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Abstract

In this paper we recall the definition of fuzzy normed space. Much attention
is paid to the concept of completeness a property which a fuzzy normed space may
or may not have. We prove that for a fuzzy normed space there is always a
competition. Also we study the relation between ordinary normed space and fuzzy

normed space.

Keywords; fuzzy normed space, fuzzy continuous, fuzzy isometries, fuzzy

sequence.
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S1: Basic concepts About Fuzzy
Sets
Definition 1.1:[1]

Let X be any set of elements. A
fuzzy set4in X is characterized by a
membership function.uz;(x): X -
[0,1]. Thend can be written by

A= {(x, uz(x)|x € X,0 < pg(x)
<1}

Definition 1.2:[1]

Let A andB be two fuzzy sets of X
then

1. Ac B if and only if pz(x) <
ug(x)forall x € X.

2. A = Bifand only if uz(x) =
ug(x)forall x € X.

3. The complent of A(denoted by A¢)is

Aleall Lol alelLiadl) 5 Aol V)

asloa
fuzzy set with membership function

pze(x) =1 —pz(x)forallx € X.

4. A=¢ ifandonlyif uz(x)=

0 forall x €X.
where @ is the empty fuzzy set.

Definition 1.3:[1]
A fuzzy point P,in X is a fuzzy set with
membership function

_(x if y=n=x.
Hpx(y) = {o otherwise.

forall y € X where o <«

< 1. We denote this fuzzy point by x
or (x,o).

Definition 1.4:[2]

Two fuzzy points,and yz are said

to be equal if
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x =y and «= 8 where «,f
€ (0,1].
Definition 1.5:[ 1]
Let x, be a fuzzy point andl a
fuzzy set inX. Thenx, is said to be
in A or belongs toA denoted by
Xo € Aif < puz(x).
Definition 1.6:[3]
Let f be a function from a nonempty
setX to a nonempty set. If B is a
fuzzy set inY thenf~1(B) is a fuzzy
set in X with membership function,
-1 = ug of. If A is a fuzzy set
in X then f(4) is a fuzzy set it
with membership
ke ()
={Suzo{/m(X)IXEf‘l(y)} if f7rfon#0
0 other wise

For all y € Y where f~1(y) =

{x € X|f(x) =y}

Proposition 1.7:[2]

Let f: X - Y be a function then for

a fuzzy pointx, in X, f(xy) is a

fuzzy point inY andf (xs) = f(x)«-

Definition 1.8:[4]

Let X and Y be a given nonempty

sets. Letd be a fuzzy set in X anél

be a fuzzy set in Y. Any subsBtof

the Cartesian produdt x B is called

a fuzzy relation whereA x B is a

fuzzy set with membership

Mixg = min {u; (), up (X}

Equivalence fuzzy relation a# is a

fuzzy relationR of A x A such that
() R(xeX«) forall x4 €

=

(i) R (xo(, Vp)

D

When R is equivalence fuzzy
relation on4 then R (x«, yg) written
x«~Yp In this case (i), (ii) and (iii)
because

()  xe~xy forall x4 € A.

(i) if x,~yp then yg~x, for

all xq,yp € A.
(i)  ifxe~yp and yg~z,
then xo~z, forall x, yp, 2,
€A
The equivalence class of x, €
Adenoted by 2 = {yp € A|yp~xu}
Definition 1.9:[5]
Let X be a vector space ové and
let A be a fuzzy set iX. Thend is
called a fuzzy subspace Xfif for all
x,y € Xandil e K
(i) nax +y) 2
min{uz(x), nz(y)}
(i) paQn) = pa(x)
S2: Fuzzy Normed Space
Definition 2.1:[6]
Let X be a vector space over field
K[K=Ror K=C]. Let ||.[l;:X -
[0, ) be a function which assigns to
each x,eX,xe (0,1] a nonnegative
real number|| x
(FN)lxllp =0 & x =0
(FN) I Axllp = 1] llxcc|l pfor all A
€K

M) e+ 351
< loxeelly + 1l

(FNWIf |lxg|lf <7 where r >

0then there exists) <o <x<'1

implies ﬁ(yg,xtx) fewiah thiatg, fr<r.

Then]||.|[s is called fuzzy norm and

(iii) R(xtx,yg) and R(yp,z,) implies (X, |.||;) is called fuzzy normed

R(x, z,) forall Xor Vg1 Zg

€ A.
Proposition 2.2:[6]
If (X, |I.1) is an ordinary normed
space then(X,|.[[;) is a fuzzy

2005

normed

spaces.

space  with [[x.|lf =

illxll for every x € X, x€e (0,1]
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Definition 2.3:[6]

A fuzzy subspace ¥ of a fuzzy
normed spacegX, ||.|ls) is a fuzzy
subspace oK considered as a vector
space with the fuzzy norm obtained
by restricting the fuzzy norm oX to

Y.

Definition 2.4:[6]
Let (X, ||.ll;) be a fuzzy normed
space. Givenx, € X and a real
number r>0,B(xe, 1) =
{yﬁ EX:||xo<—yﬁ||f<r} is
open fuzzy ball with centex, and
radius r.
Definition 2.5:[6]
A fuzzy setd in a fuzzy normed space
X I.1lf)is said to be open if it
contains a fuzzy ball about each of its
fuzzy element. A fuzzy sdt is closed
if its complement is open fuzzy set.
Definition 2.6:[6]
Let (X, [I. 1) and(Y, |I.ls2) be fuzzy
normed spaces. A mappirfgXx - Y
is said to be fuzzy continuous at
Xq EX is for every
g€ > 0 thereis 6 > 0 such that
1T =T, <
¢ forall yp € X satisfying ||yﬁ —
Xoe||f1 < 0.
T is fuzzy continuous if it is fuzzy
continuous at every fuzzy point
X« € X.
Theorem 2.7:[6]
A mapping T from a fuzzy normed
space(X, ||.1ls,) into a fuzzy normed
space(Y, ||. |lfz) is fuzzy continuous
if and only if the inverse image of any
open fuzzy set in Y is open fuzzy set
in X.
Definition 2.8:[6]
Let A be a fuzzy set in a fuzzy normed
space (X, |I.ll;). The closure ofA
denoted by  CL(A)=A4Au
{limit fuzzy points of/T}. A is closed

if CL(4) = 4.
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Definition 2.9:[6]
A fuzzy setd in a fuzzy normed space
X, |I.1l) is said to be dense in X if
CL(A) = X.
Definition 2.10:[6]
A fuzzy sequence{(x,,%,)} in a
fuzzy normed spacgX, ||.||) is said
to be convergent tax, in X if
limn—mo”(xn:ocn) - xo(”f =0 Xoc is
called the limit of {(x,, «,)} and we
write lim,, 00 (X, %) =
XoOr sSimply (X, X)) = X
Definition 2.11:[6]
A fuzzy setd in (X, ||. |l ) is bounded
if its fuzzy diameter §(4) =
sup{[lxec = ygll rt X0 v €
/T} is finite.
Definition 2.12:[6]
In a fuzzy normed spadg, ||. || ;) we
call a sequencé(x,, «,)}bounded if
the corresponding fuzzy set is
bounded.
Theorem 2.13:[6]
Let (X,]l.l[f) be a fuzzy normed
space. Then
() A convergent sequence of
fuzzy points inX is bounded
and its limit is unique.
(i) If
(o) =
xeand (Y, Brm) —
ypin X then ||(xy,, ;) —
(ym:.Bm)”f - ”xoc - YB”f-
Definition 2.14:[6]
A sequence of
{Gp )} ina

fuzzy
fuzzy

points
normed

space is said to be Cauchy if
for every &>0there is an
integer N>0 such
thaﬂl(xm' OCm) -

(xn' Ocn)”f <

¢ forevery m,n > N.
Theorem 2.15:[6]

Every convergent sequence of
fuzzy points in a fuzzy
normed space (X.1.lp) is
Cauchy.
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Theorem 2.16:[6]

Let A be a nonempty fuzzy set in a
fuzzy normed space
(X, |B ||f). Then x, € CL(4A) if and
only if there is a sequence of fuzzy
points  {(x,,%,)}in 4 such that
(X, %) = X

Theorem 2.17:[6]

A mappingT,X - Y from the fuzzy
normed space(X,||.|ls;) into the
fuzzy normed space (Y, ||.lls2) is
fuzzy continuous if and only if
(xp, %) = X implies
(T (xn), o) = T (X

S3: Completion of Fuzzy Normed
Spaces

Definition 3.1:

A fuzzy normed spacéX,||.|[;) is
said to be complete if every Cauchy
sequencd (x,, %,)} in X converge to
X IN X

Theorem 3.2

A fuzzy subspaced of a complete
fuzzy normed space(X,||.|[s) is
complete if and only ifi is closed.
Proof:

Let A be a complete fuzzy subspace in

X, lI.1l£). By Theorem 2.16 for every
x« € CL(A) there is a sequence
{(x,, )} in A which is converges to
Xo. Since {(x,,x,;)}is Cauchy by
Theorem 2.15 andd is complete
{(x,, ) }converge inA the limit

being unique by Theorem 2.13. Hence

x« € A, this proves A is closed
becauser, € CL(A) was arbitrary.
Conversely, letA be closed and
{(x,,%,)} be Cauchy in A.
Then(x,, x;,) = x« € X which

implies thatx, € CL(4A) by Theorem
2.16 andx, € Asince CL(/T) =A by
assumption. Hence the arbitrary
Cauchy sequen€éx,, «<,)}converges
in A, which proves completenessAf

We give now an example of
incomplete fuzzy normed space.
Example 3.3

Let Q be the set of all rational
numbers with fuzzy norix. || s =
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ilxl forallx, € Q. Then by
proposition 2.2Q, |. || f) is a fuzzy
normed space but it is not complete
since the sequence of fuzzy
points(0.1,1) (0.101%) , (0.101001,§),
(0.101,3),(0.010001,3),... is Cauchy

in @ but whose limit dose not belongs

to Q.

Definition 3.4

Let (X, 1| 1lf1)and (Y, [I. Il r2) be fuzzy
normed space.

() Then a mappin@: X — Y is said

to be a fuzzy isometric or a fuzzy
isometry if T () ecll f2 =
|||l 1 for all x.c € X.

(i) The spaceX is said to be fuzzy

isometric with the spacer if
there exists a bijective fuzzy
isometry ofX ontoY.
The spacesX and Y are then called
fuzzy isometric spaces.
Theorem 3.5:
Let (X,||.llf1) be a fuzzy normed
space. Then there is a complete fuzzy
normed spacé€X, ||. lls2) and a fuzzy
isometry T from X onto a fuzzy
subspacéVof X which is dense iX.
The spaceX is unique except for
fuzzy isometrics.

Proof :
The proof is somewhat lengthy but
straight forward. We subdivide into
five steps (a) to (e). We constract
@ X 1I1l52)
(b) A fuzzy isometr§l of X onto W
whereCL(W) = X
Then we prove
(c) Completeness of
(d) Uniqueness of X, except for
fuzzy isometries.
(e) Define addition
multiplication onX.
(a)Construction of X, [I. [l ¢2).
Let {(x, )}and {(x,,«;,)} be
Cauchy fuzzy sequences ¥ Define
{(x,, <)} to be equivalent to

and scalar
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{(en, )}, written {(xp,, <)} ~
{Cxp, o)} if

Jim [| Gep, o) = (m, 03) Il 1

R I ¢

Let X be the set of all equivalence
classes £y, J, ... of Cauchy fuzzy
sequences thus obtained we write
{(xp,xp)}EX to mean that

{(tn, %)}
is a member of, (a representative of
the classt, ). We now set

1 %ocl 2
= lim || (e, Xpllpr e v e e e (2)
n—-oo

Where{(x,, x,)} € X..We show that
this limit exists.
We have

|||(xn' ocn)”f1 - ”(xm' c>cm)”f1|

< [| Gens oy

- (xm' c>cm)”fl o (3)

Since {(x,, %,)} is Cauchy we can
make the right side as small as we
please. This implies that the limit in
(2) exists becaudr is complete.

We must show that the limit in (2) is

independent of the particular choice
of representative. In fact if
{(xn' ocn)}"’{(xrlv Oc;l)} then by (1)
|11 Gens o)1 = 11 Gy L1

< |1 CGeny o)

— (xen, <)l

-0 as n — oo
Which implies the assertion

Tim | Gen, @)l = Jim | Ger, <)l
We prove thal|. s, in (2) is a fuzzy
norm onX
(FND) Xl 2
=0 ifand only if &i_fl.}o”(xn'“n)”ﬂ
=0 © X, =04
(FN )| A%l £
= %i_{lgo”(lxn: xn)”fl
= A1 lim [|Cen, <) ll 1 = 1211 %l 2
(FN3)||2e + 9l .,

= lim [|Gep, )

+ (Yn'ﬁn)”fl
< 711_1;{;10[“(3571' ocn)”fl + ”(yn' :Bn)”fl]
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< Al_l;goll(xn' Ocn)”fl
+ lim [[ G, Bl 1
< %llpz + 1511,
|Zsll;z <7 where 7
>0 then
limy, 0 || (X, o) || ;1 < 7 then
existsg,, <o, such that
limn—mo”(xn'ocn)”fl <
r 50 |[X«llfz <7 with o<«
(b) Construction of a fuzzy
isometryT: X - Wwhere W c X.
With each b, € X we associate the
class b, € X which contains the
constant Cauchy fuzzy sequence
by, by, .
This defines a mapping:X - W
onto the fuzzy set? =T(X) c X.
The mapping T is given by, —
b, = T(b);where by, b,,.. € b,.
We see that T is a fuzzy isometry
since (2) becomes S|mplb}'b(,||f2 =
sl f1-
Any fuzzy isometry is injective and
T:X —» W is surjective sincd (X) -
W. Hence W and X are fuzzy
isometric.
We show that¥ is dense inX. We

(FN,)if

there

consider any £, €X. Let
{(x, <)} € Xy. FoOr every e>0
there is an N such that
Il G, o) = Cens <) ll 1
&

< > (n>N)
Let
XNy XNy vee €
(Zn,%y). Then (Xy,xy) €W.
By (2)

X = @nr <)l 52
= lim || (x;, %)
n—oo

&
= Ceny )l < >
<e&g

This shows that every e-
neighborhood of arbitraryz, € X
contains an element &F .

HencelW is dense irX.
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(© Completeness of
X.Let{(%,,«,)} be any
Cauchy sequence i

Since W is dense inX, for every

(%, ;) there is aZ,,0,) € W such

that

||(3§n, %) = (Zn, ullp2

< ; .. (4)

Hence by(FN;) we have

|Zm, o) — (Zn, o)l 2
= 1Gm, om)
- (J?ml Ocm)
+ G %)
- (J?nJ OCn)
+ (R, %)
- (2n: O'n”fz

< ”(ém' O-m) - (fm' Ocm)”fz

+ | (X, i)
- (fn' Ocn)”fz
+ 1 (X, <)
- (2n: O'n)”fz

1 1

< E + ”(fm' Ocm) - (fn' °<n)||f2 + ;
And this is less than any given> 0
for sufficiently large m and n because
{(X, <)} is Cauchy. Hence
{(Zn,om)} is Cauchy. Sincd: X -
W is fuzzy isometric andz,,, o,,) €
W, the sequence{(Z,, o,)} where
(Zm,» 0m) = T~ (Zm)s,, is Cauchy in
X. Let %« € X be the class to which
{(z;n, o)} belongs. We show that,
is the limit of {(x,,, <,,)}. By (4)
| (R, <) — Zucll 2

< || (Fn, <)

- (2n:0n)||f2

+ ”(211' O-n) - 5C\o<||f2
L

n

+1Gni0n) = Zecll 2 cov e e
Since
{(Zmn,0m)} € Rcand (2y,0,) €W,
SO that  (z,,0,),(z,, 00), ... €
(2,,, 0y), the inequality (5) becomes

- - 1
”(xn: ocn) - xoc”fz < n +
limy, o [[ (2, 07) — (Zm:o_m)”fl and
the right side is smaller than any
given € > 0 for sufficiently large n.

()
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Hence the arbitrary Cauchy
sequences {(X,,%,)} in X has the
limit &, € X.

(d) Uniqueness of X except for

fuzzy isometries.

If (Z,|l.lf3) s another complete
fuzzy normed and fuzzy isometric
with X then for any y5 € Y we have
sequence {(y,,,B,)} in V such that
(n,Bn) = yp,  hence [T':X -
Z,T'(X)=V]

”9ﬁ”f3 = Illi_l)g”(yn' lgn)”fl

Follows from

|||(Yn',8n)”f1 - ”(ym'ﬁm)”f1|
< Mo Bl 1
- Il(ym:.Bm)”fl -0

[ the inequality being similar to

(3)]. Since V is fuzzy isometric with

W c Xand CL(W)=X the fuzzy

distance on X and Z must be the

same. Hence Z and X are fuzzy
isometric.

(e) To define on X the two
algebraic operations addition
and scalar multiplication, we
consider any X, and Jg € X and
any
representatives{(x,, «,)} €
Xcand {(yn, Bn)} € yﬁ-

Remember that X.and jp are

equivalence classes of Cauchy fuzzy

sequences in X. We set

(zn, o) =

(X, %p) + (yn:.Bn)Where On =

max{c,, Bn}.

Then {(z,, 0,,)} is Cauchy in X since

1z, o) — (Zm, o) ”fl
= ”(xn' OCn)
+ (ns Bn)
- (xml OCm)
- (ym'ﬁm)”fl

< ”(xn' Ocn) - (xm' c>cm)”fl

+ 11 Br)
- (ym:ﬁm)”fl

We define the sum 2, =X+

Jpwhere o = max{x,f} to be the

equivalence class for which
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{(z,,,0,)} is a representative, thus
{(zn, o0)} € 2.

This definition is independent of the
particular choice of Cauchy
sequences belonging to X, and 373.
In fact (1) shows that if
{Gen, o) 3~{ (e, ) Yand {(m, )}~
{(yn, Bn)} then
{(xn' Ocn) + (Yn' ﬁn)}"’{(xr,u O<;1) +
(Vn, Br)} because

| Cen, <n) + (Vs Bn) — Cx, )

— O Bl 1

< [[Cen, )

— G )1

+ |V, Br)

= O Br)ll 1
Similarly, we define the product
A%, € X of a scalar 1 and %, to be
the equivalence class for which
{(Ax,, <)} is a representative.
Again this definition is independent
of the particular choice of a
representative of X.
SA: Relation Between Ordinary
Normed Spaces and Fuzzy Normed
Spaces
Lemma4.1:
Let
(X, . 1D be an ordinary normed space
then {x,,} coverge to x
€ X in (X, ||. |DIf and only if {(x,,, o, }
coverage to x,in (X, |B ||f)with Il |l £

== ||x||for evrey x € X, x € (0,1].

Proof:

Let {x,} be a sequence in the ordinary
normal space(X, ||.||) converges to
x € X.

Let {«,} be an increasing sequence in
(0,1] converges tec [ This is possible

by setting o«,= (1 —%) «]. Now

consider the fuzzy  sequence
Since x, —» x then 0=

lim?—)oo”xn - x”
= L tim flx, — xll [ = max{x, x,)]
An-ooo
0=
1imy o0 || (o, ) — Xecll £
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Thus

{(xy, <) Jconverges to xy in(X, |B ||f).
Conversely, assume that {(x,, <,)}
converges ta, in (X, ||. ||f) that is
0= 7y_)n(;loll(xn'ocn) - xoc”f

1
— lim ||x,, — x]|| [where A
An-o

= max{o, <, }]
Therefore0 = lim,,_, ||, — x||
Thus{x,,} converges ta.. in (X, ||}
Lemma4.2:
Let (X,||.]) be an ordinary normed
space thedx,} is Cauchy in(X, |||
if and only if {(x,, x,)} is Cauchy in
KAL) with el =§|le| for
everyx € X, xe (0,1].
Proof:
Let {x,} be a Cauchy sequence in the
ordinary normed spacéX, ||.]]). Let
{«,}be an increasing sequence in
(0,1]. Consider the sequence
{(xp, <)} of fuzzy points in
X, |I.1l¢). For any givens > 0 there
is an integemN > 0 such that||x,, —
Xn|| <€ for allm,n > N. Now for all
mn >N
Il Ctm, %) — (e <)l =

st = xnll <5 =& [where
A = max{c,,, <, }].
Thus {(x,,%,)} is Cauchy in

&)

Conversely, assume théfx,,, «,,)} is
Cauchy in (X,[[.llf) then for any
givene > 0 there is an intege¥ > 0
such that

”(xm' Ocm) - (xn'ocn)”f <

e forall mn>N.

Now for allm,n > N

=

I”xm - xn” <¢g or ”xm _xn” <

e =g wherel =
max{«,,, <,}.Thus {x,} is Cauchy
in (X, 1.1 -

Proposition 4.3:

If (X,II-1lf) is a fuzzy normed space

then (X, ||.])) is an ordinary normed

space by defining ||x|| =
l|lx«llffor all x € X, xe (0,1]
Proof:
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(NDIx][ >0 since |[x«llf
>0 forevery X
€Xand|x|]| =0
S xllf =0 x
=0
(N lrxll = llrxeclly = I7lllxells
= |r|||x||for all r
€K.
(N3)lx + yll = 1Cc + )l
= ”xx'+'yM”f
< Ixaclly + llyell
= [lx[l + Iyl
Thus(X, ||.|]) is a normed space.
The proof of the following two
lemma's is easy. Hence is omitted.
Lemma 4.4
Let (X,||.Il;) be a fuzzy normed
space then{(x,,«,)} converges to
X« iIn (X, |l |l) if and only if {x,}
converge tocin (X, ||. ||) with
llx|l = llx«|| sfor every x € X,
€ (0,1]
Lemma 4.5:
Let (X,||.Ilf) be a fuzzy normed
space then{(x,,«,)} is Cauchy in
X lp) if and only if {x,} is
Cauchy in (X, |.IHD with [|x|| =
llx« |l for everyx € X, e (0,1].
Theorem 4.6:
Let (X,]|.|) be an ordinary normed
space then(X,||.|]) is complete if
only if (X,|l.lf) is a complete fuzzy
normed space witfx || ; = illxll for
everyx, € X, xe (0,1].
Pr oof:
Suppose tha(X,||.|]) is a complete
normed space. Lef(x,,x,)} be a
Cauchy sequence (&, ||. |[) then by
Lemma 4.2 {x,} is Cauchy in
X 1D But (X, ]I. 1) is complete so
{x,} converge ta € X.
Now by Lemma 4.1 {(x,,x,)}
converge toc, in(X, |.|[). Therefore
(X, II.11£) is complete.
Conversely assume th@, |.|;) is
complete let {x,} be a Cauchy
sequence inX,||.|). By lemma 4.1
{(xn, )} is Cauchy in(X,|l.|l).
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But (X,Il.[f) is complete so
{(x,, <)} converge to x,€Xin
(X, I 1l¢). Therefore{x, } converge to
x €Xin(X,|.|) by lemma 4.1. Thus
(X, 1I. 1) is complete.

The proof of the next result is similar
to the proof of Theorem 4.6. Hence is
omitted.

Theorem 4.7:

Let (X,]l.[f) be a fuzzy normed
space theigX, ||. || r)is complete if and
only if (X,].]])is complete with

llx]l = llx«ll  for every x € X, x€
(0,1].
Theorem 4.8:

Let (X, II.1l,) and (Y,]I.llz) be a
normed spaces then the mapping
T: (X, |l.1l1) = (Y, l-1l2) is continuous

if and only if

I ANPYECANPNE
continuous with

1
Llixllyand [lg]| ., =

1

Ellyllzfor every x. € X,yp €Y,x
B € (0,1].

Proof:

Assume that: (X, ||.[l1) = (Y, 1. 1]2)
is continuous. Let{(x,,«,)} be a
sequence of fuzzy points @, || |5)
converges tor, € X. Then{x,} is a
sequence irn(X, ||.|l;) converges tx
by Lemma 4.1. By continuity off
{T(xn)} converges to
T(x)in (Y,]|.llz). Again by Lemma
4.1 {(T(xp),x,)} converges to
T(X)in (Y, . |lf2). ThusT is fuzzy
continuous by Theorem 2.17.
Conversely assume that
T: (XN llp1) = Vol llg) is fuzzy
continuous. Lefx,} be a sequence in
(X, 1l-111) converges ta € X then by
Lemma 4.1{(x,,x,)} is a sequence
in (X, ||.1s1) converge tox, € X. By
Theorem 2.17  {(T(xp), %)}
converges td@(x).. Again by lemma
4.1 {T(x,)} converges toT(x)in
(Y, 1I-lI)- ThusT is continuous.

fuzzy
”xo(”fl =



Completion of Fuzzy Nor med Spaces

The proof of the next theorem is
similar to the proof of theorem 4.8.
Hence is omitted.

Theorem 4.9:
Let (X, |- lls)and (Y, || 1l s2) be two

fuzzy normed spaces. The mapping

T: (X | Mlp1) = Vol llp2) is fuzzy
continuous if and only if
T: (X, . 1l1) = (Y, |l- %) is continuous
with [Ix]ly = llx«llrs and [yl =
||yﬁ||f2 for everyx € X andy €Y.
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