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Abstract
For semigroups of linear bounded operators on Hilbert spaces, the problem of

being in Cp, 0 <P < is more interesting than of begin compact , so we

developed some new results of a composite semigroups, T(t), 0 <t <00  which
defined on a Banach space of linear bounded operators on Hilbert space to bein

the Schatten class Cp in strong operator topology.
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1. Introduction The infinitesimal generator &  of
Let L(H) be a Banach space, a T(t) a strong operator topology

one-parameter  family{T(t)}z0 [ defined as the limit:

L(L((H)), tO[0,e0) of bounded linear A% =T — Lt {'—“' =DPAT,

operators defined by: o 4
TOX = TL(OXTHt) , for any Where D.(F.-.) O L(H) is the domain

XOL(H) and t 0[0,00). of £ defined asfollows:

1)

with generator 4 is called composite |

semi group if: D(A) =+ XeL(H): T—

(i) TOX = IX, (I the identity |
operator of L(H) ).

(T + 99X = TEOT(HX= - {?Cr.’-}:.!:—'-.'k
T(s)T(t)X, for every t, s= 0. HMtelo

Where  Ty(1),To(t) ae two

semigroups defined from H into H where {L(H), 1} stands for L(H)
for A; andA, generaters equipped with the strong operator
respectively, [1]. topology 1, i.e., topology induced by

family of seminorms p = {pn} o,
where siminorms py(X) = |[Xh|l, X
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O L(H). T(t) O L(L(H)) is a strong-

operator and continuous at the

origin, i.e.,

T-limlI(T(®)X)h = (T(O)X)h[ls = 0, h
ti0

OH, X OL(H).

Remarks(1.1):

& The different between the usual
strongly continuous semigroups
and the composite semigroups
(1) follows from the fact that in
general for X [L(H), the
function [0,00) L] t > T()X
O L(H) is continuous in {L(H),
1}, and which cannot be
continuous in {L(H), ||.|} unless
the  semigroups  {T4(t)} w0,
{T2(t)} 0 O L(H) are uniformly
continuous. However, this takes
place case only if their
generators A;, A, are bounded
operators on H.

b- The generator A is densey
defined only in {L(H), 1} and
does not in {L(H), |.I}. This
implies that the closure of D(A)
inL(H) isonly a proper set and
not the whole L (H).

The problem of being in Cp ismore

interesting than of begin compact.
Thisis due to the fact that for a C,-

semigroup T(t)DCp, 0< t <00,

{||T(t)||,0<tSa} is a bounded in

H for every finite a But
ifT(t)DCp,O<t<oo . then
||T(t)||p need not to be bounded in
any interval (0,a) for any finite a

For the basic theory of semigroups
werefer to Pazy [5].

For 1S p<oo, set:

1464

Cp = {T OL(H):sup Y (Ten.fo) < oo}
n=1

Where the supremum is taken over
al orthonormal bases (€n) and

(fn) of H. For TO Cp, one defines

[Tl =sup(X[(Te, ,fn>‘p)%’.This
defines a norm on Cp_ With this

norm, Cp is a two sided Banach

ideal in L(H). For more on Cp we
refer to KhaliL and Deeb[3].

Lemma(1.2),[3]:
Let T,(HO Cp
sup,, ||Tn||p <o jf Tn— T(N - )
in the
T (HOC,

2. Main results:
The following results of compsite
semigroups of Schatten Class

C

such that

operator norm, then

p have been presented as follows:
Lemma (2.1):

Let T(t)X= Ty()XT(t), t
20 bea C,- composite semigroup
in {L(H), t}. If for some {5>0,
Tt 0C, and To(t) OC,, for all t

>t .Further there exists

|\/|1,|\/|2D[0,00) and
Wq, W, [1(0,00)  such that
TCel,

< [T (O], MM e 2T, (1))
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Proof:
For the semigroup property, we
have ']I'(t) = Tl(tO) Tl(t'to) . Tg(t-

ty) Ta(ty) fort, t, 20

Since CIO is a two sided ideal
and Ty(t) DCp, it follows that
'ﬂ"(t)eﬂ.‘p. Further Banach ideal

property of Cpgiveﬁ (o) .11,

Tt Tu(to) - To(tto) To(to) Hp
<
TolJ T - Tkl [ By

<[l MM T NI
Thus

T (e -1,
o), MmO I,

for
fort 20.

Theorem (2.1):

Let Tn(0),Ton(®0C such
that suanTLn(t)H<oo, for
Supy HTZ,n (t)H <
and  sup, [T, ()] <e0df Tul®X

and

T (OXT, 0 (1) - T ()XT,(1)
in {L(H), T as N -  then
T (DXTL(H)oC,.

1465

Proof:

SinceTy o (1), Ton (0 Cp, exch
one of T ,(t),T,,(t) is compact
,see[2]. Hence

T, (OX=
-E.n(t)XI-Zn(t) :kzio_rk(tﬁk DfrkkaZQk(t)ek Dfrk
= =
,for t=20
where

0 p o p
210 (O] <Ay <00, X [8y ()] <A;<o0
k=1 =)

, 120
for dl n, (€,) and (f,) ae

orthonormal sequences for each n.
Since

[Tn®-To(®)] 0| Ton(®-To(t)) -0
,as N — 00 it followsthat
T, T5 (t) are compact.

Lt Ti0= 3 oy (e Oy
k=1
To0= Y. 8 (e Oy

k=1
Using Theorem 1.20[6], we get

O (1) — 0y (1)
O () = O () as N — oofor
al k.

and

Since

r p r . p . r o]
Z‘Gk(t)‘ :Z“”}]‘Grk(t)‘ =lim, Z‘Grk‘ <N
k=1 k=1 k=1
,fort=0,

Also, we obtain

P B
Zr 15, ()] <A, is true for every
k=1
r it follows that,

1T, =
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© pl p L
(X |o@®] )P (X [8] )P <A,
k=1 k=1
,fort=0.
Hence

T(t)X= Ty ()XT(t) O Cp :

Definition (2.2):
Let T(t)Z= T.()ZT,(t), t 20
be a CO- composite semigroup

in{L(H), 1}. Wesay T(t) isof
typePif :

(i) T(t)DCp foralt=0.
(i) There exists an [J>0 and

o > 0 such that
T ()], <A forall

t(0,€) .

Let T(t)X=Ty(t)XT,(t),t 20 bea
C,- composite semigroup of

operators with generator A=A, .+.
As.

Let A 1P (A) such that the real
part Re(A) > Wy + W, where

1T < MM W12t
We define a family of operators
{ Rt()\,ﬁlj}, where

R; (A, A)X :Te‘“ T(t)X ds.
t

=°joe’AST1(s)XT2 (s)ds:
t

Wesay { R; (A, A)}isof typepif
(i) R: (A, A)DCp for all t
>0and ALIP(4&) such

that
Re(A) > Wq +W,.

(i)  Thereexistsan [3>0 such

that INR{(A,
A) ”p <B  for al
t0(0,00)and ALIp(A)

Re(A) >a>w; +W,,
where ais positive constant.
Now we prove the following results.

Theorem (2.2):

Let T(t)Z=T4(t)ZTx(t),t =20 be
a CO- composite semigroup of
operators in {L(H), Tt} with
generator A=A; .+. A, .Then the
following are equivalent

() Ta(®isof typep.
(i) { R, (A, A)}is of type p and T(t)
isuniformly continuous on

(0, ).

Proof:
(i) - (ii),wehave
R (A, A)X

=Te_AST1(s)XT2 (s)ds
0

= lim [ €Ty (9)XT,(9)ds
t-0%

:T'llm Rt()\, A) .
t-0
where the above limit is uniform
limit.
Now,

R; (A, A)X

=Te_AST1(s)XT2 (s)ds
t
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TO[ [T (s-OXTy(s-t)ds | T,(t)
t

since Ty (t) e Cy , it followsthat
R; (A, A)O CIO .

Furthermore,

AR A ||

N, (0| €T (s—OXTy(s— Tyt
t

p

A0

Since
[T2O 4y <Mi", 50
AR,
A
1
<[], WE”X"L(H)

¢ 10(0,8),5<€ wega
”)\ Rt()\’A) ||p SB-

Conversely , (ii) - (')

Since Tl(t) , T2 (t) are uniformly
continuous , it follows that

Ri(A, A - R(A, A) =

[ e 5T, (5).T,(S)ds convergent
0

uniformly,ast - O. By the
assumption,

1467

| Re(, A) ||p <B. it follows
that from convergence theorem in
Cp. 71, tha R(A, &) UG,
Also

PR o, o l,
s!iT)||ARt(A, A) ”p <B
(It 0(0,3)

Further it follows from [4] that
AR\, A) Ty(t) - Ty(t) a

A - o uniformly,
And

AR (A,

A)Tl('[)“p = B”Tl(t)“ from the
semigroup property,[4],

Since ||T1(t) “ < Mlewlt' 0 &8
t[J(0,0), we obtain

||T1(t) || <n, for  some
N > 0.Thus
AR, A) Ty(t) is uniformly
bounded in Cp .

AR,

WTL(0], <BIT (0] <Bn.

Consequently,[7] , Tl(t) N Cp

for all tL(O,€].
from the semigroup property that

Tl(t) N Cp for all t>0. Further;
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[T <

Tl(t)”p <

o [T 0]
SB” , for tD(O,S].

Remark(2.3)-

() T(HUC, and TL(1)UC,
then T() OC,
t[J(0, )

(ii) There exts a Co- semigroup of
operatorsT () such that T(V) [] Cp
fordl tL(0,) pye T,

< 00

AIim AR(A, A)

AIim AR(A, A)

for dl p and

as 1 - 0 as the following
example.

Example(2.4)-

Let A1 and Az are a positive
compact operators which are not of
finite ranks and ||A1||||A2|| <1 So

A1: Z)\nen Den'AZ :ZUnen Den

n=1 n=1
for some O<A,,0,<1 and
decreasing, and (e,) is some
orthonormal basis .Define a one
parameter family of composite

operators asfollows:
TOX = Ta(O)XT(t)_

(leaen O en)X<zloLen Oe,)
n= n=

It is easily seen that T2(D) .T2(D) are
Co- semigroups of operators on H,
see[4].

1468

Choose()\n)’ (Gn) Dmp>0€p,

where gpis the space of p-
summable sequences. Then

Ta®).To) UCp for all pand all t
and also from Remark(2.3)(i),

have that T() L1 Cp.
Now,

[Tl = A0 P (0], =(S o)

we

Further

[T, <[, R0, <TGl for - t>s

The Convergence
Theorem that

L@, - e and
[T2(®)], - ©as t-0

Since

1T, < ], T2, . we

have that
lim
t-0
< .
T, < mnn(t)llplsz(t)llp

Thus

lim IT(t)]], £ o andthis

t-0

completes the proof.

Theorem(2.3):

Let T(t)Z= T,(t)ZT,(t),t 20 be a
C,- composite semigroup  of
operatorsin

{L(H), 1} with generator A then the
following are equivalent =A; .+. A,
1t W(0,00) such thar T()

< gWitwa)t
(i)
) U Cp for t[1(0,) and if

Monotone
implies
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It
= HTl(%)Hp HTz (%)Hp =VY1Y2
for N2 Ng, for some Ngand
some Yy,Yo > 0.
i) R\, AOC, and [AR(A,
< Y1Y2
P (wy +wp) =A|
for some Yq,Yo >0, and all
A>0.

Pr oof:
() — (il), set
R,(A,A)

A |

X= [ €T (9XT,(9)ds
1

n

T }:e‘“Tl(s—%mz(s—%)os ITOs

n
Since (i) is satisfied , we have that

Tl(%)' T, (%) [C, and from

theorem(2.2) that R,(A, A)
DCp,andaIsoimpIi&sthat

| Ra@,

A)X”p:

el

Ie‘“ﬁ(s—%)ﬂ(s—%)%ﬂ@(—mp

n

< y1y2 |(W1 + W2) _)\| . for

N > Ng forlarge valueof N .
But

R,(A, Ax — R(A, A)x
foral X OL(H),asn— o0,

Consequently, lemma(1.2), implies
tha R(A, A) DCp, and

” R()\’A) ||p

1
< YiYo ,for
|(wy +w5) A
A > (W +Ws).
(ii) — (i) by expansion formulation
of any semigroup, see[4] we have
that

T(H)X=
0 ngNn

im ey A Unra,

Ao n=o n!

n
A) X for (Wy +Wy) > A
where W1, W5, isasgiveninthe
assumption. Then

I,
00 ngNn
<lime™y A mpa,
n=0 N!

)
Ol

But
|| R ()\, A)

IR, &) ||p

M;M,
oy = |
LALCHD ™A = (wy +wy)

Since

()\‘(V‘i""’\é)>0:")"(v‘i+\’\éj >0=Hng ) >C

Thus

|| R (}\, A)
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MlMZ
o S -
LD T8 = (wy +wy)|
Hence
(ol
(o) n
<lim (){& ) \ﬁYE

Ao (v +Wib) —Nn_l‘(\’\&"’wz) N

A Tea
<lime’ vmapn' 2
| +wp)-N)| g
I| ylyz‘ A K faK=l
(wHwp)—N)
Consequently T(£) U C,,
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