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Abstract
The main purpose of this work is to find the primary decomposition of factor
group K@) = cf(G,Z)/R{G) (The factor group of all z-valued class functions

module the group of Z-valued generalized characters for elementary abelian group

G),where G is a finite abelian group of t)@éﬁ’} , p=3.

This work depends on finding the rational valued character nﬁtr(ngn}:)

from the character table @§ and finding the invariant factors of this matrix.
We have used the MATLAB program to calculate some results of this work.
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Introduction

he importance of

representation and character

theory for the study of the
groups stems on the one hand from
the fact that should it be necessary to
present a concrete description of a
group, this can be achieved with a
matrix representation .on the other
hand, group theory benefits mainly
from the use of representations and
characters, when
These approaches are employed as an
additional means to analyze the
structure of a group. Moreover
representation and character theory
provide application, not only in other

branches of mathematics but also in
physics and chemistry.

Let G be a finite group, two
elements of G are said to be
Conjugate if the cyclic subgroups
they generate are conjugate in G, and
this defines an equivalence relation
on G. lts classes are called -
classes.

The Z - valued class function on
the group G, which is constant on the
I - classes forms a finitely generated

abelian groupcf(G,Z) of a rank
equal to the number df- classes.
The intersection off(G, Z) with

the group of all generalized
characters of G, is a normal subgroup
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of ¢f(G, Z) denoted byR(G) ,then
cf (G, Z)/ R(G) is a finite abelian
factor group which is denoted by
K(G).Eeach element in R(G) can be
written asy, 8, +u,8, + ..+ u,f,,
where [ is the number ofI-
classesy;, Uz, e , Uy Z and

O, = Z x

FEGal( Qi) g

Wherey. is an irreducible character

of the group G and is any element
in Galois groupGal (Q(y,)/Q).
Let =+(&) denotes thelxl

matrix which its row corresponds to
the&i's and its columns correspond

to thef- classes of G.

The matrix expressing(G) basis
in terms of thecf(G, Z) basis is
=+(G).

We can use the theory of invariant
factors to obtain the direct sum of the

cyclic Z-module of orders the distinct
invariant factors o&+ () to find the

primary decomposition of K(G) .
In 1982 M. S. Kirdar [1] studied
the K(Z,)In 1994 H.H. Abass [2]

studied the K(D,)Jand found
=«(D,) .In1995 N. R. Mahamood
[3] studied the factor

9roupCf(QamiZ) / R (Qzyy)- In 1998
M.N.AL-Harere [4] studies the cyclic
decomposition of the factor group

cf (G, Z)/ R(G) for the group of type
Zyn P = 3,57.In 2005M.Z.Salman
[5]studied the factor grougf (G, Z)/
R(G) for the group of typé’é”} .In
2005 N.S.Jasim [6] studied the factor
groupcf(G,Z)/ R(G) for the special
linear group SL(2,p)In 2006

M.N.AL-Harere [7] studies the cyclic
decomposition of the factor group
cf (G, Zyan )/ R(Zqqn) .

The aim of this work is to find
=*(Z,) and determine the primary

decomposition of the group Eﬁ”})

wherep = 3.

2. Basic Concepts

In this section, we will present
an introduction to the concepts
representation, characters, characters
table of finite group.
21 Matrix representation of
characters:

Definition (2.1.1),[8]

The set of all non-singular »m.
matrices over the field F form a
group under matrix multiplication
this group is known as the general
linear group of degree m over F and
denoted by GL (m,F).

Definition (2.1.2),[1]

A matrix representation of G is a
homomorphism
T:G — GL(m,F)

m is called the degree of matrix
representation T.

Definition (2.1.3),[9]

Two matrix representatiofly x;

andTzx) are said to be equivalent, if

they have the same degree, and if
there exist a fixed invertible matrix
K =GL(m,F) such that:

Tl,:x:, = f{_j']"g,:x:,f{ 0 x OG.

Definition (2.1.4) ,[8]
A matrix representation T of a
group G is a reducible representation

if it is equivalent to a matrix
representation of the form
T-;Ll:x} H(.’X.'}
0 Toiw| for all
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WhereT; and T; is representation
of G whose degree is less than the
degree of T.

A reducible representation T is
called completely reducible if it is
equivalent to a matrix representation
of the form

Tz
[ 0 Til:;r]]

If T is not reducible then T is said
to be an irreducible representation.
Definition (2.1.5),[10]

Let G be a finite group and let
p: G —= GL(n,C) be a matrix
representation of G of degree n given
by p(x)=A(x) O xOO G, associated
with p there is a functior),_xp: G —=C

, for all x e

defined by ;{ﬂ(x)ztr(A(x)), we call
the function;{p the character of the

representatiop .
Proposition (2.1.1),[9]

If x is the character of a
representatiop of degree n, we have
Hx(1)=n
i)x(x™1) = #x) for xOG [where
the bar denotes the complex
conjugate].

Proposition (2.1.2),[4]

The characters of G are class
functions on G, that is , conjugate
elements have the same character.
Theorem (2.1.1),[4]

Sum and product of characters are
characters.

Definition (2.1.6),[4]

Characters associated with
irreducible representations are called
irreducible (or simple) characters,
and those of reducible representation
are compound.

Definition (2.1.7),[8]
A class functions on G of the form

(p:uljfj_ + Uz ¥y +- Uiy

Where {, 7, .73 are the

complete set of irreducible characters
of G, uy, 14, ..1; Which are integers,
is called the generalized characters of
G.

Theorem (2.1.2),[4]

The number k of distinct
irreducible characters of G is equal to
the number of its conjugacy classes.
2.2 character of finite abelian
group

Definition (2.2.1), [1]

For a finite group G of order n,

complete information about the
irreducible characters of G s
displayed in a table called the

character table of G .
We list the elements of G in thé&"

row , we puty,(x/) =7 ,i<i< n,

1<j< n-1 .Denoting the number of
elements in €, by |C,

(x=1,...,n),we have the class
equation|Cy |+...|C, | =|Gl
= 6= 1 b X
lezl | 1] 1 1 1
Z 1| cdl |1 1
L |1 & | & =
z |12 |A]. &
Table(1)

If G=Z,, the cyclic group of order n,
and letw=e2"/" be a primitive n-th

root of unity, Then the general
formula of the character table &f,

iS:
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£, |1 £ =t -
lcad| 1 1 1 1
1 1 1 1
. |1 w | P om
no|1 oF | ot [nE
A 1 o™ @ w
Table (2)

3. Thefactor group K(G)

In this section we study the factor
group K(G),for a finite group G. In
general, we will be concerned with
its order and exponent.
3.1TheRing R(G):

Definition (3.1.1),[11]

A rational valued charact®r of
G is a character whose values are in
Z, that isB(x) Oz, for all xJG.
Definition (3.1.2),[10]

Two elements of G are said to be
conjugate if the cyclic subgroups
they generate are conjugate in G ,
this defines an equivalence relation
on G, its classes are calldeclasses
of G.

Let G be a finite group and let
H17q0 - 1, DE its distinct irreducible

characters, a class function on G is a
character if and only if it is a linear
combination of thez with non-

negative integer coefficients. We will
denote B*{G) the set of these

functions, the group generated by
R*(G) is called the group of the

generalized characters of G and is
denoted byR(&), we have:

R(GC)=Ex#DZx0Zx, 0. 2y,

An element of R(G) is called a
virtual character since the product of

two character is a character, R(G) is a
subring of the ring cf (G) of C-valued
class functions on G.

Let cf(G,2) be the group of all Z-
valued class functions of G which are
constant orf -classes and I&(G) be
the intersection of cf(G,Z) with R(G),
R(G) is a ring of Z-valued
generalized characters of G.

Let s, be a complex primitive m-
th root of unity. We know that the
Galois group
Gal(F(s,)/F) is a subgroup of the

multiplicative group (Z/m4* of
invertible elements of Z/mZ.

More  precisely, if olGal
(F(sm)/F), there exists a unique
element © (Z/mzZ)* Such that

O(gm) = &, if g, =1.

We denote by r for the image of
Gal(F(z,)/F) in (ZIm 2)*, and if
tOly, we let o
corresponding
Gal(F(sp)/F).

Take as ground field F the field Q

of rational numbers the Galois group
of Q(s,,) over Q is the group denoted
byT.
Theorem (3.1.1),[10]
[Gauss-kroncecker]I'= (Z/mZ)*.
Proposition (3.1.1),[10]

The characterg,, ¢,, ..., ¢, form

denote the
element of

a basis ofR(G) and their number is

equal to the number of conjugacy
classes of cyclic subgroups of G,
where

0= )
EEGEI(Q(;_KE]
andy, are irreducible C-characters

of G.
Lemma (3.1.1),[10]
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The factor group k (G) has a finite
exponent equal to g, where g is the
order of G.

Definition (3.1.3),[11]

Let M be a matrix with entries in
principal domain R.A K-minor of M
is the determinate of the xk
submatrix preserving row and
column order.

Theorem (3.1.2),[11]

Let M, P, Q be matrices with
entries in a principal domain R. Let P
and Q be invertible matrices.
ThenDy(QMP) = D, (M).

Theorem (3.1.3), [3]

Let M be an mn matrix with
entries in a principal domain R.

Then there exist matrices P, Q, D
such that.

1. P and Q are invertible.

2. QMP=D

3. D is diagonal matrix.

4. if we denoteD;; by d; then there

exists a natural number r<@ < min
(m,n) such that j>r implied; =0 and
jsr implies d; #0 and Xj< r
impliesd; dividesd;+4.
Definition (3.1.4),[10]

Let M ,a matrix with entries in a

principal R, equivalent to a matrix .
D=daig{d4,d3, ... d,,0, ..,0} such

that d,/d;+, for 1< j <r ,we call D

the invariant factor matrix of M and
dy, d2d4, .., d, the invariant factors
of M.

Theorem (3.1.4),[11]

Let S be a finitely generated
module over a principal domain R.
then M is the direct sum of cyclic sub
modules with annihilating ideals
(d1), (d2),... (da), djld 4 for
=1,2,...,s-1.

Theorem (3.1.5),[10]
K(G) = &{=124

di=+D:(=" G)/D;—1 (=" G).

Theorem (3.1.6),[12]
|K(G)| = det(=* G)

Theorem (3.1.7),[10]
Let {x;] ,1< i< t be the set of the

representatives df-classes of G and
assume each x, representatives

containgr; classes of G.
Then

K@) = [ 2]

17
12

Lemma (3.1.2), [1]

Let A and B be two non-singular
matrices of degree n and m
respectively, over a principal domain
R, and let

yd2(A),..., dn(A)},

PoBQ, = D(B) = diag{d,(B)

, 2(B),..., d»(B)}.

Be the invariant factor matrices of A

and B. Then (
P, RP)ARB)Q R Q) =

p(4)® p(B),

And from this, the invariant factor
matrix of 4 & B can be written down

Let H and L beP, ard P, groups
respectively, whereP; ard P, are
distinct primes. we know that
= (Hd) == (H) @= (1)

Since gcd 4, p.) = 1, we have the
next proposition.

Proposition (3.1.2),[1] :
=* (Hxd) === (H) ®=" (L).

We consider the case when the
order is prime say p , all the non
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principal irreducible characters dre
conjugate.
Where
e~ 1 1
=G=[p_y 4
Theorem (3.1.8), [10]
Let G be a cyclic p-group. Then
K(G)=Z, .

Theorem (3.1.9),[10]: let G be a

cyclic
group of | T —classeg [1]1  [r]
order p™ By 1 1
then 0. 2 1

K 2
(G)= @fzpi :
4.K (G), For G cyclic & elementary
abelian group

This section is devoted to study the
rational valued characters table of the
group Zzand to find the primary

decomposition of the finite abelian
group K@) where G is cyclic group
and the case and elementary abelian

group.
4.1The Rational Valued
Characters Table of the Group Z3

The group Z3 has three conjugacy
classes, namely; = {1} , C2={Z},
Cs={Z?},where|C,|=1,0=1,2,3.

Let cozemf'rﬂ then the character table

Table (3)
To calculate the rational valued
characters table of;, the elements

of Gal(Q(z5/Q), are:{c1,52} where
=1 (Zg)z Ag
2, (Zg)z A3

By proposition (3.1.1)

8; = ':"EI.(Z:)"' 0_21:3.’2)

=1+1

Since

wHw? +wd et wrl = —1

B.(r) =w+w?=-1
O(r?)=w?+w =-1

And
E'l:;(j_

Since the elements r andr?
generate the same cyclic grofp

then, they are in the

samel” — conjugate[r].

—x —_

=" 6= C, 1 |z |=°
led |1 |1 |1
ool |1 |1
o1 2t

Then I |1 ?:3 E:

=* Z,= -

2 il

2 -1

4.2 The primary decomposition of

K (£3):

In this section we will determine
the primary decomposition of £f )

,p=3 depending on Lemma( 3.1.2)
and the theorems state them

et oy ol oy ol

and =* Zaz[é _11]
When n=1
Then R=* Zan[_ﬂa 2]

, by theorem (3.1.8)

K(Z3) =25
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When n=2
4 -2 -2 1
-2 0 1 0
PEP= -2 1 0 0
1 0 0 0
1 -1 -1 1
-1 o 1 o0
QEQ= -1 1 0 0
1 0 0 0

=* (23) ==" Z;Q="Z5=
1 1 1 1
2 -1 2 -1
2 2 -1 1
4 -2 -2 1

By Lemma (3.1.2) we obtain

PRP= (Z7)Q®Q

9 0 0 0
o -3 1 o
“lo 0o -3 0

0 0 1

0
= (z7)0diag {9,-3,-3,1}

A

Hence K g2) = Z; 0 Z2

Zy: OZ3

When n=3
Let
PRPRP=
—a 4 4 -2 4 =2
1 o -2 0 -2 0
4 =2 0 n =2 1
-2 0 o0 D0 1 0
1 =2 -2 1 0 0

2 0 +1 D O O
-z 1 o D0 0 0
L1 o 0 0D 0O 0

|
coocoooe |

cCoocooDoE

QR®QA®Q=

—1 1 1 -1 1 -1 -1 17
1 o -1 0 -1 0 1 0
1 -1 0 60 -1 1 0 0
-1 0 0 0 1 o 0 0
1 -1 -1 1 0 o 0 0
-1 0 1 0 0 o 0 0
-1 1 0 0 0 o 0 0
‘1 0 0 0 0 o 0o o

=+ (23) ==* Z;Q=" Z;Q=" Z5=

1 1 1 1 1 1 17
-1 2 -1 2 -1 2 -1
2 -2 -1 2 2 -2 -1
-2 -2 1 4 -2 -2 1
2 2 2 -1 -1 -1 -1
-2 -4 -2 -2 1 -2 1
4 -2 -2 -2 -2 1 1
-4 -4 2 -4 2 2 -1

€0 e s b0 s BD DD

And we obtain

POPRPRP=" (Z:)Q®QRQR®Q =

27 0 0 0 0 0 0 017
¢ -2 0 0 0 00 0
o 0 -9 0 0 0 0 O
0 o0 0 3 0 0 0 0
0 0 0 0 -9 0 0 0
0 o0 0 0 0 3 0 0
0 o0 0 0 0 0 3 0

L0 0 0o 0 0 00 -1

=* (23 )Wiag{27,-9,-9,3,-9,3,3,-1}
Hence

K (Z3) = Z,7 0 Z30 Z3.
=Zqs 0Z3: 0 Z3 .

When  n=4, we repeated the same
method and we obtain

PRPRPRP=* (Z;)Q®QR®QRQ=
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«
[
o

|
[CE--N-N-]

]
cooo oo oo

w
lecooocoocoes

w
locccocooococces

w
CoOoODoODoD0D D0 0000

o000 0ODOD 00 000
CO OO NRDR OR PSS
coococcocooo VYo Eo e e
COO0O000ODOW o0 0000
ocooooooo looooooo
cooconch

el
COCOoEYRDD OR R e S
Ccoocowoooo oo Eo e e
Ccoowococooo oo Eo e e
HooooCoOOD oo e e e

R -]
coc oo
oo
|
=

Hence
K (Z3) =Zey 0 Z3, 0Zg 075
=Zpa 0 Z3= 023 0 L3

The general case for p=3 is given by
the following.

5. Conclusions

This is as result the conclusion
that the primary decomposition of the
factor group K(G) for the ZF is

given by the next theorem.

Theorem (5.1)_n . .

K (z9) =z O Z;',‘;':_JD z;',‘;_ijm
z[';',tijm... 0z
=it

Where p=3, anc{',l’} _ 1-.'::_-p
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