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Abstract

In this paper the local existence and uniqueness of the mild solution to some operator
semi-linear initial value control problem were studied and developed by using the
theory of perturbation, composite, admissibility and "Banach contraction principle”, in
arbitrary Hilbert space H via perturbation composite semigroup approach.
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1. Introduction

he theory of one parameter
semigroup of linear operator on
Banach spaces started in the first half

of this century, acquired its core in 1948
with the Hill-Yoside generation theorem,
and attained its first apex with the 1957
edition of semigroup and functional analysis
by E. Hille and R. S. Phillips, in 1970's and

1980's.The theory reached a certain state of 2007[6]

perfection, which is well represented in the
monograph by [2], [4], [9] and others.
Bahuguna.D in 1997 [1], had studied the
local existence without uniqueness of the
mild solution to the semi linear initial value

problem:

%X+Ax(t) =f(t,x(t)) + } h(t —s)g(s, x(s))ds,* 1)
s=0

x0)=x

where A is the infinitesimal generator of a

Co-semigroup defined fromD(A} X into

X and f and g are a nonlinear continuous ap

define from [0,r)*X into X and h is the
real valued continuous function defined
from [O,r) into R where R is the real
number.

Pavel in 1999[5] studied the unigqueness
of the miled solution to the semi linear
initial value problem given by (1).

Radhi A.Zboon and Manaf A.Salah in
studied the local existence and
uniqueness of the mild solution and also
studied the controllability to the semilinear
intial value problem:

ok t
q +AQ) (e X(Q) + [ ht-9)geXE)ds Buf)dt
s0
(2)
X0=%
where A is the infinitesimal generator of a

Co-semigroup defined from D(A} X into
X and f and g are a nonlinear continuous

map define from [0,r*X into X and h is
the real valued continuous function defined
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from [O,r) into R where R is the real number
and B is a bounded linear operator definded
from U into X. Where U is a Banach space
and u(.)be arbitrary control function is given

in | Pqo,n:uy » @ Banach space of control
functions with
Ju|l, = ke for0< t<r.

Our work is concerned the following semi
linear initial value perturbed control
problems with unbounded control operators
by using perturbation compaosite semigroup ,
As one can see this in the main problem
formulation with improving some
necessary and sufficient conditions of
solvability as well as its admissibility.

2. Some mathematical concepts

The following definitions are adapted in

this work.

Definition(2.1) :

Let L(H) be a Banach space, a one-
parameter family

(0}eo O L(L((H)), tO[0,»0) of bounded
linear operators defined by:

() = SOZSAY) , (3)
for generator A , for any Z1L(H) and t
([0,0) is called composite perturbation
semigroup, where 8),S(t) are two
perturbation semigroups defined from H
into H for (AitAA;) and(A + AAy)
respectively.

The infinitesimal generator A of (t)
of problem formulation on a uniform
operator topology defined as the limé&:

. E(t)zh—2Z
ARYZ = T-].l]f'llt‘m f 0 D(& +

AA), where D& + AA) O L(H) is the
domain of AAA defined as follows: D(A +
AA) {ZDL(H): T- exist in

{L(H), T} }.where {L(H),T} stands for L(H)

equipped with the strong operator topology
T, i.e., topology induced by family of
seminormsp = {pn}non, Where siminorms
Pn(Z) = lIZhh, 2O L(H).

Lemma(2.3),[7]:

Consider
formulation

the problem
= S(t)ZS,(t), t = 0 be

1498

a composite perturbation semigroup defined
on L(L(H)); Si(t) and $(t) are, perturbation
semigroups defined on L(H) then

a- The family { ()} O L(H), t= 0 is a
semigroup, i.e.,

1. (0)z=2z,0Z0L(H)

2.5(t + s)Z= S(1)(S(s)z)= S(s)(S(t)z
for ZO L(H), and t, 41 [0, ).
b-lIS®lley

tm o) HMINAG|) (HytMARA| (1)
M1M2e ’

fort O[O, ).

c- (t) O L(L(H)) is a strong-operator and

continuous at the origin, i.e.,

T-lim I(S(t)Z2)h- (S(0)2)hly =0, hO H, Z
t10

O L(H).

Lemma(2.4),[7]:

The operator A +AA of problem
formulation is infinitesimal generator for
(t) defined on its domain D(A+AA)

satisfying the following properties:

<

(@) D(A + AA) is strong-operator dense in
L(H).

(b) A + AA is uniform-operator closed on
L(H).

(c) ForzOL(H):

't[(S(I’)Z) dr O D(A + AA), and (A +
0
AR) (e wz-z
(d) For zO D(A) ,S(t)Z0 D(A + AA), the
function [0g) Lt > (H)ZOL(H)

is continuously differentiable in {L(H)}
and

%(S(t)z) = (A + DA) (S()2)= SO(A +

AA)Z)
(d) For z0O D(A + AA) and hO D(A;
+ AAY) (A + AA)2))h = (A, +
AA)Zh + Z(A; + AA)D
Definition (2.5):

Let U be a Hilbert space amxB [J
L(U, Hg), then BO L(U, H.y) is said to
be admissible perturbed control operator
for { S(t)}wo for the problem if for
somet > 0 and any ul L]0, ], U),
we have thafpu [0 H,, and
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t a family of seminorm R ={ph}mm,
cpfuzj. Sy(t-r)(B +AB)u(r) dr (4) where B.h(Z)=||RQ;(A+AA))Zh||,for Z
0 0 Ho, and H with the strong operator
Remarks (2.6): topology t- induced by pis denoted by
If B is admissible perturbed control {Ho, T.}. Itis clear that:
operator, then for any > 0, ¢ defined | Z]L.= IR &; (A+ AA)Z|bpean =
above is a bounded linear operator from 0
L%([0, =], U) to Hy (this follows from the SU|OP* h(Z), for ZO Hy and A O
closed graph theorem). In the other hand: || h}
2
|l ulh,= k ”Uﬁ([o,oo),u)’ U u 0L, P(A+AA) (H, does not depend o).
%), U). (5) 2. (A+ A A)Zh = AZh + A AZh = (AZh +
Theorem (2.7), [7]: ZAh) + (BAZh + ZAAGh)= (Ar +

AA)Zh + Z(A + AAY)N Jfor any ZO

Ho and h(J H, is infinitesimal generator
of a G composite perturbation
semigroup {S(t)ko and with domain

Let { S(t)}o be a family of a &
composite perturbation semigroup generated
by unbounded linear operator A AA

satisfies: D(A + A A) = D(A) O Ho.
l\lﬂsg\ﬂold(L(H>) = 3. Ay, A; are linear unbounded operators on
172 H generating ¢ semigroup {%(t)}so O
e((W1+W2)+M IAA M 2B A ) t, for Ho and {Tx(t)} w0 O Ho, respectively.
MiMz21,  ww;20 and A A, 4. A, + AA; with domain D(A + AA,) =
AAZDL(H).Then the resolvent segb(A + D(A) O H and A + AA, with the
AA) contains the ray (ww, +Mq||AA,|| + domain D(A + AA,) = D(A;) O H are
M2l[AA,||, 0)such that the resolvent operator linear perturbation unbounded linear
of A+AA is estimated as: operator on H generating C
[IRA:A + AA)|| < perturbation semigroups {&)}wo 0 Ho
MM, and {S(t)} o O Ho, respectively.
ReA —[ (wy+ Wy )+ My [IAA [+ My IR Ay I 5. et H, is the set of all equivalence
for Re> classes of norm bounded Cauchy
(Wy+ W)+ M|[AA ][ 1y + M2 [|A A, || (nysequences in {K 1%} and an element of
The following necessary conditions (1-12) H_, is denoted byZ = [{Z.}], where
are required to prove the following theorem [{Z.}] denotes the equivalence class
of problem formulationZ(t) =(A+ containing {Z}.on. We define a family
t of seminorm p, = {p-1h}non, where
AA)Z(1) + f(t, Z(1)) +I h(t - s)g(s, Z(s)) p.h(Z) = pa([{Z)] = lim p-h(z),
0 . e
ds + ((B +AB)u)(t),t >0 (6) for Z =[{Z}] O H. and a norm |L{]
Z2(0)=2,. as follows:
The local existence and uniqueness of a ~
mild solution to the semilinear initial value WZI=_ p, @z~ supp* h(,)=
perturbed unbounded control problem nzo  IINIl nzo DL
(problem formulation) will be developed by hOH hOH

assuming the following assumptions:
1. Let Hy=L(H) is a Banach space with the

norm || Z [, = IR & (A+AA)Zl
for Z O Hy andA O p(A+AA);we define

1499
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sup lim [IRG;A+AA) hi_(H_1

hzo N—®
hOH

Zn

YUII_H = ©- liM [RQGA+AA)Z L =
n-oo

[[RAA+AA)Z|ly,  for
{Z .} OHo, whre Z1 H_;.
6. Let O be an open subset of [OxHy for
0 < r < o, where H is densely and
continuously embedded in a Banach

space H;.

7.For every (t, Z2)00 O, there exists a
neighborhood GO O of (t, 2); the
nonlinear maps f, g: [0, ¥Ho 0 — H_;
satisfy the locally Lipschitize condition:

It 2)= (s, Z)lI_, < LollZ~ Zillpy,,.
llgtt, 2) - o(s, Ally_, =< Lz -
lelHO, L,>0, Ls>0 for all (t, Z) and
(s, %) OG.

For t > 0, ||f(t, v)||_|_1

AOp(A+AA)  and

<

By, la(t,
v)|||_|_1 < B, for 0O<t<t and for every
v U Ho.
9.Fort' >0, || RA; AA) (S+A_(t=1)
ZOlHO |< &, 0<t<t" andd'<o.
10. h is a continuous function which at least
h O Ll(O, r: [ ), wherelJ is the real
r
numbers, such thd, = J‘O‘h(sjds.

11.u(.) be an arbitrary the control function is

defined in L. ([0, @): U)with the

norm:
”u”leoc([o,oo);u) =
tllZ”“”Lz([O,oo):U) < tllzkl for O

<t <r As frechet space of the control
functions with U as a Hilbert space and
B is a perturbed unbounded control
linear operator (admissible) [see
definition(2.5)] such that BAB [ L(U,
H-).

1500

12.Let § > Osuch that;t= min{t', t’, r},
satisfies the condition:

i<
1 A,
(W +WH) + M| AA ||y +Mo[|AA, [l

where:
Ay =(log(k, 1%k, +A).A ,(3-8)

suchthat
_ MM L,+d B+ B )
YW HWO) +M[[AA [l +MIAA Iy

o RO W+ V) MIAA Ty + Vo I8 Ay
© MlMZ

and

The condition of ;tis necessary for
local solution of (6) and to ensure equation
(15) satisfied and then , contraction
principle will be guaranteed and hence the
local solvability is then ensured. Also the
mild solution of equation (6) have been
adapted as follows:

Definition (3.1):

A continuous function Zis said to
be a mild solution to the semilinear initial
value problem If it satisfies the following:

t
SL(t)Zet j Sa(t-s)[(B +
0

t
AB))(s)+(s, Z(S))*j h(s - 1).9(s, Zuf))
0

Z4(t)

¢t ds O uD L% (0, ©): U) and ZIL(H).
(7)

We proved the following lemma as a
necessary result for main theorem.

Lemma (3.2):

Consider te problem formulation
with assumption(1-12),let _§t) be a
continuous extension of the perturbation
composite semigroup S(t) on-Hand R};
A + AA) is the resolvent operator of the

infinitesimal generator A +AA of a
perturbation composite semigroup S(&,0
such that: Re > (W, + W, +

M. || AA “_'0 + M||AA, ||y, where
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W, W, =2 0, M, M, = 1 and bounded
operatord\A;, AA , [1H 4. Then:

18401l _, <
MiM,
et((Wl"'WZ)"'M]“AA]“I—b +1B Azl }fo

rMy, Mo=>1, W, W>=>0
and bounded operatofg\;, AA, [ H.
Proof:

Let Z O H.;. From condition(6),k5lis dense
in H_1, so there exists a sequencel{Z] Hy

such that 20 - zLJH _4.

By using remark(2.6), we get:

I Sally_y = Il im - SOZ|1,, -

n- oo

From lemma(2.3)(b),we have that:

It [im - s Z||

n—-oo

IN

MM,
Sl OWWo M IAAY +1B gl )

- |im Zn“HO ’

n—-oo

where M, M, =1, W;, W, = 0. Now
- [im- szl

n— oo
MM,

(Wl M ALl IR Azlly )
IH_y

Hence:

I -Oly_,

MM,

et((W1+W2)+'V| 18A [y +IB A2l )

IN

11Z|
., ™

Our interest will focus on the linear
control operator B, it is called unbounded if
it is a bounded operator from U to some

1501

larger Banach spac¢{_;, such thatH,

OH_4; but not from U tdH 5.

The work of [3,6, 8] which induce the
usual generator and input control operator
which is bounded linear operator on certain
Banach spaces while the following theorem
generalized to induce semi-linear
dynamical control system with perturbed
generator and unbounded perturbed control
input on a certain Hilbert space.

Theorem (3.3):

Assume that hypothesis of problem
formulation (1-12) are hold, then for every
Zo O Hy, there exists a fixed numbgr 6 <
t; <r, such that the initial value perturbation
control problem has a wunique local
continuous strong solution,2C((0, t]:Hy),

for every control function u(Dleoc ((o,
0):U).

Pr oof:

Without losing of generality, we may
suppose that r <eo, because we are
concerned here with the local existence
only.For a fixed point (0,g in the open
subset O of [0, WHo, we choose & > 0
such that the neighborhood G of the point
(0, 2) is defined as follows:

G={(t,2) DO:0st<t, ||IZ-Zolly_, <
8 00,

since O is an open subset of [(xHf) .Set Y
= C([0, t]: H-1), then Y is a Banach space
with the supremum norm:

sup [IRXA
OStStl

Ivlk = sup llyOll4_, =
Ost<tyy

+ AA)y(t)||HO.Let S be the nonempty

subset of Y, defined as follows:

Si = {ZJ0Y: Zy0) =Zo, 1Z()-Zollyy_, =
IRAA + AA)Zu(1)-Zo)lly < 8 O< t<ta}.
(8)

To prove the closedness of & a subset of
Y,
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Let ZB 0 S, such thatzﬂ O Iﬁ:'—’ Z, as

n 0 - oo,we must prove that Z S, where
(P.C) stands for point wise convergence.

Since zo 08, then we havezE(O) = 7,
and:

[IRAA + AA)( ZU(O) - ZO)”HO <9, 0<t<
;.

SinceZE Otf. Z., hence 20
Y, where (u.c) stands for the uniform

convergence, and also sinZeun Off.

Z., then |ZG - ZJ|l O = 0 and therefore:

sup IRQA + BAY(Z] (1) = Zu(®)ll,
OStStl
O0-0asnd - y

which implies that: |[|RGA + AA)(ZE t) -
Zu(t))|||_|0 O0-0asn - o,

for every O< t< t;, i.e., and:- lIM RQ\;A

n-o
+DA) Z])(1) = RAGA + DA)Z,(t), D 0< t<
t, (9)
hence:

- [im RAA + AA)Z0(0) = RAA +

n_ oo
AA)Z(0) (by (10)) .

since ZE 0 s and ZB(O) = Z, for any
nOl , that vyields: - lim RMA +

n—oo
DAY ZD(0) = R(GA + AA)Z, = RQVGA +
AA)Z0) .
Hence 24 = Z(0) Now:
IRQ;A+AANZu(O)-Zo)ll, =IIRA;A+AA)T.
- lim Z{o-2Zdly, = ©- lim [RecA +

n-oo n— oo

DAY (Z)®) - Zg)ll<t- lim 5.

n—-oo

1502

Thus Z(t) O S, .Since Z(t) arbitrary
element in § hence S$is a closed subset of
Y.

Now, define a map FS, O - Y,
t
given by: (FZ)() = S10Zo + [ Salt -
0
t
s)(B +AB)u(s) ds +I [S-1(t =s) f(s, Z(s))
0
t
+ _[ h(t-1)g(t, Z(1)) dt] ds , for arbitrary
0
u(.) O L%.([0, »): U).To show that §S,)
0 S ,let Z, be an arbitrary element in, 8nd
let Rz, O F(Sy), to prove that &Z, OIS, for
an arbitrary element Zin S.From (8),
notice that EZ, 1Y (by the definition of the
map k) and (EZ,)(0) = Z, (by (10)). Notice
also that

t

20O - Zlly_, = Il (02 - Z+ |
0
t

St - S)B +AB)U(S) ds + [ Saft -

0
t

s)If(s, Z(s)) +J. h(t - Do, Z()) d

0
dslly_, = IRDA + BAYS.(0Z0 - Zo +
t t
j Syt - s) (B +ABu(s)dsH  Sy(t-
0 0

t

S)[f(s,Z(S))+f h(t-Dg(t,.Z(t)dtds)lly,
0
(11)
By adding and subtracting the
following terms
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t t
[ sut-9)fs, 2) ds + [ sy -
0 0

j ds, we

”(Fuzu)(t) - ZOHH—l = ”RQ\, A +
t

DAYSA(0Z0 — Zo + | Salt-s) (B +
0

t
s)( [ ns -voa. z) o
0
obtain:

t

AB)u(s) ds + j' Sat - S)[f(s, Z(s) +
0

t t

I h(t— 1) g(t.Z,(t)) dlds + j' S.(t -s)

0 0
t

J

0

t
(s, Z) ds- | Sa(t-s) (s, 2) ds +
0

t
Syt —s)[ j h(s -0)g(, Zo) dt st—
0

t
_[ Saut - s)

t
[ | hs-1 ga 2)
s=0

0
dr j ds)ly, = Il RAA + AA)(SA(D)Zo -

+  IRGA -+ DA

2o)llH,
t
(If sut-9) (B +aBuE)y_, ds +

0
t

j Il Sa(t = S)liy,, I1f(s, Z(8)) - f(s, Z)|| ds
0

t
+ [ sl [ In(s-
0

DI 96, Zo) -9t Z(Oll_, dt

1503

t
+| ||sl(t—s)||H_1[ s,
0

t
2y + [ G- Dlllgt, Zoll_,

0
dt j ds).

From condition (9), we get:

”(FuZU)(t) - ZO||H_1S 6'+ 6X+

Where:
5 = MM, ,
* RN = (W Wo )+ My [IAA, [y + My (A A |}y )

and

SL(t-

s)(B+AB)u(s)||H_1dS+I MM
0
(t=S) (WL Wo )+ My|A Aqll M2fR Al

llis.2(s) - Tf(s.2)ll_, ds

t
+[ M,
0

gl (Wi +W2)+MJ|AA M 2IIAA2|I)+[

t
[ ol gt zm) - o6 Zdig_

0
drt de‘i‘J‘ MM,
0

et (W1 +W2)+MyJAA |+ M 2IIAA2II)( ¢

t
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t
sZl+ | I - ol llge, ZIl & j

0
ds )
From conditions (20),(11) and
remark(2.6),we have that:
IRZ)®O = Zlly_, < O+ 0, , where

MM,

MM A @tl((Wl"'WZ)*'M :I“AA]“"'MZ“AAZH)
(VV1"'W2)"‘M1||AA1||+M2||AA2||

MM {, q Ptl((V\i+\/\/2)+MﬂMﬂ+MdlﬁAzll)
(W +W5) +M|| DA [+ M, |IAA, ||

HMMB),

with:

0=

Kt 20U 24 0y *
t
[ mam,
0
e(t=S) (WL W2 )+ MR Aqll M2l Azl
ollZ(s) - Zdll_, ds
t
+I MM,

0
el (Wi +W2)+MJIAAJF MalR A2l K
t

LilIZ() Zolly ds +
t

I MM,

0

(ES) (W + Wo )+ MallA Aq i Ml Aall)

(B, + htl B,) ds) .Hence:

Re\- (WW)FMIIA&IL@“V&IA%IQ

IRZ) Zily_, < O+
O, ,
where:
5X_ MlMZ

ReA= (W+ W)+ MIIAA [k + M B A Iy

(15K ko +(

1504

)

= et ((W1+W2)+M fJAA g+ M ol A A 5lf)

B, +h, B,
(Wi + W) + MDA, +M ,[0A A|HO

IRZ00 - Zily,s O+

6x *Where:

5, = MM, ,
ReA = (W+ W)+ M [IAA [l + M IR A Ly )

MM 2(81t1L1+a_ otB 1+h &B J
(Wy+W5) + M| AA [l + M [AA Iy
With
5y — a1 ((W1+W2)+M {|AA {HM JR A A|)
By using condition (12i),we get ||(&)(t) —

ZO”_H_]_S 6, fOI’OStStl .

So one can selegt* 0, such that:

)3,

t;=min

{t.t"r, 1 3,3},
(W +Wo) + My||AA; [l + M lIAA ||y,

where

Oy =(-

log(

K, t11’2k1+ MM L,+d (+B+h B )

1

(W +W5) + My || AA ||y +Mo[IAA, [l
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t

and

5 - ReA = (W + Wo )+ My [[AA [l + Mz B A [l
y "~ MM,

(0-0).

Thus, we have that,FS, 0 - S,

Now, we need to show that, 5 a
strict contraction on Sthis will ensure the
existence of a unique mild solution to the
semilinear initial value perturbation control

problem. Letzu, Zu 0 s, then:

IEZ)O - FZYOl _, =
t
0
t

AB)u(s) ds +_[ Sy (t- 5){1‘(3,21)) +
0

R(AA

+ AA)[S(t)Z0 + Sat - s). (B +

t _
[ ns-vaa Z,) dr} ds— Sy (t)Z -
0
t t
j L, (t - s)(BHB)u(s) ds - j Syt -
0 0
t
s)[f(s, Zu)+j h(s -
0
T).g(r,zu)dr} ds j
Ho
Hence: _
IRZYO - RZYOI
t
Ho = R()\;A+AA)[ j Sl(t—s)|:f(s,
0

_ _ t
Z,) +| he-neaZy) dr} ds- |
0 0

1505

Sat-s) s, Zy) +.[ his-1) gt.Zy)
i 0
dr | ds
_ HO
<[ IRAA+2A)IIS: - 9IS,
0

_ _ t
Z,) 15, Zy)lip_, ds+[ IIRAA+

0
t

[ sl 11gt. Z,)

AA) 11 S (t—S)II[
0

—g(r,zu)nH_1 dr} ds

From theorem (2.7) and lemma
we h_ave that:

IRZy)® -

(FuZy)OllH_, <

j MM,

o RA— (W WHMIRA [+ M IMA [
(MM ﬁ(t-S)((V\i’fV\é)* MalAAql Mol Ao

(3.2),

lIits, Zy) = (s, Zy)llyy_y ds

MlMZ

o ReA=(W+WW)+M DA L + M I A, Iy

MM

elt=S) (WL + W2 )+ MylA Al Mol Aall)
t

{ [ Ihs-ol1ige.2,) -
0

ot Z)lyy_, } ds_(12)

—_—

From(12),we get

IRZ)O - FZ)ON _y

<
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‘I MZM 2,
OReA_(W1+W2)+M1 ”AA1 HO tM, |43A2 r”,

e(t=s)(Wi+ W+ Ma|A A M2lR Azl
0-

1Z4(8)- Zy©)ll g ds

+

MZM 2,

E[Re/‘_(vvl"'wz)"'Ml HAAl HO +M 2 mAz rlL

e(t=s)(\WA+ W+ Ma|A Aqlt- M2lR Azl

hy, L1||Eu(r)— Zu(r)uHO ds,

IN

NEMZ,
ReA— (W+ VY MIBA [l + M B Al )

Loetl((W1+W2)+M 1AA M JAA )
(
W+ W, + M |[AA [+ M, [[AA,]|

1Zy©~ Zy©lipg *
hy, Ly 1((W1+W2)+M1IIAAJI|+MjlﬂAjl)

W1+W2+M1||AA1||+M2||AA2||
|Zu(T) ZU(T)”HO)

<

) M%M 2,

ReA = (W +Wo)+ My [IAA [k + Mo [A Ay [l )
MM, L

gl (Wi +W2)+M{IAA H+ M A A )

sup 1Z,(8r Zy®ly,
OStStl
+

MM 1 , L ga((WerWo) M ABA M AP A )
1
W+ W+ M| AA,[[+M A A,
sup 1Zy(®-Z,®llp,)

Ost<ty
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IN

MEM?Z,
Re\— (W+ W) MIAA [y + M DA I

Loetl((W1+W2)+M 1AA JHM IR A

W + W, + M [|AA [+ M, |[AA, ||
el (Wi+W2)+M {|AA JH M R A J)

~

1Zy - Zylh +

e, Ly (War W) M A g zuAAzn)

w +W2+M1||AA1||+M2||AA2||
Zu— Zylh)-

From (13), we have

(13)

IGZYO - RZYOl4_,
<C,.CylIZy - Zylh. (14)

where:

C,=
2012
M°M%

RA - (W+ W)+ MIBA [k + M IR ALy )

UMWY AIBALMIBAID | 1y 1)
W +W, + M [|AA|[+ M, [[AA, ||

C, =

From (17), we have:

IR Z,)(0) FZ,)O
1

D, D, lIZy, - Zyllv where

D. =

Hoq =

2312
MM~

Reh = (W + Wo )+ My [IAA [l + My |8 A [}y
(BLo+ahy Ly) and
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il (Wi+W2)+M IAA {[+ M AR AA])

W+ W, + M [|AA [+ M, [JAA, ||

IRZ)® = (FZ)ON 1_,

1 = —
< S E,. Ey. E,IZ,- Z,llv

,where (15)
E, =

MZM 2,
ReA = (W + W5 )+ My [IAA [l + M IR Ay [y, )

E,

1/2
(ke t K
(0hy Ly +3Lg+B1+hBy) )
(W1+W2)+M1||AA1|||-b +MylIAA;

and
E,-
el (W1 +W3)+M {IAA {+ M AR Al

By using condition (12i), (13), implies to
(R Zy)(®)-

!
(RZ)Olly_, < 3 Ex (kyt t %k, +

Ey) Ez EW ”Zu_zu”Y
where:

E

X =
M2M?2,
ReA = (W +Wo )+ My [IAA [}y + Mo [A A Ly )

E

y
(Ohy, Ly +8Ly+B;+hB)) ),

(W, +Wo) + Myl AA, [l + Mo [IAA, [l

E, :(kt1t11/2k1+

MM o(3h L, +3L o+B +h B )
(Wy+ Wo) + M [[AA|[hy * M [IAA, Iy,

)t
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and

E, =

ReA = (W + Wo )+ M [IAA [y, + Mz R Ay [l
MM,

(6- 5’) .Hence:
IRZ)O - (RZ)O1 y_, < (1-%)”2,

- Z,li - (16)

Taking the supremum over [0y tof both
sides to (16), we get:

sup IR Z)O - FZYOIl 1_, < @-

O<t< tl

0 = =

E)HZu = Zyl-

We obtain: ||(EEU)('£) - (Fuzu)(t)llv <
5 = =

1- )N, -2

( 5 )| ullv

Hence from condition (9) tha@<d then
F, is a strict contraction map from Bito §,
and therefore by Banach contraction
principle, there exists a unique fixed point
Z,of Fuin §, i.e., there is a unique,Z1 S,
such that (Z, =

The fixed point satisfies the integral

equation: Z(t) = S4(t)Z, + } S, (t-s) {f(s,
0
u(s)) +f h(s-1) g@Z(1) dT} ds +} S,
0 0
(t-s)
(B +AB)u(s) ds, for & t<t;andO u(.)O
L2 ([0, @): U) .
Conclusions
1-

he necessary and sufficient conditions
for the unbounded control operator of
to be admissible can be showed as
follows:
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he unbounded control operator is
admissible that need to be defined from
control space into the extension space
H_; where the extension spaces defined
as the set of all equivalence classes of
norm bounded Cauchy sequences in
{Ho, -} and an element of H is

denoted byZ = [{Z.}], where [{Z.}]
denotes the equivalence class

containing {Z} 7 -

he unbounded control operator is
admissible if and only if the adjoint of

the unbounded control operator is
admissible in a Hilbert space or
reflexive Banach space.One can
conclude that, on using the definitions
of step (a), the adjoint of some linear
operator L* for L is defined to a

bounded operator if the linear operator
L is bounded defined on some domain
or L* has a densely defined domain so
that L* is extended to be bounded. This
fact is very important in this approach.

2-

he solvability of perturbed semilinear
problem with unbounded input can be
studied for many solutions like mild
solution, strong solution and week solution
in the extension space H
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