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Abstract

The aim of this work is to give a simple desddptof a cyclic polytope and a new

approach for finding the coefficient of its Ehrhart polynomials using Pascal triangles.
Theorem for concluding that the roots of a cyclic polytopes are negative is also

given.
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1-Introduction
he coefficients of the Ehrhart
polynomials have been of
interest since Ehrhart first

began his study ofL,(t). Recent

researches were focused on the roots
of Ehrhart polynomial as well,
partially in an attempt for better
understanding of the coefficients of

L, (t). There have been a veriety of

results suggested that the roots of
Ehrhart polynomial have interesting

and unigue behaviors, such as the
following: The coefficients and roots

are very special [2], for example by B.

J. Braun[3]

Showed that the coefficients of their
Ehrhart polynomials behave nicely
with respect to the free summation
operation and J. Pfeile, M.Beck, J.De
Loera, M. Develin, and R. P.

Stanley[9], showed that the Ehrhart
polynomial L(t)of d-dimensional

lattice polytope is usually written in
the lower basis of the vector space of
polynomials of degree d, also some of
the coefficients in this representation
have a nice interpretations and all real
roots of Ehrhart polynomials of d-
dimensional lattice polytope lie in the

half-open interval[— d,|d/2]).

We gave a general formula for the
coefficients of Ehrhart polynomials of
a cyclic polytope with dimension two,
and a new form for a cyclic polytope
in three dimensional using Pascal
triangle is also given.

In this paper, some properties of
the cyclic polytope are presented,
theorems for computing Ehrhart
polynomials of a cyclic polytope
are also given. We showed that, in
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general, the roots of the cyclic
polytopes C, (n) are negative or have
negative real part.
2-The Cyclic Polytope
Definition 2.1: [4]

The moment curve inR%is
defined by m:R - R, where

t

t 2

m (t) = o R °.

td

Definition (2.2): [4]

The cyclic polytope  of
dimension d with n vertices is the
convex hull

C,(t,t,,...,t,) =con{m(t,), m(t,),....m(t, )}
of distinct points m(t;) where n>d,
with t,<t,<...<t, on the moment
curve, where (the convex mean the
convex hull).

Note: the cyclic polytope is
sometimes denoted K (n) , where n

is the number of vertices and d is the
dimension of the cyclic polytope
Definition (2.3): [10]

A cyclic polytopeC,(n)in R? is
said to be simple if there are exactly d
edges through each vertex, and it is
called simplicialif each facet contains
exactly d vertices.
3-Properties of a Cyclic Polytope
Theorem (3.1): [6]

For n>2 and &2,
polytope
C,(n) =con{m(t,),....m(t,)},
is a simplicial d-polytope.
Definition (3.1): [11]
Letf, (P) be the number of i-

the cyclic

faces of a d-polytope P, for
i=01...d-1. The face vector
associated with

a d-polytope is defined as
fP) =(f, ®).f,P)....f . ),

1492

where n=f,(P) is the number of

vertices of  d-polytope.
4-The Ehrhart polynomial of a
Cyclic Polytope

The Ehrhart polynomial of a cyclic
polytope count the number of lattice
points in a dilation of a cyclic
polytope by positive integetr is equal
to its volume plus the number of
lattice points in its lower envelope,

[2].
The following theorem appears in
[8] without proof. F.Ahmed in [1]

prove this theorem
Theorem (4.1): [8]

For any integral cyclic polytope
C4(T) whereT ={t,,t,,...,t } for
t. =12,...,n,andi =1,...,n.
LG(T).t") =volt G,(T))+LCy,(T).1)...4D
Where vol mean the volume of the
cyclic polytope
Hence,
L(Cy(T),t) = 3 Vol (£C, (T) = 3" vol , (C, (T)t*,

Where vol, (t'C, (T))is the volume
of t'C (T)in k-dimensional space,
and vol,(t'C,(T)) =1

Theorem (4.2): [8]
For any integral set T with

n=[T|=d+1which mean that
C, (n) is simplex, then

vol (t'C,(T)) = tcTT

* o I<i<j

(t, = t)..(42)

From the above theorems we get the
following theorem.
Theorem (4.3): [1]

For any cyclic polytope
C,(T)whereT ={t,,t,,....t } for
t.=12,...,n,
andi =1,...,n. we get the following:

(i) If C4(T) is not simplex, one can
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decomposed it into simplices, then
using equation (4.2) to compute its
volume.
(i) In one dimensional space the
volume of cyclic polytope

(t'C,(T))in the
interval[t,,t,] is equal tot, —t,.

5- The coefficients and roots of the
Ehrhart Polynomial of the cyclic
Polytope

In this section a theorem that
proves all roots of the Ehrhart
polynomials of the cyclic polytope are
negative is given.The results are
obtained using Matlab software v.6.5
(5-1) Formulation of the method
In this method we find a general
formula that computes the coefficients
of Ehrhart polynomial of the cyclic
polytope in two and three dimensions
with n vertices using Pascal triangle
[5].
Comparisons between the coefficients
which are obtained by [1] and those
obtained by Pascal triangle are the
same.
The Ehrhart polynomial of a cyclic
polytope of dimension two with n
vertices is

L(C,(T,t") = ivolk (C (Tt~

k=0

= vol, (C,(T)t* +
vol, (C,(T)t" +voly(C,(T))

where vol,(C,(T))are represented
by the second row of the Pascal
triangle, vol,(C,(T)) are the zero row
of the Pascal triangle and
vol,(C,(T)) are the constant row of
the Pascal triangle which is equal to
the number one shown in the
figure(5.1), [5].

We get the same results that obtained
using the method in reference [1]
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For example

L(C, 123),t") =t?+2t" +1.

L(C, (1,234),t") =4t +3t" +1.

L(C, (12345),t") =10t +4t" +1.
L(C, (1,23456),t") =20t +5t" +1.
L(C, (123456,7),t") =357 +6t +1.
L(C, (123456,78),t")=56t7+7t +1.
L(C, (123456,789),t")=84t7>+8t" +1.
In a similar way the results are
obtained for d=3

The Ehrhart polynomial of the cyclic

polytope of dimension three with n
vertices is

L(C,(T),t") = Zslvolk(ck 1,234t .

= vol,(Cy(T)t™ +
vol, (C,(T)Ht* +

vol, (C, (Tt +vol, (C,(T))
where thevol,(C,(T)) are computed

by the above theorems. There are nice
relations between coefficients of
Ehrhart polynomials of the cyclic
polytope for n=4, 5, 6, 7, 8 such that
2=2

16 = 2*4
70 = 2x5x%x7
224 = 2°x7

588 = 22x3x7?

Forvol,(C,(T))are representations
by the second row of Pascal triangle,
vol,(C,(T))are the zero row of the

Pascal triangle andvol,(C,(T)) are

the constant row of the Pascal triangle
which is equal to the number one see
[figure(5.1)]

We get the same results that obtained
using the method in reference [1]
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for example
L(C, (1234),t") =2t +4t> +3t +1.

L(C, (12345),t") =16t +10t” +4t" +Lr +r, +...+r
L(C, (1L23456),t") =70t +20t™ +5t" +1.
L(C, (1L23456,7),t") =224t +35t +6t +1.
L(C, (1,23456,78),t")=588"+56t>+7t +1.

Theorem (5.2):

The roots of a cyclic polytope of
dimension d with n-vertices are
negative.

Proof:
The Ehrhart polynomial of cyclic
polytope are given by, [8]

L(C4(T),t)) = Zd:VOI(t*Ck (M) = Zd:VOIk (C. (Mt

where vol, (t'C, (T))is the volume

of t'C, (T)in k-dimensional space.
The Ehrhart polynomial of cyclic

polytope is a polynomial int of

degree d.Now consider

p(t) =a,t’ +a, " +.  +at +a,......(521)

wherep(t") is a polynomial of degree

d and a,,a,4,..,.,,84, are the
constant coefficients of the
polynomialp(t) .

we can rewrite Equation (5.2.1) in its
factored form, as shown in Equation
(5.2.2)

p(t)=a,(t - ) T (522)

L -r,)...¢ -,

Wherer,, 1, ..., 1, are the roots of the
polynomial p(t")

If a polynomial p(t") of degree d has

repeated roots r,,r,...,r,with
respective multiplicities
K. K,....Kg (kK +k, +..k, =d) the

n the Equation (5.2.3) is true.

pt) =a,t —-r)t -r)e...€ -r)<....(523
The following relation between the
roots of algebraic equation (taking into
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account their multiplicities) and its
coefficients hold true, [7]:

:iri :_""d%j
i=
er = Tyl

I<i<]j

L +nr+. 4=

(A A Y N Y Z = "y
I<i<j<k

Now for d=2 then

p(t)=at?+at +a,.......... (5.2.1)

p(1) =3, (1% +%, 1 +%7)
We can write the equation (5.2.1) as
fhe equation (5.2.2)

p(t) =a,(t" -r,)
(' =1)en(522)
=t? = (+r)t +rr,

To ensure that the coefficients are all
positive (they are the volume of the
cyclic polytope) the roots must all be
negative. By the properties of the

polynomial p(t') of degree d, and

from the above profness we get
contradiction, then the roots of the

Ehrhart polynomial for a cyclic
polytopes are all negative.
For d=3

p(t)=at +at”+at +ay.......... (5.21)
P(1) =&t +7, 7 + %t +74)

We can write the equation (5.2.1) as
the equation (5.2.2)

p(t*) = as(t* - a1)

-t 1) (5222)

=t° - (rp+r, + rs)t*z +(rr, e+ rzrs)t* — L0
The coefficients obtained are negative
which is contradiction because these
coefficients are the volume of the

cyclic polytope.



Eng. & Tech. Journal, Vol.29, No.8, 2011

A new approach for finding the coefficients
and roots of the Ehrhart polynomial of
a cyclic polytope with some properties

References
[1] F.Ahmed, On the volume of a

polytope in R", M. Sc. University
of Technology, (2008).

[2] M. Beck, J. A. DE. Loera, M.
Develin, J. Peifle and R. P.
Stanley, Cofficients and roots of
Ehrhart polynomials, conference on
integer poimts in polyhedra (13-17)
July in Snowbird, (2003), 1-24.

[3] B. J.Braun, Ehrhart theory for
lattice polytopes, ph. D, washington
University,
www.ms.uky.edu/~braun/Braun
Dissertation.pdf(2007).

[4] S. Columbano, Enumerative and
algebraic combinatorics of polytopes

II: the upper bound theorem,

www.math.ethz.ch/~feichtne/ATDM
/columbano.pdf(2004), 1-8.

[5] J.Crank, H.G.Matrin and
D.M.Melluish, Afirst cours in
combintaorial mathematics,
clarendon press.oxford, (1974).

[6] U. C. Davis, Cyclic polytopes,

www.math.ucdavis.edu/~awoo/MAT1
14/cyclic.pdf (2004), 1-4.

[7] A. G. Kurosh, Lectures on general
algebra, chelsea publ; New York,
(1975).

[8] F. Liu, Ehrhart polynomial of
cyclic  polytopes, Journal of
Combinatorial Theory, Series A111,
(2005), 111-127.

[9] J. Pfeile, M.Beck, J.De Loera, M.
Develin, and R. P. Stanley, Basis
expansions and roots of Ehrhart
polynomials, oberwolfach Repoorts,
vol.1, No.3, (2004), 2095-2097.

[10] E. Swartz, From polytopes to
enumeration,

www.math.cornell.edu/~ebs/math455.

pdf, (2003), 1-39.

1495

[11] G.M. Ziegler, Projected products
of polygons, Electronic Research
Announcements of the American
Mathematical Society, 10,
(2004),122 - 134.



ficients

g
hart polynomial of

a cyclic polytope with some properties

and roots of the Ehr

o
Q
o
Q

<

-
=

5
c

=
S
=]

L

S
o
o
S
g
c
<

Figure (5.1) Pascal triangles.



