s<a) or T = A} if 3tf € A} with tf <
th v (1 <s<ap.

Suppose that #:X xX — X is a map, then
(X, #, T) is called be a permutation BCK-algebra
(PBCK — A), if # such that:

(PBCK — 1) (G # 2 # (O #af)) # O # 2 =T
(PBCK —2) (0 # (W) # )\j.‘)) # Aj.’ =

(PBCK —3) Af #2f =

(PBCK — 4) T#2! =

(PBCK —5)If A 2/ = Tand /2 =T, then A/ =
)J;, V)\f,kf,)ﬁ eX. Let@;ﬁAgX, where (X, #, T)
is (PBCK — A). Then A is a permutation ideal if T € A
and such that for any A2, )Jf # 2 ¢ A imply AJ’? e A
Also, Ais amaximal, if there is no proper permutation
ideal H contains A and H # A. We define A* =
WMex: )ﬁ@,\ﬂ T, vxﬁ € A}, where  Af @ 1S =
)JS # (Aﬁ # Aﬂ ) and it is called a permutation
annihilator of A A% is an ideal of X. If A¥ = {k }
(smgleton), then its can be written as {/\ﬁ} =

()Jg ). In general, for any permutation ideal A,
AN A*¥ = {T)}. If A and B are subsets of X such that
A C B, then B* C A% If A= A* then A is called a
permutation involutory ideal.

Definition 3.2: Let A be a permutation ideal of X
and A5 € X. We define 25*A = {kﬁ eX: A\l ®A7 €A,

where A% @/\5 AL # Kﬁ)}
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Lemma 3.3: Let (X, #,T) be a permutation BCK-
algebra and A be a permutation ideal of X. Then T €
A A, for any A5 € X, (i.e, A57A is nonempty).

Proof: Since A is a permutation ideal of X, then T €
A Also, Ms @ T =), # (M # T)=M) # M =T € A.
Then T € A**A. Thus A2*A is nonempty set.

Definition 3.4: Let (X,#,T) be a permutation
BCK-algebra, then its called a commutative permu-
tation BCK-algebra, if A% ® 2.5, =35, @28, vl 25 €
X. Also, X is bounded if it contians an element A2 such
that A% < 22, v L € X. Moreover, X is an implicative
if Ay # O # M) = A, Y A AL € X,

Example 3.5: Let p= (3533337135 Y) be
a permutation in Si;1. So, B=(13)(256)(49)
(7 11)(8 10). Therefore, we have X = {2716, = {{1,3},
{2,5,6}, {4,9}, {7,11}, {8,10)} and T = {1,3}. Define
# :X xX — X by Table 1

Table 1. (X, #, T) is a (P — BCK — A).

# {1,3} {2,5,6} {49+ {7,11} {8,10}

{1L,3y {1,3y {1,3y {1,3y {1,3} {1,3}

{2,5,6} {2,5,6} {1,3+ {2,5,6} {2,5,6} {2,5,6}

{4,9r {49 {49 {1,3y {49 {49}

{7,11} {711} {7,11}y {7,11}y {1,3} {7,11}

{8,10} {8,10} {8,10} {8,10} {8,10} {1,3}

Therefore, we consider ® : X x X — X by Table 2

Table 2. (X, #, T) is a commutative (P — BCK — A).

® {1,3r {256}y {49+ {711} {810}
{1,3} {1,3y {1,3} 1,3y 41,3y  {1,3}
{256y {1,3y {256} {1,3} {1,3} {1,3}
{4,9} {1,3y {1,3} {49y {1,3y {1,3}
{711y  {1,3y {13} {1,3y {711y {1,3}
{810y {1,3y {13} {1,3y {13y {810}

Hence, (X, #, T ) is a commutative (P — BCK — A).

Example 3.6: The chemical element Cadmium, de-
noted as (Cd), possesses 48 protons in its nucleus, and
its electron count equals the proton count, resulting in
48 electrons revolving around it. Additionally, there are
five atomic shells labelled as Cd = {K, L, M, N, O} sur-
rounding the nucleus, each containing a specific number
of electrons, as illustrated in Fig. 1.

Hence K = {e1, ex}, L = {es, e4, es, €g, €7, €3, €9, €10},
M = {e11, e12, €13, €14, €15, €15, €17, €18, €19, €20, €21, €22,
€23, €24, €25, €26, €27, €28},

N = {eg9, €30, €31, €32, €33, €34, €35, €36, €37, €38, €39, €40,
€41, €42, €43, €44, €45, €46},

O ={e47,€48}. Let =(12)(345678910)(11 12
13141516 1718 19 20 21 22 23 24 25 26 27 28)

J—
o ® 9
o o %9 e
® ~- @
“.. ® 8- ® ..
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Fig. 1. Atomic shells for Cadmium.

(29 30 31 32 33 34 35 36 37 38 39 40 41 42 43
44 45 46)(47 48) be a permutation in Ssg. There-
fore, we have X = (A/)> ={{1,2},{3, 4, 5, 6,
7, 8, 9, 10}, {11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21,22, 23, 24, 25, 26, 27, 28}, {29, 30, 31,
32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45,
46} {47, 48}}. Define a map f: Cd — X by f(A) =

{i,j.....1}, VA={ei€j,...,e} € Cd. Then
M if A=K,
ALifA=L

fA) =1L, if A=M . forany A € Cd.
AMUifA=N
AL ifA=0

Moreover, for any f(A), f(B) € f(Cd) = {f(K), f(L),
FMD), f(N), f(O)} define #: f(Cd) x f(Cd) — f(Cd)

_ &), if f(A) = f(B)
by (A) # f(B) = {f(A), if FA) £ FB)' Therefore
we can consider Table 3.
Table 3. (f(Cd), #, f(K))isa (P — BCK — A).
# f&®K f@y  fM fN)  fO)
& & K K fEK K
fw @ & f@ f@ f@)
fmy o fan fM) fK) O f(VM) f(M)
fayy)  fN)  fN) f(N) O fK) f(N)
f©) fO) fO) fO) fO) f&K)
Hence, (f(Cd),#, f(K)) is a commutative

(P —BCK —A).

Remark 3.7: In any commutative permutation
BCK-algebra (X, #, T), the inequalities are held:
M Ay <afiff 2l #24 =T,
@ If 2 <af, then 2f #2f <2 # 3] andaf, # 2/
< #2],
@ m®Oh @) =08 @) @il
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@ b @) # Of @) <@ Oh #3), v b,
xf, a2 eX.

Proposition 3.8: If (X, #,T) is a (PBCK — A), then
F #20) # M= OF #20) #2.

Proof: By [(PBCK—A)-—(2)], and from [Re-
mark 3.7-(1)], we get Af#(kf#kﬁ) < Aﬁ. Also, from
[(PBCK — A) — (2)] and [Remark 3.7-(2)], we obtain
that G #2)#a0 < GL#22) # G #(GL # 34)). This
yields, (. #25) # ap) # (O #ap) #29) < 0f #
MY # 0L #OL#M) # (OF#A#MD =T
[from [(PBCK —A)—(1)]. Hence (O] #21) #
M) # (O #25) #25) < T, and from [(PBCK — A) —
(A1 imply T < (O # 2 # A)#OL # ap) #29).
Hence ((f # A #ah) # (OF #ap)#)) =
T....G0). Similarly, A/#G/#27) <2 by [(PBCK-
A)—(2)] and [Remark 3.7-(2)]. Also, by

[(PBCK — A) — (1)] and [(PBCK — A) — (4)],  we
have (O # ap)#0)) # (OF #2D#0) =T. ..

(i). Which by [(PBCK —A)—(5)], gives (/#
Af)#kﬁ: (Af#kﬁ)#kf.

Proposition 3.9: The relation < define on a
(PBCK — A) (X, #,T) by [Remark 3.7] then the fol-
lowing condition are satisfies.
Lol #a)# 0h#20) <2f #2h,
i AP#OS #00) <al # (04 #20) # 0h # 00,
i, (O #20) # 05 #M) # < 0f #25) #
My
iv. A #28) #0 < a0 # 25 <AL # O #00),
v. M # ,\Jf.’ <l
vie G #20) # 0 #0) <ol # 0L #20),
vii. (0 #20) # 20 < 0 #00) # 04 #24D),
vili. A # Af) # o <Al # (Af # A8), for any
AP xf, Aok ex.

Proof (i) Since (A # ) # (1 # ap) < Gh # 1)
[By (PBCK—A—1) & Remark (3.5)]. (] # /)
#Om# M) < OF #0D) #OF #2D) # 0L #0)) <
Af # A,‘i [From (PBCK — A — 2) and Remark 3.7].
Thus (Af # A?) # (A,‘i # Af)gkf # Aﬁl. Hence
(i) is held. Condition (ii) and (iii) follows from
(i) and [Remark 3.7]. Using (ii) and (iii), we get
OF # 20 # ah = (O # 2 # (T # 20 # 25 <
OF # T) # =20 # Ap. Now A/ # A=
W HOL#T <ML #OL#M)# (T # )=

M # O # 00, Thus O #20) # 2 <27 # M <
kf # (}\51 # kﬁ). That means (iv) is held. As a
simple consequence of (iv), we obtain (v). Also, since
Xf # )L? < )Lf’ [by (v)], then from [Remark 3.7] we
have (1 # 25) # O # a) <A # OF # ah.
Hence (vi) is held. Moreover, since A5, # ’\f <A
[by (v)], then from [Remark 3.7] we have
OF # ,\f Y# M < # )\5.‘ Y# OL # ;J]i‘), thus (vii) is
held Furthermore, since (Af # Af Y# AL < (kf # )Jj )
[by (W1 and (+f # 35) <2l # O # ah) [by (v)].
Then (A # 29) # A < O #25) <27 # O # 20,
which gives (viii).

Proposition 3.10: Let (X, #, T) be a commutative
permutation BCK—-algebra and A C X is a permutation
ideal. Then A?™A is a permutation ideal which
contains A.

Proof: It is obvious that Te AS*A [From
Lemma 3.3]. Now, assume that Af ,A,‘fl # A']? €

A*A. We need to prove Afe AETA, (ie,
M @®Mn€A). Then @i} aheOh#2))eA,
by [Definition 3.2]. Now, (A @ 1) # (A ® /) <
kﬁ ® ()»ﬁ, # /\f) € A [From Remark 3.7-(4)], and Ais a
permutation ideal, therefore (kﬁ ® )Lf;) # (Aﬁ ® )L? ) €
A. Again using the fact that A is permutation ideal
and (Aﬁ ® Af) € A, we get that (Aﬁ ® )\,‘?1) e A.

This means A%, € A?*A, which proves that A5**A
is a permutation ideal. To prove that A € A2™A,
let A5, eA. Then Mol <ifcA implies that
A @Al e A, thus A5, € AP A. This ends the proof.

Lemma 3.11: If (X, #, T) is a commutative permuta-
tion BCK—algebra, then

(@). (M @ M) # O @ 20) < A,
(). Of @28) # O @iy < b #10), v Ahab,
Af c X.

Proof: (i) from [Proposition 3.9-(v)] such that (xﬁ ®
M) # Od ®A0) < (i ® Ay). Howover, (M ®1h) =
)»ﬁ # (/\ﬁ # )»51) = )»51 # (Aﬁl # Aﬁ) [since X is a com-
mutative]. Then, from [Proposition 3.9-(v)], we have
My # (i # M) < 2. Hence () ® 25) #(0h @ 1) <
h @A) =2 # O # M) =2 # O #15) <
MY M i, A € X

Proof: (ii) since X is a commutative and [BCK-A-
()], we have (\y ®Ah) # (uh @ AL) = (Mh #(hh #
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MD#E O # O #AD) < OF #23) # O #05) <
O # 20,

Definition 3.12: Let (X, #,T) be a commutative
permutation BCK-algebra and A be aproper
permutation ideal. We say A is prime permutation
ideal if ()Lﬁ ® )L,’Sn) € A, then kﬁ e Aor )Lfn e A.

Proposition 3.13: Let (X, #, T) be acommutative
permutation BCK-algebra and A be a permutation
ideal of X. Then the following statements hold:

(1) A2**A = X if and only if £ € A.

(2) If A, < A’then AP**A C A[™A.

(3) If A and B are permutation ideals of X such that
A C B, then AY**A c 2B, v AL e X.

4 0f )i C A*A forall Af € X,

(5) For any ideals A, B of X and any Aﬁ c
X, M*(ANB) = AN 1B

(6) Let A be a permutation ideal and P be a
prime permutation ideal such that A € P. Then
A*Ac p forall A} € X — P.

) QL @) A =1L A), forall Af € X.

Proof (1): If A¥**A = X. Let A be an ideal of X
and A2 € X. So, A0**A = {)J; eX: @)\’f € A}, im-
ply A2 e X = 2£*A, we have £ ® £ € A, but A} ®
M=Marol#)=)'#TcAandAis permuta-
tion ideal. Hence A% € A.

Conversely, if 12 € A, clearly we conclude easily
AB**A C X, because A2**A is ideal of X. So, we need
only to show that X C B A let A2 € X, then Af ®
AM<alcA imply b @i eA but M @l =if @
Aﬁ € A [From Definition 3.4] . Hence [From Defini-
tion 3.2], we have A%, € 22" A. Thus X € AL**A. This
means \2¥A = X
Proof (2): If £ < kf, then A5 # Af =T. Let A}
APFA, thus Af @ A, € A. So Gy @ ah) # OF @ah) =
O @) # Om®al) <ah # 2/ [by Remark 3.7-
(3)]. But Aﬁ # Af =T € A [since A is permutation
ideal]. Then (Aﬁ @Aﬁ) # (kf ® kf}l) <T €A, thus
Oh@a) # W @rh) €A but 0 ®Ah) €A and
A is permutation ideal. Then (,\5 ®)\,€1) € A. Hence
2B e AL**A. Therefore, kf A C A,

Proof (3): Let 15, e /™A, then we have A2 @ A5, €
A C B, imply that A£ @ A2 € B. Hence A% € A2*B.
then A£**A € A**Bforall A} € X.

Proof (4): From [Definition 3.1] we can prove (4)
easily.

Proof (5): Let kf € AE*(ANB), by [Definition 3.2].
Wehavekﬁ@)f € (AﬂB),thenAﬁ@kf ceA A Me
)Lf € B, imply Af e MA A Af € A**B. Then Af €

0f*A n AP**B) so that A2 (ANB)C A2*A n
A2*B. In the same way we get A°™A N AS*Bc
AP*(ANB), thus A2 (ANB) = 2™ANn AL*B for
any Aﬁ € X.

Proof (6): Let )Lf’ e A*A, by [Definition 3.2] we
have A% ®kf‘ € A. this means A5 @Af € P, because
A C P.So )Lf € P, since P is a prime and Aﬁ e X —P.
Thus AJ*A C P.

Proof (7): Let Af e M 0L7A), imply Ab @
(Aﬁ ® Af )eA from [Definition 3.2]. To prove
Xf cf® Aﬁl)**A, we need to show that (\f ® \2)®
Af cA.Now, W @iy e Af = eHe Af [since
X is a commutative]. Also, (\2 ® A\2) ® Af =e®
(A,’f ® Af ) [since ® is associative]. Hence (Aﬁ ® Afn)®
W=0he)er =i @0 ®1/) e A Thenn! e
£ ®2L)*A. This means A2*0L7A)c (e
A2)*A. In the same way we get AL™ @ (\57A)
2 ®28)"A. Thus WL @ A6)"A =280 A).

Proposition 3.14: Let (X, #, T) be acommutative
permutation BCK-algebra and A be a permutation
ideal of X. Then A is prime permutation ideal of X
if and only if A" A = A, for all A} € X — A.

Proof. Suppose that A is a prime permutation ideal
of X and A e X —A. Let Af € A, thus k,’f@kf =
Aﬁ # (Aff # Af) < /\f € A, then /\ﬁ ®Af} € A. Hence
)Jig < AP*™A. To prove the reverse inclusion, let /\f €
AP A. This implies that A% ®Af €A and A being
a prime permutation ideal implies that /\f € A,
(because A? ¢ A by assumption). This proves that
A**A = A. Conversely,assume that A2**A = A for all
A e X —A. Let Af ® A5 €A and Af ¢ A. By hypoth-
esis \JA = A and consequently A e 2fA =A. This
proves that A is a prime permutation ideal.

Proposition  3.15: Every maximal permu-
tation ideal in a commutative permutation
BCK-algebra is prime permutation ideal.

Proof. Let A be a maximal permutation ideal in a
commutative permutation BCK — algebra X. To show
that A is prime, it is sufficient to prove that .2**A = A
for all A, e X — A (by Proposition 3.14). As proved
earlier A € AP™A.If A # A£**A then the maximality
of A implies that A°**A = X. This happens only when
kﬁ € A [by Proposition 3.13-(1)] which is a contradic-
tion because A” ¢ A. This shows that A5*A = A and
consequently A is a prime ideal.

Proposition 3.16: Let (X, #, T) be acommutative
permutation BCK-algebra and P be a bounded
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permutation involutory ideal of X. Then P is
maximal permutation ideal if and only if it is prime
permutation ideal.

Proof. Let P be bounded permutation involutory
ideal of X. Suppose that P is maximal permutation
ideal. Then P is prime permutation ideal by
[Proposition 3.14]. Conversely, assume that P is
prime permutation ideal. Let M be a proper maximal
permutation ideal that contains P. We now show that
M = P. Assume that M ¢ P. Now M N M* = {T} C P.
P being a prime ideal implies that M C P or M* C P.
As M ¢ P, therefore M* C P Since P C M, therefore
M* C P*. We get that M* C PN P* = {T}. That is

= (T} and hence M* =X. As X is involutory
we have M¥ =M =X, a contradiction. Therefore,
M C P and consequently M = P. This verifies the
result.

Definition 3.17: An element A%, in a permutation
BCK — algebra X is said to be a portion if Af < A\B for

some Af € X implies Af =T or Af =L,
_ 1 2 3 e m m+1
by = wpsy(1) wpsy(2) wpsy(B) -+ wpsy(m) wps,m+1) ---

Proposition 3.18: Let (X, #, T) be acommutative
permutation BCK-algebra. If AL is a portion in X,
then (A2)" =LA for every permutation ideal A
with A8 ¢ A, and oL :
permutation ideal.

" is a prime and maximal

Proof. (A, ):t - )Jg**A /5Y [Proposmon 3.13-(4)]. If
Aﬂ Aﬂ**A then A2, ® A; )Jg ® Al e A [since X is

a commutative]. Thus Af ®Am =T [Since Aﬁ is a
portion and A5 ¢ A. Hence Af € (Aﬁ)i. Then (Aﬁl)i =
B A If the permutation ideal ()\ﬁ)ic was not max-
imal, then there would exist a proper permutation
ideal A and Af € A such that ()L,’i)i CA and )\? ¢
()»51)1. Then k? ® AL # T. Since AL isa portion, A? ®
A =22 e A, a contradiction. So (kf},)i is maximal. By

[Proposition 3.15] it is prime also.

Proposition 3.19: Let (X, #,T) be acommutative
permutation BCK-algebra and A be a permutation

ideal in X. Then A® =, _,. AA.

Proof. Let ./ € A¥™. Then A/ @ A}, =T, ¥ Al € A%,
Therefore Af e M*A v A e A* and consequently
kf € Myt cpr AB¥*A. That is, A¥ C M2 et AB¥A. Con-
versely, let Af € Myp eps AP**A. Then Af e A AL e

A*. This implies that A% ®A’3 €AY A At and
hence A ®Af = (M ® 1)) @)ﬁ = T, V A\l cAt

It follows that A’ € A¥ and consequently 2/ e
(b ca A A c A¥. Hence A* = Nfeas Abea.

Corollary 3.20: Let (X,#,T) be acommutative
permutation BCK—algebra and A be a prime permutation
ideal in X and A be a prime ideal of X with A* = (T).
Then A is an involutory ideal.

Proof. To prove that we need show that A = A.
So from [Proposition 3.19], then A = Mf cat ABea
From [Proposition 3.13-(1)] and [Proposition 3.14],
imply A = A A. Thus N s M A =Ny A=A =
A*¥_That is the requirement wanted.

Definition 3.21: Assume 8 =

AMAz. .. 8= (5(1) 5(3) 503 6(];0) = 8182 &)
and y = (41 oy 4 7 yf) = fifa- - fiy) are three
permutations in S, Sk and S, respectively, where n <
k<m Let (\f ={tl,ef,.... e} 1 <i<c(B)), (A =
{¢). g5 ....¢,} 1 <i<c@)} and {f] ={di.dj.....
de,-}|1 <i<c(y)} be three collection sets of
permutation sets for 8, § and y, respectively. Define

( 1 2 3 .. m )_
pQ) B2 P3) . pm)) =
Ae(p)s

m+k m+k+1 m+k+2

m+k+n
w5, M+k) wps,(m+k+1) wps, m+k+2) -

WB.s.y (m+k+n)

in Spikn by g5, (J)
B(), ifl<j<m
= dm+k+1-j)+k ifm<j<m+k
ym+k+n+1-j)+n ifm+k<j<m+k+n

Then, wps, = [ 7" 0; where [[(9"*"q; is a

composite of pairwise disjoint cycles {al}c(“"* ) More-
over, wg s, is called triple merge permutation (TMP)
in S xym for 8, 8 and y.

. _ (1234567 891011
Exampzle34 3.228.9 Let ,3_(352139462111048 7))
_ (1 567 _ (1 3
5=(323135%83) & y=(33313) be three

permutations in S, = S11, Sx = S9 and S, = Ss, respec-
tively. Since B =(13)(256)(49)(711)(810),8 =
(1524)(3986 7) and y = (1 4)(2)(3 5). Then, we
obtain thatX = {)JS = {{1,3},{2,5,6}, {4,9}, {7,11},
{8,10}}, Y {)\‘3}5 = {{1,2,4,5}, {3,6,7,8,9}}, and

= {Aiy}l: {{1 4} {2}, {3,5}}. Here, we note that
n < k < m and hence we can find (TMP) by [Definition
(9)] as following:

wg.5,,(J)
B, ifl=<j=<m
= Sm+k+1—j+m, ifm<j<m+k
ym+k+n+1—-j)+m+k, lfm+k<1<m+k+n

That means
B(j), ifl<j=<11
wps, () = {821 — ) +11, if11<j<20
y(26 — j)+20, if20<j<25
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Carbon (C)

Beryllium (Be)

Hydrogen (H)

!

!

KBe LBe

Fig. 2. Atomic shells for Carbon, Beryllium and Hydrogen.

(123456 7 8 9
@iy = \3 5196211 10 4

is (TMP) in Sys for B, 8 and y.

Example 3.23: The Carbon atom (C ), Beryllium atom
(Be) and Hydrogen atom (H), have 6, 4 and 1 electrons,
respectively. Therefore, there are two atomic shells C =
{Kc, Lc} and Be = {Kg., Lg.} exist around nucleus (C)
and (Be), respectively. Also, there is only one atomic shell
H = {Ky} around nucleus (H). See Fig. 2.

Hence KC = {el’ ez}y LC = {635 e49 657 66}, KB@ = {éla é2}9

Lpe = {€3, €4}, and My = {é,}.

Let 8=(12)(83456),§=(12)34)andy =(1)
be permutations in S, =Ss, Sx =S4 and S, =S,
respectively. Therefore, we have X = {Af i2=1 = {)Jf =
{1.2).25 = (3.45.6)}.Y = (A0}2, = (A} =(1.2}.4] =
{3,4,}} and Y ={\! =({1}}. Define a map fi:
C— Xby f1A)=1{i,j,...r},YA={e,ej,...,e} €C,
fz: Be — Yby fz(A) = {l, j, ey T}, VA = {éi, éj, ey ér}
€Be, and f3:H — W by fa2({é1}) ={{1}}. Then
fiKe)=2 =13 = fo(Kge). f1c) = Ay, fallige) = A3,
f3s(Ky) =A]. Define f:{C Be,H} - {X,Y,W} by

fi(A) if AeC,

f(A) = { f2(A) if AeBe,
£5(A) if AeH.

then we will consider that

Since n=1<k=4<m=6,

wg.s.y (j)
B(j). if l<j=<m
= S(m+k+1—j)+m ifm<j<m+k
y(m+k+n+1—j)+m+k if m+k<j<m+k+n

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
8 7 19 17 14 18 13 12 20 15 16 23 21 25 22 24

(123456 7 89
@iy = (351 96 2 11 10 4

That means we will consider that

B(j), if1<j=<6
wpsy(j) =1 8(11—j)+6, if 6<j=<10 .
y(12—j)+10, if j=11
Hence, wpsy, = (3732856107 s 11) is (TMP) in Sy
for B, § and y.

Definition 3.24: Assume that wg;, is (TMP)
in S, for B, § and y. For some T = A,*#ére
X =" =, ah, ., ALY < i < c(wps, )} and the
binary operation A on X, we say (X, A, A,“#4r ) is
a triple merge permutation BCK—algebra (TMP—
BCK — A) for 8, § and y if ;

(TMPBCK — 1) (2847 AX ;@257 YA(Ou 857 A5+ ))
AQun®7 AL ) = T,

(TMPBCK — 2) (W AGu@#or AXj@557 ) Adjopsr =T,

(TMPBCK — 3) A“#5r Ad@ssr =T,

(TMPBCK — 4) TA @7 =T,

(TMPBCK — 5) If 3“7 Axj*#s7 = T and A;*#47
A @psr =T, then A“psr = A3y VA28,
A8 Aoy € X

Example 3.35: Let 8,68, and y be three permutations
in Example 3.22. Hence

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
8 7 19 17 14 18 13 12 20 15 16 23 21 25 22 24
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Table 4. (X, A, 177" ) is a (TMP — BCK — A).

A )L;Jﬁy&y }\;)ﬂ-&l/ )\é)ﬂvg«}/ )Lz)ﬁy&y }L(;ﬂ-&l/ A‘Zﬂvﬁ«)/ )L;)B’é’y }‘;}ﬂ-&l/
w, w w w, w w w, w w
)»lﬁ'w A B8y }le,y )Llﬁv&y A B8y }Llﬂﬁw )»1“” A B8y }Llﬂﬁ,V
g5 Dp.5 5 g5 »p.5 ®p.5 g5 »p.5 ®p.5
)Lzﬂ-ovy )\zﬁvb-y )L{fﬁ«b-l/ )Llﬂ-tw )\lﬂ-bv A{’M-V )Llﬂ,bvy Alﬂ-b«y A{’M-V
w, w w w, w w w, w w
)"Sﬁvavy )Lzﬁ-&l/ )\2&5-7 )"lﬂv&y A By )\1&5-7 )"1/3-54/ )Llﬁ-és»V )\1/3@7
Ai‘:ﬂﬁ-? )\,Zjﬁy&y A‘;)ﬁ-&l/ )"(;ﬂﬁ-y A‘fﬁy&y }\‘({)ﬁ-&V A'(ll)ﬂv&y A‘fﬁy&y }\‘({)ﬂ-&V
@B.sy @8y @B.8.y @8y D8y @B.8.y @B.sy D8y @B.8.y
)L‘%ﬂdy kﬂM }L%MV )L‘%ﬂdy A“’MV }L%’NV )L‘%)ﬂdv k“’MV }L%’NV
Ag Ag Ay Ay Ay Ay AT AT A
w, [0] w w, w w w, w w
)"7/343# )L7/5-5»V )\2&5-7 )"2/345# A By )\Zﬁvﬁ-}/ )"2/3-54/ )Llﬁ-és»V )\1/343-1/
@8y ®Bsy ®p.8y @8y @8y @8y @8y ®B.sy @8y
Ag Ag Ay Ag Ag Ay Ag Ag A

is (TMP) in Sys for B, § and y. Also, wgs, = (1 3)
(256)(711)(810)(49)(1219151820161317)
(14)(21 23 25 24 22). Therefore, we have X =
{Af’“‘y}?:l = {/\i””‘y = {1,3)}, A’;’W = {2,5,6}, )\;‘,’f”ﬁ'y =
{7.11}, A, = {8,10}, A" = {49}, A" =
{12,19,15,18,20,16,13,17}, )L';)”'S‘V = {14}, Agﬁ’“
{21,23,25,24,22}} and T = A{"*". Define A: X x X —
X by Table 4.

Hence, (X, A, 17" )+ is a (TMP — BCK — A).

Definition 3.36: Assume that (X, A, AZ””” ) is a
(TMP — BCK — A). We say that X is triple merge per-
mutation bounded (TMPB) with unit A7, if A" €
X satisfies )\‘;"“Ax‘;’f‘w =1V ,\;?‘*-‘*‘V eX.

Example 3.37: From Example 3.35, we obtain that
(X, A, A{"* )is a (TMP — BCK — A) and (TMPB) with
unit rg"'" .

Proposition 3.38: Suppose that (X, A, A" ) is a
(TMP — BCK — A). If X is (TMPB) with unit A;"*",
then A2 A2,

Proof. Let (X, A, """ ) be (TMP — BCK — A) and
X be (TMPB) with unit A;**”. Then XJ‘.)”'*"VA AP =

AV )L;f)"'a'y € X. If A7 = A7, so for any k;’ﬂ'a'V £

A7 in X, we obtain A% A )f;""g'y =" [By

(TMPBCK — 4)]. But A% A A% = A" [Since X is
j t

(TMPB) with unit A;”*"] and hence k}”ﬁ'a'y = AP =

""" [By (TMPBCK — 5)], but A7"*" % """ and this

contradiction. Then A" # A7,

4, Conclusion

Several new extensions to BCK-algebras are
presented in this study, and their properties are
examined using non-classical sets, especially
permutation sets. There is a full explanation of
how to correlate the ideas presented here with
the chemical structure of the cadmium atom. The

atomic shells of the three chemical elements under
investigation (carbon, beryllium, and hydrogen)
provide the structure of the triple merge permutation.
The report suggests using non-classical sets, such
as intuitionistic sets and nano sets, to improve
the accuracy of ideas and results rather than
depending solely on permutation sets in future
studies. Additionally, the study intends to present
a novel method for investigating the connections
among other elements’ chemical structures while also
investigating novel mathematical ideas. The research
specifically aims to use this information to determine
how many electrons are in each electron shell, which
is an essential component for understanding and
talking about these elements’ characteristics.
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