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Abstract 
The influence of trailing edge flap angle on the aeroelastic behavior of a vibrating 

wing-flap configuration is investigated in this work. For this purpose an aeroelastic 
numerical model with fully coupled structure-fluid interaction is developed. The flow 
and structural solvers are coupled via successive iterations within each physical time 
step. The aerodynamic model is based on a hybrid unsteady panel method which is still 
a good approach to calculate the unsteady loads. While the nonlinear plate equation 
solved by an assumed mode method is used to represent the structure wing model. The 
results for a vibrating rectangular wing-flap configuration in low subsonic attached 
flow are presented, including the effect of flap angle on the unsteady pressure 
coefficient, time history of lifting coefficient and aeroelastic behavior of the wing. 
These results clearly show the effect of strong structure-fluid interaction and illustrate 
the utility of the present model which may be used in the preliminary stage of the wing 
design.  
 Keywords: Aeroelastic, Assumed modes method, Structure-fluid interaction. 

تأثير زاوية الق�ب على سلوك المرونة الھوائية لجناح وق�ب باستخدام نموذج مزدوج 
تام للتداخل بين الھيكل والمائع

الخ�صة
تناول البحث الحالي اختبار تأثير زاوية الق�ب الخلفي على سلوك المرون�ة الھوائي�ة لجن�اح ط�ائرة       
تداخل مزدوج لمائع مع الھيكل إذ تم تبادل المعلوم�ات ب�ين تم بناء نموذج عددي يعتمد على مبدأ . مھتز 

ت�م اس�تخدام طري�ق ا5ش�رطة غي�ر . حلول الجريان غير المستقر والھيكل أثناء كل خطوة زمني�ة فيزيائي�ة
المس��تقرة لحس��اب ا5حم��ال ا7يروديناميكي��ة والت��ي 7زال��ت تعتب��ر طريق��ة جي��دة لحس��اب ا5حم��ال غي��ر 

النت��ائج . خدام معادل��ة الص��فائح ال�خطي��ة كنم��وذج رياض��ي لھيك��ل الجن��اح ف��ي ح��ين ت��م اس��ت. المس��تقرة 
المستحصلة من ھذا البحث لجناح مستطيل الشكل مع ق�ب  تمت بأخذ ت�أثير زاوي�ة الق��ب عل�ى معام�ل 

أظھ�رت النت�ائج . الضغط غير الثبوتي والتصرف الزمني لمعامل الرفع و سلوك المرونة الھوائية للجناح
للت��داخل ب��ين حرك��ة الم��ائع و ا7نحراف��ات الحاص��لة والت��ي يمك��ن ا7س��تفادة منھ��ا ف��ي مراح��ل ت��أثير ق��وي 

.التصميم ا5ولية لAجنحة
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Nomenclature 
a = semi span of the 

wing 
m v = velocity 

component in y-
direction 

m/s 

b = chord of the wing m 
∞V  = air velocity m/s 

CL = lift coefficient - VFR = induced velocity 
due to unsteady 
motion of wing 

m/s 

CP = pressure coefficient - w = plate 
displacement in z-
direction 

m 

E = modules of 
elasticity 

Pa α  = angle of attack rad 

h = plate thickness m 
effα  = effective angle of 

attack 
rad 

kij = stiffness element N/m Γ  = circulation m2/s 
L = length of panel m γ  = vorticity strength m/s 
m = mass per unit area kg/m2 

xyγ  = shear strain - 
mij = mass element kg ∆P  = pressure 

difference 
Pa 

→
n  

= normal unit vector - ∆t  = time step sec. 

Qi = generalized force N δ  = node 
displacement 

m 

qi = generalized 
coordinate 

m 
xε  = normal strain in 

x-direction 
- 

∞q  = dynamic pressure Pa 

yε  = normal strain in 
y-direction 

- 

s = distance along the 
panel 

m υ  = Poisson's ratio - 

u = velocity component 
in x-direction 

m/s φ  = velocity potential m2/s 

us = deformation of mid 
surface in x-direction 

m 
iψ  = coordinate 

function 
- 

vs = deformation of mid 
surface in y-direction 

m    

 
1-Introduction 

he development of aeroelastic 
numerical models for utilization 
in the preliminary design stage 

of wing structures has become very 
important and received special attention 
in recent years .To study aeroelasticity 
phenomena numerically, the fluid 

(aerodynamics) and structure (wing) 
mathematical models must be taken into 
account .The fluid and structure 
governing equations are coupled by 
exchanging the aerodynamic forces and 
structure displacement between them.  

T
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This exchanging must be achieved 
simultaneously during the motion 
process. 
        Many models of aerodynamics and 
structure are suggested by researchers. 
The typical airfoil rigid section and the 
unsteady lift force model that developed 
by Theodorsen [1] is used to predict the 
flutter speed and study the dynamic 
responses of the wing by many 
researchers. The beam theory is used so 
many to describe the wing structure 
[2,3]. Rakesh,et al. [4], and Gordnier 
and Visbal [5] analyzed a wing by 
assuming that it behaves as a plate. 
Rakesh, et al. [4] state that this 
assumption is very reasonable as long as 
the wing has a small thickness to chord 
ratio. 
        The aerodynamic loads can be 
evaluated in several ways. For low 
subsonic inviscid incompressible flow, 
the potential-based method such as the 
panel [6]or vortex lattice one can be 
used [7,8].For high supersonic and 
hypersonic flows, the piston theory 
aerodynamic may be used [9].The 
aerodynamic analysis by solving the full 
Navier-Stokes equations with 
(CFD)tools is powerful approach and 
not limited by certain conditions [10], 
However, the using of three 
dimensional Navier-Stokes 
aerodynamic models with fully coupled 
is very hard task when compared with 
other approaches due to the perplexing 
physical phenomena and the large 
amount of computation work. Gordnier 
and Visbal [5] used unsteady 
compressible three-dimensional Euler 
equation to model the aerodynamics 
coupled with a nonlinear finite element 
plate model (delta wing).The primary 
vortical flow features of interest for the 

sharp-edged delta wing were simulated. 
Benini, et al. [7] used vortex lattice 
method to predict the unsteady 
aerodynamic loads, the aeroelastic 
responses of the wing model were found 
for different airspeeds. Cattarius [8] 
solved the aeroelastic equation of 
motion iteratively in time domain. The 
two-entity numerical code comprised of 
ABAQUS/Standard and the unsteady-
vortex-lattice method was used. Chen 
and Zha [10] presented a numerical 
methodology coupling Navier-Stokes 
equations and plate as structural model 
(solved by finite element solver) for 
predicting 3-D transonic wing. The 
pressure coefficients on the ONERA 
M6 wing surface at different cross 
sections were calculated. Abu-Tabikh 
[11] determined the unsteady 
aerodynamic load on rectangular wing 
undergoes assumed harmonic motion in 
pitch and heaving direction. The vortex 
panel method was used without 
structural modeling.    
         In the present work, the interest is 
focused on the effect of control surface 
angle, namely, the trailing edge flap 
angle on the aeroelastic behavior of a 
vibrating rectangular wing-flap 
configuration in low subsonic attached 
flow. The flow and structural solvers 
are fully coupled via successive 
iterations within each physical time 
step. A hybrid panel-discrete vortex 
unsteady method combined with the 
numerical lifting line method is used to 
describe the aerodynamic model. While 
the nonlinear plate equation solved by 
an assumed mode method is used to 
represent the structure wing model. 
2-The Aerodynamic Model  
        An unsteady panel–discrete vortex 
method using MATLAB computer 
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program is devised to estimate the 
unsteady aerodynamic forces acting on 
vibrating wing-flap configuration, 
figure (1). In this approach the airfoil 
section surface is divided into a number 
of panels. Each panel has vorticity 
strength ( )(siγ ) which change linearly 

along panel as given in the following 
equation: 

)()( 1 jj
j

j
jj L

s
s γγγγ −+= +       ….(1) 

      The wing has unsteady motion (eg. 
heaving motion), wake vortices will be 
created behind the wing as shown in 
figure (1); therefore; the velocity 
components at each mid point of panel 
are  
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                                                   ….(2) 
      In heaving motion the induced 
velocity 0=ixFRV  and FRiyV  may be 

approximated by [11] 

t
V imim

FRiy ∆
−

= −1δδ
                ….(3)         

where  iδ  is the displacement of each 

mid point of panel at each time step 
comes from vibrated plate (wing). 
         By using the flow tangency 
condition (4) , Kutta condition Eq(5) 
and condition of constant circulation 
around airfoil Eq (6) 

0. =
→→
nV                                      ….(4)    

011 == +Nγγ                               ….(5)  
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0                     ….(6)                                                                           

where  

∑
=

++=Γ
N

J
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1
1 ])()[( γγ              

….(7)                                                   
This leads to the set of linear algebraic 
equations with unknowns  jγ  and kΓ .       

      These equations are solved by using 
Gauss elimination with partial pivoting 
technique to find iγ  and kΓ  [11]. 

Then the unsteady pressure coefficient 
can be obtained from the unsteady 
Bernoulli's equation [11] 

i
mmi

i tVV
Cp )(

2
1 1

22

2

∆
−

−−= −

∞∞

φφγ
                           

….(8)                                              
At time tm equation (8) can be used to 
calculate the pressure coefficient around 
the section, after integration CL values 
may be obtained at that instantaneous 
time. Equation (8) has been reused at 
each step time interval to obtain the 
time history of CL. 
  To extend the 2-D aerodynamics 
solution to 3-D, the effective angle of 
attack at each section along the span 
must be taken into consideration. The 
numerical solution for the lifting line 
theory developed by Anderson, et al 
[12] is used to determine the angle at 
each section. Then the unsteady 
effective angle may be calculated from 
Eq (9) [6] 

ityflow veloc

elocityheaving  v
tioneachatattackofangleeff

1tansec     −+=α

 
                                                     ….(9)           
        In this analysis the semi span wing 
is divided into 20 sections and each 
section is divided into 140 panels. 
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3-Structural Model of a 3D Wing  
       The behavior of wing structure 
during vibration can be treated by using 
one of the following wing geometry; 
beam[2,3], walled thin beam[17], and 
plate[4,5,7,10]. At the present the wing 
is treated as rectangular flat plate [18]. 
The governing structural equation that 
represents the wing is nonlinear plate 
equation. The source of the nonlinearity 
comes from assuming large plate 
deflections [5].In this assumption the 
total strains in the layer of the plate 
parallel to and at distance z from the 
middle surface can be written as 
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The su and sv  are uncoupled with w  

,this leads to delete the su and sv  from 

the plate equations [13]. 
The strain energy of plate is 
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where 
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Substituting Eqs (12) into Eq  (11) and 
integrating to z ,yield 
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The plate kinetic energy is 

dxdywmT
A

2.

2

1
∫∫=              ….(14)      

              
        The assumed –mode method is 
used in the derivation of the equations 
of motion for the plate. This method 
depends on assuming suitable solution 
to the displacements of the problem. In 
plate problem the displacements are 
assumed to be of the form 

)(),(.........)(),(

)(),()(),(),,(

33

2211
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iiψψ
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                                          ….(15)      
where )(tqi  generalized coordinates, 

and )()(),( yYxXyx nmi =ψ  are the 

admissible beam functions. Xm(x) satisfy 
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clamped-free boundary conditions and 
Yn(y) free-free conditions, which are 
defined as follows [14]: 
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where nβ  are the roots of    

1coscosh =nn ββ  

In this analysis, the displacements are 
assumed as 

)(),()(),(),,( 2211 tqyxtqyxtyxw ψψ +=
                                              --- 18 
where  

212111 ),(     ,),( YXyxYXyx == ψψ  
Substituting Eqs(18) into Eqs  (13&14) 
and applying Lagrange's equation the 

following two differential equations of 
plate motion are obtained 
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                                                  ….(19) 
where 

dxdyYXtyxpQ
A
∫∫= 111 ),,(  

dxdyYXtyxpQ
A
∫∫= 212 ),,(      ….(20)   

The constants 
JIHGFEEDCBAkm ijij ,,,,,,,,,,,  

are defined in the Appendix (A). 
4-Fully Coupled Fluid-Structural    
   Interaction Procedure 
        Structural systems are very often 
subjected to transient excitation. A 
transient excitation is a highly dynamic 
time-dependent force exerted on 
structure. The solution starts by 
assuming that the wing is disturb by 
initial displacement[18], it is common 
simulation may be used to simulate the 
start of vibration due to external source 
such gust wind or air-trap. The nodes on 
the plate are displaced by means of the 
initial generalized coordinates. Then 
Eqs (19) are solved using Runge-Kutta 
method to obtain generalized 
coordinates.  
        The wing in the aerodynamics 
model is divided into 140 panels and 20 
sections in semi span. The upper and 
lower nodes in aerodynamics model 
take their deflections from corresponded 
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node in structural model (plate). 
Implementation of Eq (18) the 
displacement of plate at each node and 
at each section is determined. These 
displacements are fed to aerodynamics 
model (panel method). Solving the 
panel method gives pressure difference 
at each node and at each time step (one 
iteration). Finally these pressure 
differences are fed to structural model 
(plate) Eq (19) as a part of the 
generalized forces 21,QQ .To use these 
pressure differences to find generalized 
forces 21,QQ ( Eq(20)),the pressure 
differences  must be found as a 
mathematical function of the 
independent variable  x &  y  of  nodes 
plate at each time step. This can be 
achieved by using curve fitting between 
pressure differences and x,y  coordinates 
of nodes at each time step. The form of 
the fitting equation is 

y x Px P y Pxy  Px Py  Px  P  P∆P(x,y)   2
8

3
7

2
65

2
4321 +++++++=

            
 x PPPyxP x P y PxyP 5
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3
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22
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3

12
4

11
3

10
2

9 xy  yx   +++++++
         

5
20

4
19

32
18

23
17

4
16 y P yx P yx P yx Py x P +++++

                                             … (21) 
where Pi are constants and calculated at 
each iteration. The procedure is 
illustrated in the flow chart given in Fig 
(2) 
The choice of the value of time step 

)( t∆ is very important to avoid 
instability of the solution problem .So in 
this work the time step )( t∆ is 0.0005 
second as taken by the work of Chen 
and Zha [10]. The dimensions and 
material properties of the plate that are 
used in this paper are shown in table (1) 
 
 

5-Results and Discussion 
        The present model is applied to a 
vibrating wing-flap configuration. The 
wing is rectangular of NACA 0012 
section with 0.18chord plain flap .The 
wing is subjected to low subsonic flow 
of 30 m/sec. The geometric angle of 
attack is 3 deg. (i.e. attached flow 
regime).  
         To validate the structure model 
used in the present study, the natural 
frequencies of the plate wing are 
calculated by using the assumed mode 
method and compared with Gorman 
results [15] and Liang, et al [16]. This 
was done for linear system with first 
five natural frequencies as shown in 
table (2). The present method gives an 
adequate prediction of the natural 
frequencies compared with published 
results. 
        The effect of flap angle on the 
surface pressure distribution near the 
root and at tip is shown in figure 
(3).The general trend of the pressure 
curves at different times is typical for 
attached flow case. A suction peak is 
indicated on the upper surface at the 
wing-flap joint. This suction peak is 
increased with flap angle. It can be seen 
that the large variation in pressure 
distribution with time is occurred at the 
wing tip, where as stable distribution of 
pressure is indicated near the wing root. 
         Figure (4), illustrates the effect of 
flap angle on the lift distribution along 
the semi-span at different times. The 
average value of lift is increased with 
increasing of the flap angle. The values 
of lift coefficient fluctuated from 
positive to negative during the 
oscillatory motion of the wing. 
However, as the flap angle is increased, 
favorable behavior of lift coefficient is 
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observed (almost all values of CL have 
positive sing during the oscillatory 
motion). This behavior is very clear at 
wing tip due to high amplitude of 
oscillation. 
         Figure (5) shows the time 
dependent behavior of lift coefficient CL 
at different flap angles. With increasing 
the flap angles, a circulatory loading is 
generated on the wing due to unsteady 
motion. This load will be build up 
quickly and tends asymptotically to a 
mean value .This behavior is clear at 
sections near the wing root where the 
effective angle of attack at sections near 
the root is larger than that near the tip 
[12] .  
         The pressure differences (P∆ ) on 
the wing surface at different flap angles 
and  times are shown in figure (6) .The 
peak in the pressure differences at wing 
flap joint is proportional with the 
increasing of flap angle.  
         The effect of amplitude of 
oscillation is pronounced on the 
aeroelasticity responses of the wing as 
shown in figure (7).It is obvious from 
figure (7), the flap angle has a great 
effect on the response and mode of 
vibration for the wing .Also it shows 
that as the flap angle increases at each 
specific time step, the system tends to 
vibrates in higher mode of vibration. 
This behavior in turn affects the 
aerodynamic pressure differences 
distribution and other aerodynamic 
properties on the wing surface. 
        Figure (8) shows a typical time 
history of the deflection at three nodes 
(leading, middle and trialing) and at 
different sections along the semi span of 
the wing for deg3=gα , zero degree 

flap angle and eight degree flap angle. 
The effect of the flap angle on the nodes 

deflection is very clear. The deflection 
of the nodes at different sections 
increase with increasing in flap angle 
.Also the variation of the deflection 
with respect to time is increasing and 
that explain why the fluctuation in lift 
coefficient in figure (5) varies with 
increasing of flap angle. The reason is, 
the fluctuation in lift coefficient 
depends on the induced velocity due to 
unsteady motion of wing. The induced 
velocity depends on variation of the 
deflection during time step 
(∆t=0.0005sec) Eq (3). Another result 
can be deduced from Figure (8), the 
wing deflections can be viewed as a 
mean deflection with a fluctuation peak 
to peak about the mean value with time.  
          Figure (9) shows the lift 
coefficient as a function of generalized 
coordinates q1 and q2. Hysteresis is 
clearly evident. The hysteresis loops are 
traversed in anticlockwise direction. A 
qualitative comparison between the 
present results and the results of Abu-
Tabikh [11] is made. Acceptable 
agreement is obtained, since in Abu-
Tabikh work [11] the unsteady motion 
of the wing was a result of an assumed 
harmonic function independent on the 
aeroelastic response (i.e. uncoupled 
solution). While in the present work the 
unsteady motion of the wing is 
generated from the aeroelastic response 
(i.e. coupled solution).  
6-Conclusions 
         The influence of flap angle on 
aerodynamic coefficients and 
aeroelastic response of a vibrating 
rectangular wing-flap configuration is 
investigated in this work. For this 
purpose an aeroelastic numerical model 
with fully coupled fluid –structure 
interaction has been developed. The 
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principal conclusions may be 
summarized as follows: 
- A peak in the pressure difference is 
indicated on the wing surface at the 
wing-flap joint. This peak is 
proportional with the increasing of flap 
angle. 
- The flap angle has considerable effect 
on the time dependent behavior of lift 
coefficient. The variation of lift 
coefficient from positive to negative 
during the oscillatory motion is very 
clear at wing tip where the lift exhibits 
more of fluctuations. Favorable 
behavior of lift coefficient is observed 
when the flap angle is increased. 
- The effect of flap angle is pronounced 
on the aeroelasticty behavior of the 
wing. This may change the aerodynamic 
coefficients of the wing. The fluctuation 
in lift coefficient depends on variation 
of the deflection of each node. 
- The hysteresis loops of unsteady lift 
coefficient clearly show the effect of 
strong structure-fluid interaction and the 
resulting aeroelastic response of the 
vibrating wing. 
- The results presented in this work 
illustrate the utility of the present 
model, which may be used in the 
preliminary stage of wing design or may 
be used as a part of more sophisticated 
studies like neural controller on flutter 
by using wing control surfaces. 
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The constants of the plate equations 

dAmm
A

jiij ∫= ψψ  

))(1(2 12

2

1

2

1
ijij

q p
ijpqij abak −−+=∑∑

= =

υ                       

[13] 

 
)1(12

     
)1(12 21

2

21

2

2

3

2

2

2

2

2

3

dA
xxxx

Eh
bdA

xx

Eh
a j

A

i
ij

q

j

A p

i
ijpq ∂∂

∂
∂∂

∂
−

=
∂

∂
∂
∂

−
= ∫∫∫∫

ψψ
υ

ψψ
υ

dAhhhh
E

A
A

yxyxyx∫ −+++
−

= ))1(22(
12

1 2
1

2
1

2
1

2
1

4
1

4
12

ψψυψψυψψ
υ

 

∫ +++++
−

=
A

yxyxxyyxxyxx hhh
E

B ....)33(33(
12

1 2
1

2
2

2
12121

2
12

3
12

3
12

ψψψψψψψψυψψψψ
υ

                      

dAh yxyxxyyx ))33()1( 2
1

2
2

2
12121

2
1 ψψψψψψψψυ ++−

 

...)4(33(
12

1 2
1

2
21212

2
2

2
1

2

2

2
1

2
2

2
12 ∫ +++++

−
=

A
yxyyxxyxyyxx hhh

E
C ψψψψψψψψυψψψψ

υ
                          
                     

dAh yxyyxxyx ))4()1( 2
1

2
21212

2
2

2
1 ψψψψψψψψυ ++−

dAhv

hhh
E

D

yyx

yyxxy
A

xx

))1(

(
12

1

21
2

2

21
2

2
3

21
3

212

ψψψ

ψψψυψψψψ
υ

−

++
−

= ∫

dAhvh
E

EE yxxyxx
A

))1((
12

1
2212212

ψψψψψψυ
υ

−+
−

= ∫

...\

(
12

1 2
12121

2
12

3
12

3
12

++++
−

= ∫ yxxyyxyyxx
A

hhhh
E

F ψψψψψψυψψψψ
υ

                       

dAhv yxxyyx ))()1( 2
12121

2
1 ψψψψψψ +−

 



Eng. & Tech. Journal, Vol. 29, No.7, 2011                    Influence of Flap Angle on the Aeroelastic   
            Behavior of Wing-Flap Configuration Using Fully   

                                                                                           Coupled Structure-Fluid Interaction Model 
 

1300 
 

...)4(2

.33(
12

1

2
1

2
21212

2
2

2
1

2
2

2
1

2
2

2
12

+++

++
−

= ∫

yxyyxx

yxyyxx
A

h

hhh
E

G

ψψψψψψυ

ψψυψψψψ
υ

             
                     

dAh yxyyxxyx ))4()1( 2
1

2
21212

2
2

2
1 ψψψψψψψψυ ++−

dAhhhh
E

H yyxyyxxyxx
A

))1(3333(
12

1
21

2
221

2
2

3
21

3
212

ψψψυψψψυψψψψ
υ

−+++
−

= ∫

dAhhhh
E

I yxyx
A

))1(22(
12

1 2
2

2
2

4
2

4
22

ψψυυψψ
υ

−+++
−

= ∫

dAhh
E

J yxxyxx
A

))1(22(
12

1
2212212

ψψψυψψψυ
υ

−+
−

= ∫

 
 
 
 
 
 
 

Table (1) The plate properties 
                                                 

 

Table (2) first five eigen values for cantilever plate 
Mode Assumed mode method 

(present work) 
Gorman [15] Liang, et al 

[16] 
1 3.53281 3.487 3.5 
2 8.6230 10.03 8.2 
3 23.565 21.78 23 
4 27.432 31.07 - 
5 32.145 33.88 - 

 
 
 
 
 
 
 
 
 
 
 
 
 

a 1.5m 
b 0.75m 
h 0.025m 
υ  0.3 
E 69×109 Pa 
ρ 2768.6 kg/m3 
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Figure (1) Wing-flap configuration and the coordinates system 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 
 

 

Figure(2) Fully coupled fluid –structure  
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Figure (3) Effect of flap angle on the pressure distribution for rectangular 

wing –flap configuration ( .deg3=gα .NACA0012 section) 
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Figure (4) Effect of flap angle on lift coefficient along the semi span for 

rectangular wing –flap configuration ( .deg3=gα .NACA0012 section) 

Figure (5) Time dependent behavior of lift coefficient at different flap angles 

for rectangular wing –flap configuration ( .deg3=gα .NACA0012 section) 
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Figure (6) Effect of flap angle on  the surface pressure difference at different 

times ( .deg3=gα ). 
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Figure (7) Effect of flap angle on the aeroelastic responses of the wing at different 

times ( .deg3=gα ). 
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                 Figure (8-a) Time history of the wing deflection (αg= 3 deg.) 
 

 

  

 

 

 

 

 

 

                  Figure (8-b) Time history of the wing deflection 
 (αg= 3 deg.) 
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Figure (9) Unsteady lift coefficient vs.generalized coordinates q1 & q2  
(present work) and airfoil harmonic motion [11]. 

 

 

 

 

 

 


