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Abstract

In this paper we introduce a new definition of a fuzzy normed space (to the best
of our knowledge) then the related concepts such as fuzzy continuous,
convergence of sequence of fuzzy points and Cauchy sequence of fuzzy points are
discussed in detalils.
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continuous.
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S1: Basic Concepts About Fuzzy 4. A=9 - pg(x) =0 for all xeX,
Sets whereg is the empty fuzzy set.
Definition 1.1: [1] Definition 1.3: [1]

Let X be a nonempty set of A fuzzy point R in X is a fuzzy set
elements. A fuzzy set A in X is with membership function

characterized by a membershi 1 =
y P ) ={ & Y=

functiqn, . X— [0.1]. 0 otherwise

Then A can be written by A={(xix For all ye X where 0< a < 1. We
X)|x €X, 0 <px (x) <1} denote this fuzzy point by ,xor
Definition 1.2: [1] (x,a).
Let A and O be two fuzzy sets in X Definition 1.4: [2]
then Two fuzzy poins xand y are said
1. AcO = pz(x) < ps (x) for to be equal if x=y andr= g where
all x ex. ge,? E't(.O,l]l. -
A=0 o ux(X) = 1n inition 1.5:
> ;(A\E )? Ha (¥) = o () for all Let x, be a fuzzy point and A a
3. Then complement of A fuzzy set in X. then xis said to
(denoted by A is also a fuzzy bein A or belongs to A denoted
se with membership function by x, € Aif a < pa (x).
uat (X) =1— pa (X) for all x
eX.
Definition 1.6: [3] Proposition 2.2:
Let f be a function from a Let (X, |||) be an ordinary normed
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nonempty set X into a nonempty set
Y. if O is a fuzzy set in Y then™f
(©) is a fuzzy set in X with
membership functionie-144y= po
of.
If Ais a fuzzy set in X then f (A) is
a fuzzy set in Y with membership
HiR) )=
{sup {ua(x) | x € f1 ()} if £

0 otherwise

(y)#®

For all ye Y where fi(y) = {x € X
If(x) = v}

Proposition 1.7: [4]

Let f: X — Y be a function then for
a fuzzy point x in X, f(x,) is a
fuzzy point in Y and f(¥) = f(X)..
Definition 1.8: [2]

Let X be a vector space over field
K and let A be a fuzzy set in X.
then A is called a fuzzy subspace
of X if for all x, y € X and 1€ K.

(i) pa (x+y) = min {pa(x), ua(y)}

(it) pa (A X) = pa(x)

S2: Fuzzy Normed Spaces
Definition 2.1:

let X be a vector space over figkd
(K= R or K= C). Let .|} : X
—[0.0) be a function which assigns
to each point xin X, « €(0,1] a
nonnegative real numbejt X, ||
such that

(FN) || X.Jlf=0ifand only if x =0
(FN2) (12 %o [l = R || % [l for all
re K

(FNa) [ %o+ Y3 [l =< 11 %a Il + 11 Yplle
(FNg) if || X4|ls < r where r>0 then
there exists

0 <o < a < 1such that|| x, | <

r.

Then||.|y is called fuzzy norm and
< |I-Ip is called fuzzy normed
space.
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space, defind| x, [l == || x|| for
every x €X wherea € (0,1]. Then
X, |I-I) is a fuzzy normed space
Proof: let X, Yy €X wherax,
B €(0,1] and ye K. Then
1

(FND) [ Xalli= 0 = — || x[[ =0 < ||
X||[=0 =x=0

_1 _ vl —
(FN2) [1vxa == [l yx Il =2 )1 x| =
Iyl 11 ol

(FNa) | Xa +yll =
[A= max {a, 8]

(| (x+y)alls

=1
=L fxry |

1 1
< —
<35Iy
< —
<TIxn+5 Ayl
<11 xll + 1y T

(FNg) if || X4|lf <r where >0 then
for o € (0,1] with a <o, we here

[1Ed]] -
= —<r that is |[X,|}f <r

The proof of the following result is
clear. Hence is omilted

Proposition 2.3:

Let (X, ||| be a fuzzy normed
space by defining

I 1= 1 1) I}, then (X, |H]]) is a
normed spaces .

Example 2.4

Let X=R, then || X,k = [x| is a
fuzzy norm onR by proposition 2.2
called the usual fuzzy norm.
Remark 2.5:

From the definition 2.1 we obtain
by induction the generalized of
(FNs)

I(Xn01) — Kol < [I(X1,00)
—(X2aw)lk + ([(X202) — (X3,03)lk
o4 |[(Xn-1,0002) — (O )|

Where ()ﬁ, 0.2), (X3, 0.3), veey (x']_l, On-
1)E X

lxll _ |
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Definition 2.6:
A fuzzy subspaceY of a fuzzy
normed space (X|.|l) is a fuzzy
subspace of X considered as a
vector space with the fuzzy norm
obtained by restricting the fuzzy
norm on X toY.
S3: Open Fuzzy Sets, Closed
Fuzzy Sets, Fuzzy Continuity of
Functions
Definition 3.1:
Let (X, |||l be a fuzzy normed
space. Givene X, wherea €(0,1]
and a real number0
M Ok 1 =ypEX: X
ypl|< r} is open fuzzy ball,
wherepe (0, 1]
@) O 1) ={ypEX: Ixa— il
< r} is closed fuzzy ball,
wherepe (0, 1]
(i) S04 1) ={ypeX : [x— Vil
= r}is fuzzy sphere, where
Be (0, 1]
In all three cases, s called the
center and r is radius.
Definition 3.2:
A fuzzy set A in fuzzy normed
space (X]|-|lp) is said to be open if
it contains a fuzzy ball about each
of it's, fuzzy element.
A fuzzy set O is said to be closed if
it's complement is open fuzzy set.
Definition 3.3:
Let (X, |||l be a fuzzy normed
space, an open fuzzy ball Q(x)
of radiuse¢ is often called are -
neighborhood of x(hereg >0).
By a neighborhood of xwe mean a
fuzzy set of X which contains an
neighborhood of x
Definition 3.4
We call %, an interior fuzzy point of
the the fuzzy set A if A is a
neighborhood of x
The interior of A is the set of all
interior fuzzy points of A and is
denoted by int (A).
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Int (A) is open fuzzy set and is the
largest open fuzzy set contained in
A.

Definition 3.5:

Let (X, II-ly,) and (Y,]l.1l5,) be a
fuzzy normed spaces. A mapping
T:X — Y is said to be fuzzy
continuous at the fuzzy point, e

X wherea€(0,1] if for everye >0
there is5 >0 such that

IT (V) —T(X)llf, <eforally, € X
satisfying|| ys —%||f, <6 , wherep
€(0,1]

T is said to be fuzzy continuous if it
is fuzzy continuous at every fuzzy
point x, € X.

Theorem 3.6:

A mapping T of a fuzzy normed
space (X, [|.]lf,) into a fuzzy
normed space (Y}|.|ls,) is fuzzy
continuous if and only if the inverse
image of any open fuzzy setin Y is
open fuzzy set in X.

Proof:

Suppose T is fuzzy continuous. Let
O be open fuzzy set in Y arid is
the inverse image of S i.e™T0)
=U . If U =0 it is open fuzzy set.
Let U # @, for any % € U whereo €
(0,1]. Let y, =T(x)= T(x), since O
is open, it contains ase-
neighborhood Bl of y,. Since T is
fuzzy continuous, x has an é-
neighborhood N which is mapped
into Nb. Since N O O we have
N,c U so thatU is open fuzzy set
because xe U was arbitrary.
Conversely, assume that the inverse
image of every open fuzzy setin Y
is open fuzzy set in X. Then for
each xe X wherea €(0,1] and any
- neighborhood M of T(x), the
inverse image of Nis open since
N, is open and N contains x.
Hence N also contains as-
neiboughood of xwhich is mapped
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N,. Consequently T is fuzzy
continuous at x Since x € X was
arbitrary T is fuzzy continuous.
Definition 3.7:

Let A be a fuzzy set in a fuzzy
normed space (X|.|)- Then a
fuzzy point x € X wherea €(0,1]
(which may or not be a fuzz
element of A) is called a limit of A
if every neighborhood of x
contains at least one fuzzy element
ys€ A distinct from x. The fuzzy
set consisting of A and its limit
fuzzy points is called closure of A
and is denoted by cl (A). It is the
smallest closed fuzzy set containing
A.

Definition 3.8:

A fuzzy set A of a fuzzy normed
space (X]|.|lf) is said to be dense in
Xifcl (A) = X.

S4: Convergence, Cauchy Fuzzy
Sequences

Definition4.1:

A fuzzy sequence {(x on)} in a
fuzzy normed space (A.|lf) is said
to be convergent to,xn X where
ay, 0 €(0,1] fori=1, 2, ... if

liMpe || (Xn, 0n)— Xollf =0

X, is called the limit if {(x, a;)}and
we write

liMn o (X 0n) = X, OF SIiMply (%,
Uvn) — Xy

if {(xn an)} is not convergent then
it is called divergent.

Remark 4.2:

If (Xn, on) — X, an e>0 being
given, there is a positive integer N
such that (% a,) with n>N lie in ¢-
neighborhood B (% €) of x,that is:

[| (Xn, o) — X} < € for all n>N
Definition4.3:

We call a nonempty fuzzy set A in
X, |Illn bounded if its fuzzy
diameter

& (A) = sup {l X.— Vsl ; %o, Y5 € A,
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into N, because Nis mapped into

Definition4.4:

In a fuzzy normed space (M|

we call a sequence {(xa,)} is

bounded if the corresponding fuzzy
set is bounded.

Remark 4.5:

If A is a bounded fuzzy set then A

O O(x, r) where x € A is any

fuzzy element and >0 is a

(sufficiently large) real number.

Theorem 4.6:

Let (X, ||.Il) be a fuzzy normed

space. Then (i) a convergent fuzzy

sequence in X is bounded and its
limit is unique.

(i) if (Xp, an) = X, and (¥, Pm) —

ypin X

Therea, o;, B, fi €(0.1]i=1, 2, ...

Then||(Xn, o) = (Ym, Bm)llr =1 Xu—

Vel

Proof:

(i) Suppose that (xo,) — X, then
taking e =1 we can find N > 0
such that || % an) — X, [} <1
for all n > N.

Hence by remark 2.5 for all n we

have ||(% on) — X, [I< 1 + a, where

a= max{]|(%, 1) — X« || [ICe, 02) —

Xq ”1’” (Xh U«n) — Xq ”}

This shows that {(x o)} is

bounded. Now, assuming that(x

an) — X, and

(Xn, 0n) —25, we obtain from (FR)

0<% =2 [F< I % — (o o) [+
[1(%, ) — Z5l — 0+0
Thus || X — z [} =0 which implies
that x, = 7.
(i) By remark 2.5 we have
(% 0n) = (Yo Brm) I <
[1O0r atn) = Xalk + 11 % = lk
+ “Mﬁ - (ym -Bm)”f

Hence we obtain

I (% &tn) = (Vs Bro) [F— 1 % — yB” <

| O 0tn) = Xalk + |, Br) — Yplk
And a similar inequality by
interchanging (% a,) and x as well
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a, B €(0,1]} is finite.

by -1. Together | [[{xan) — (Ym,
Bo)lk = 11 % = yglk [ =< I O o) —
Xalk + 1l Br) — Yglk —0 as n—

.

Definition 4.7:

A sequence {(x an)} in a fuzzy
normed space (X,})|fs said to be
Cauchy if for everye > 0 there is
integer N>0 such that |{xom) —
(Xn, an)|f< € for every m,n > N.
Theorem 4.8:

Every convergent fuzzy sequence
in a fuzzy normed space (X4|.|b
Cauchy.

Proof:

Let {(xn, an)} be a sequence of
fuzzy points in X such that (xay)
— X, then for everg>0 there is an
integer N>0 such that || {xon) —

Xl <5 for all n>N.

Hence by (FN) we obtain for m,n
> N.

I Otn, om) = (0, ) [k < || Oy 0tm) —
Xolk+ 1% = O o)< +2=¢
This shows that {(x o)} is
Cauchy.

Therome 4.9:

Let A be a nonempty fuzzy set in a
fuzzy normed space (X,}).Jand cl
(A) its closure.

Then

(i) X, € cl (A) if and only if
there is a fuzzy sequence
{(Xn, o)} in A such that
(Xny 0ln) — X,

(ii) A is closed if and only if
the situation (x a,) € A
and (%, a,) — X, implies
X, € A.

Proof:

@) Let x, € cl (A). If x, € A

a fuzzy sequence of that

type IS %, Xgy ... 3
If x, € Aitis a limit of A. Hence
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as (¥ Bm) and y and multiplying

Xny ) — X becauserl—l —0 as n

—00,

Conversely, if {(%, o)} is in A and

(X 0n) — X, then x € A or every

neighborhood of xcontains a fuzzy

point (%, on) # X, SO that is x a

limit of A. Hence x € cl (A). It is

clear that A = cl (A).

(i)  Ais closed if and only

if A =cl (A) so that (ii)
follows readily from (i).

Theorem 4.10:

A mapping T:X— Y of a fuzzy

normed space (X. ||f1) into a
fuzzy normed space (Y].||,) is
fuzzy continuous at a fuzzy point
Xq, € X if and only if (%, an) — X,
implies (T (%), on) — T(X),.

Proof:

Assume that T is fuzzy continuous
at x,. Then givere > 0 there i$ >0
such that |[gy— Xullf, <& implies

I T(yl — T(Xhlly, <e. Let (%, an)
— X,. Then there is N > 0 such
that |[(%, an) — X, [|,< € for all
n> N.

Hence for all n > N.

| (TOR), on) — TXllp,< e this
means that (T an) — T(X),.
Conversely, we assume that, ()
— X, implies (T(%), an) — T(X)a,
and prove that T is fuzzy
continuous at x Suppose this is
false. Then there is an> 0 such
that for everyd > O there is y# X,
satisfying || y — X.||1 <& but ||,

TV —T(Xk [z ¢
In particular ford = % there is {(%,
o)} satisfying || (%, o) — Xl <

but I (TR, an) = T(Xhllf, = &
Clearly (%, an) — X, but { T(x,),
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for each n=1,2,... the fuzzy ball B
(Xa» %) contains an (x o, € A and
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a,)} does not converse to T(x)
This contradicts (T(X), an) — T(X),
and proves the theorem.



