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Abstract
The objective aim of this research is to develop an algorithm for design and
manufacture sculptured surfaces that are common in a wide variety of products such
as dies, automobile, and aircrafts components. In the design stage Bezier technique
has been used to represent the desire surface. In rough-machining stage, the number
of intermediate layers depend on the geometry of the desired surface and on the
maximum allowable depth of cut, an algorithm has been proposed to represent these
layers, whereas another efficient algorithm has been proposed to represent the semi-
finished layer depends on the tangents and normal vectors along all the points of the
desired surface to create the offset surface. The desired surface generated points using
Bezier technique are used as cutter location points for the finish machining tool path.
Flat end mill (¢ 12mm) has been used for the intermediate stages machining
(roughing), while ¢ 12mm) ball end mill have been used for both semi-finish and
finish machining. The developed algorithm have been tested by several designed
sculptured surfaces, its proved good flexibility and efficiently in all of its stages, the
results have been implemented for machining one of these surfaces [fifteen
intermediate layers, semi-finished layer, and finished] using 3-axis vertical CNC
machine. The proposed rough machining algorithm reduces the machining time as
compared with contour tool path by 15% for case study two and reduces the NC file
size 52% for case study three.
Keywords: Sculptured surfaces, Offset surfaces, Bezier techniques, Intermediate
layers, Rough machining, Semi finishing and finishing.
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Introduction

any products are designed
with sculptured surfaces to
enhance their  aesthetic
appeal. It is an important factor in
customer's satisfaction, especially in the
automotive and consumer-electronics
industries.  Other products have
sculptured shapes to meet functional
requirements, while these aesthetic and
functional surfaces are created by using
CAGD (computer-aided geometric
design) techniques, it is the role of SSM
(sculptured surface machining) to
realize them in physical form.
A sculptured surface is the surface that
can only be represented as the image of
a sufficiently regular mapping of a set
of points in a domain into a 3D
space[l]. These surfaces cannot be
totally described by the analytical
representation it is usually described by
a series of “patches” in the same way
that patchwork quilt is put together [2].
A sculptured surface can be represented
by a set of curves that connect the
design points of the surface. Two main
approaches are commonly used for
obtaining the curved surfaces: the first
approach exploits the parametric curves
representation, while the second one
uses contouring planes (frequently
geometrically equally-spaced parallel
planes) to intersect the surface for
obtaining a curved surface [1].
Sculptured surfaces are generally
produced in two stages: roughing and
finishing. Roughing cuts are used to
remove most of the material from a
work piece while leaving the part
slightly oversized. Finish machining of
a sculptured surface removes as much as
possible of the remaining material from
the roughed out work piece and attempts
to machine the part to its final
dimensions. The resulting surface is left
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with a large number of scallops, as
shown in figure 1 [3].
When a sculptured part is machined
from prismatic stock a large amount
of rough machining, up to 90 percent
of the total machining, is required.
This is due to the significant shape
difference between the sculptured
part and the stock. Machining time
reduction in rough machining can
considerably improve the
productivity of sculptured part
machining and subsequently lower
production costs [4].
Related Previous Work

A considerable amount of research
has been carried out to describe
sculptured surfaces mathematically.
A progression of various methods
starting from Hermit patches, Bezier
surfaces to B-spline surfaces have
proposed to solve this problem.
Weiss V. et al. (2002) provided
practical solutions to overcome the
surface fitting problems. They
presented an advanced surface fitting
algorithm, by means of which point
clouds with irregular topology can be
approximated with high accuracy. In
this work they used Bezier surface
and least square algorithm [5].
Hayong Shin, and Su K. Cho (2002)
Proposed a 3D curve offset method,
named directional offset. Since the
normal vector of a 3D curve at a
point is not unique, a 3D curve offset
definition is about how to select the
offset direction vector on the normal
plane of the curve. In directional
offset, the offset direction vector on
the normal plane is chosen to be
perpendicular to the user-specified
projection direction vector. Each
point on the original curve is then
moved along the offset direction by a
given offset distance [6]. Renner G.
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et al. (2004) presented a method to
explicitly compute the curves in three-
dimensions; practical algorithmic issues
are discussed concerning the efficiency
of the implementation. Good

approximations are important because
of the quite high degree of exact curves
on surfaces [7]. Debananda Misra, et al.
(2004) provided a systematic approach
to tool path generation of sculptured
surfaces using 3-axis CNC machines.
Tool paths have been generated for
finishing operation only. Tool path

planning has been done on the offset
surface. Iso-planar zig-zag tool paths,
due to their robustness and simplicity
[8]. Hsi-Yung Feng and Zhengji Teng

(2005) presented a method of generating
iso-planar piecewise linear NC tool

paths for three-axis surface machining
using ball-end milling directly from

discrete measured data points [9].
Young-Keun Choi and A. Banerjee

(2007) focused on  developing

algorithms that generate tool paths for
free-form surfaces based on the
accuracy of a desired manufactured
part[10]. Sotiris L. Omirou and Andreas

C. Nearchou (2007) proposed a
machining strategy for miling a

particular set of surfaces, obtained by
the technique of cross-sectional design.
The surfaces considered are formed by
sliding a Bezier curve (profile curve)

along another Bezier curve (trajectory
curve)[11]. Tao Ye and Cai-Hua Xiong

(2008) presented a systematic method

for the determination of optimal
geometric machining parameters in
multi-axis ~ machining. Machining

accuracy is considered to be determined
by the design parameters of the cutter,
the positioning of the cutter, and the

orientation of the cutter [12].

Most of the previous researchers
produced the offset surface either by
offsetting the control points then
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generated the sculptured surface for
the new control points or by finding
the partial derivative of the
sculptured surface in both direction,
both of these methods are
approximated , whereas an exact
offset surface data can be generated
using the proposed algorithm
presented in this paper, on other
hand, Iso-parametric have a wide
use in the sculptured surfaces tool
path generation because it is easy to
find the CL-points, while the zig-
zag pattern have a wide use in
sculptured  surface tool path
generation, it have less machining
time, therefore it have been used as a
tool path strategy in the present
work.
Surface Representation by Using
Bezier TechniquesBezier curves

The Bezier curve representation is
one that utilizes most frequently in
computer graphics and geometric
modeling. The curve is defined
geometrically which means that the
parameters have geometric meaning
which are points in three
dimensional space. Bezier curves can
be developed through dividing
approach whose basic operation is
the generation of midpoints on the
curve. There are many ways to
represent a polynomial curve. A
better formulation comes with the
Bernstein basis functions as the
building block for Bezier curves.
The standard procedure is to evaluate
Bezier curves for €]0, 1] [13].
Given the control points P0.P1, P2,
P3, the cubic Bezier curve can be
defined as:

3
P(t) =D RB4(t)
i=0 . (Q)
Where
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Bos(t) = L-1)°
Bs(t) =3t(-1)*
B, (t) =3t°(1-1)

Bss(t) = t°
are the Bernstein polynomials of degree
three.
Mathematically a parametric Bezier
curve of nth-degree is defined by:

n
P(t) =) PB,(t)
i=0 2)
Given the control points PO, P1, P2, P3
the cubic Bezier curve can be defined in
matrix form as:

-1 3 -3 1]P

3 -6 3 0|R
|=>(t)=[t3 2t :

-3 3 0 0|R

1 0 0 0O|R (3)

Bezier patches

The definition of a surface is “a
surface is the locus of a curve that is
moving through space and thereby
changing its shape”[3]. A Bezier patch
is a special type of surface patch,
defined by a given doubly indexed set
of control points (Pij), forming a control
net to define the individual curves.
Suppose the double indexing as an
integer points in a rectangular  grid,
each point in the grid is associated to a
control point, and each connecting line
is used to shape the surface. The surface
can be viewed as a mapping of the
rectangular grid into space.The
definition of a Bezier patch is as a
tensor product. The doubly indexed set
of control points are viewed as an
[(m+1) x (n+1) x 3] matrix, that is a
three dimensional matrix or a tensor. To
generate a surface from the control net,
each column or row of the control net
can generate a Bezier curve. To extend
Bezier techniques for curves to a surface
form a parametric surface is the result of
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a map of the real plane into 3-space.
This plane, or domain, is defined by
a (s, t)-coordinate system.

The size of the rectangular grid
determines the type of Bezier patch.
Given the grid is (m+1) x (n+1) the
surface is a polynomial function of
degree (m x n), meaning the surface
is sum of mth degree polynomial in
the variable (t) time's nth degree
polynomial in the variable (s) .

To formalize this concept, in order to
arrive at a mathematical description
of a Bezier surface, the first
assumption that the moving curve is
a Bezier curve of constant degree m.
At any time, the moving curve is
then determined by a set of control
points. Each original control point
moves through space on a curve. The
next assumption is that this curve is
also a Bezier curve, and that the
curve on which the control points
move are all of the same degree.
This can be formalized as follows:
Let the initial curve be a Bezier
curve of degree m:

P() =Y RB ()

Let each F' ] traverse a Bezier
curve of degree n:

P(S) = R,B,, ()

Combine these two equations and

P.. (9

obtain the point on the

surface as:

Pt =Y > P B 1B
i=0 j=0 (4)

A cubic Bezier patch can be written
in a matrix form:
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P9 =D R, F OB

)

P93 Sr 80 o

1

-1 3 -3 1R,
:g[ﬁ 2t _33 _36 3 8 :Z: B¥(9)...3-12
1 0 0 0|R,
)
And so the cubic Bezier patch is
frequently written in compact form as:
Pt,s)=TMGM"S" 6)
Where:
T=[t* t* t 1
-1 3 -3 1
3 -6 3 0
M =
-3 3 0 O
1 0 0 j
I PO,O PO,l P0,2 P0,3
G: l:)ZI.,O P:Ll I:)ZI..Z Pl,3
I:)2,0 l:)2,1 I:)2,2 P2,3
L P3,O P3,l P3,2 P3,3
S=[s* §* s 1]
The previous mathematical formulation
of Bezier techniques have been

invested, implemented and integrated
with MATLAB package (V7) to

generate the interior data and represent

the desired bi-cubic sculptured surfaces

depending on initial control points as

illustrated in next sections.

Methodology

The methodology of this work is to

perform and develop several algorithms

for design and manufacture sculptured

surfaces, the proposed algorithms

contain the following five main stages :

» Representation of Sculptured Surfaces
by using Bezier method

 Intermediate Layers Generation and
Representation (Roughing)
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* Representation of Offset Layer
(Finishing)
« DXF file generation
« NC file creation (for all machining
stage)

SculpturedSurface Representation

In this section, Bezier techniques
have been used to generate and
represent the sculptured surfaces.
Bezier surfaces can be generated
according to equation (6), a
proposed program have been linked
with MATLAB package (V.7) to
represent sculptured surfaces by
using Bezier techniques, the input to
this program are the surface control
points and the surface increment
value in both (s) and (t) directions
while the output is the interior data
of the desired surface , the figures
(1,2,3 and 4 ) illustrate four different
sculptured surfaces which are the
output of this stage, with their
original control points which are the
input of this stage as examples to test
and evaluate the proposed algorithm
in this paper.
Intermediate Layers Generation
In this section a morphing algorithm
has been proposed to calculate and
represent the intermediate layers for
rough machining stage. Morphing
can generally be defined as the
process of smooth and continuous
transformation of one shape into
another shape .
The property of the shape of
intermediate layers between the
designed surface and the upper
surface of the block (reference planer
surface) is changed parametrically
with the change of the layer height,
therefore it is easy to mention that
the first layer seems to be similar to
the block upper surface (planer),
while the last layer seems to be
similar to the original surface. To
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make this algorithm more efficient, the
maximum depth of cut was used as an
input to the algorithm. This means that
the minimum number of intermediate
layers depend on the maximum depth of
cut. This can minimize the rough stage

cutting time through the minimizing of

the intermediate layers number. The
morphing proposed algorithm applied
only to the surface(z) coordinate while
the (x and y) coordinates will be the
same because the block as assumed to

be a solid rectangular.
The algorithm consist the following
steps:

Step one Input the data of the desired

surface

Step twa Calculate the difference
between maximum Z-value and
minimum Z-value

DZ = (Zmax +5 )_ Zmin

Step three Subtract the offset distance

for semi-finish (D"f”) and finish

(D"“) layers from Dz
Dlayers = DZ - (Doffl + Doffz)
Step four:

Choose the maximum

allowable depth of cut depending on the

cutting condition and tool work piece

material (D cut )
Step five Determine the number of

roughing layers |(\l'ayefs)
= (Diayers / Da)

N layers layers

Step six Calculate and represent each

of intermediate layer

This algorithm has been invested to
represent the intermediate layers of
three desired sculptured surfaces and
determine the interior data of each layer

for further manipulation, the visual

output of this algorithm is represented in

figures (5), (6), and (7) .
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Offset Surface Generation (for
semi-finish)

Surface offset algorithm has been
used for calculating and representing
the semi-finish surface data, this
surface can be generated by
offsetting the finished surface (the
design surface) along the surface
normal by the amount of the ball end
mill radius.

Approximation  techniques  are
always used to describe the offset
surface [8] such as generate the
Bezier offset surface by offsetting
the control points of the surface or
by derivation the surface equation (in
approximate way) and calculating
the surface normal for the surface
points, therefore there is no exact
mathematical representation for the
offset surface. An offset algorithm
has been proposed in this paper to
generate the surface offset 'numerical
offset algorithm', by using the
surface point data to calculate the
normal vector through calculating
the tangent vectors in s and t
direction for each surface point
numerically using the mathematical
vectors equation. To calculate the
normal vectors on the surface points,
the tangent vectors for both s and t
directions must calculated as below
First , the ttangent vector computed
as:

9 9
—Pt9=—(TMGM".S'
a G9=5 (T )

9 G
—Pt,9=—TMGM'S'
o 69=5M

2F>(t,s):[32 2 1 QQMGM'S'
o (7
Next, the tangent vector in s
direction is computed as :
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9 P(t,s) -9 (TMGMT.S")
s s

9 P(t,s)=TMGMT .3 (sh
0s ds

9 pt,9=TMGM  [3s* 25 1 0O
ds ..(8)
Normal vectors for the surface patch are
computed by the cross product of these
tangents.

For example computing the normal
vector at the point P[0.5,0.5] can be as
follows:

3

oB®

>3R,°

3 3
n(t,s) ::ZZRJ i BS( 9 x P, J BS(t)
S oot ==
”(0-5’0-5):iip, B O )xiip 053(05) B ()
The offset layer of the desired

sculptured surfaces are illustrated in
figures (8), (9), and (10).
DXF File Generation
It is useful to use MATLAB to write a
surface modeling program due to
MATLAB facilities, but the problem is
with the limitation of drawing exporting
(interchange), the output of the Bezier
surface representation program which
been described in the previous section is
either interior surface data or image
extension files such as (.jpg, .bmp, .tif, .
. etc), the image files are not useful to
evaluate the surface or for surface post
processing, it can be used only for
visible evaluation . The surface data can
be export to another program such as
(Microsoft Office Excel) then to read by
another CAD or CAM program, this
surface interchange interpolation or
approximation is too complicated and
always subjected to errors.
To avoid this problem, a MATLAB
program has been proposed in this paper
to generate the surface DXF file. DXF
file carry all the surface data and
properties required to representing and
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machining these surfaces. The most
important section is the ENTITIES
section which contains the drawing
entities, therefore only the
ENTITIES section has been
considered when the program was
written while the other section was
neglected.

NC File Generation

An algorithm has been proposed to
generate the machining surface NC
file which can be transmitted to CNC
milling machine to perform surface
machining, linear interpolation was
used to interpolate surface points,
Zig-zag tool path pattern was used
for surface machining. The generated
NC file can be used for machining
the 3D surface with either (2 1/2)
or 3 axis machine. Figures 11,12 and
13 illustrates the output of the
proposed NC files generation
algorithm to generate zig-zag tool
path for semi finish stages of the
three previous sculptured surfaces
Implementation

The proposed algorithms was
developed and implemented for
several surfaces for which cutter
contact CC and cutter location CL
points were generated and one of
these surfaces "concave-convex" has
been machined by using a vertical
CNC milling machine.

Results and Conclusions :

This section summarized the results
of the work done within the
framework of the  proposed
algorithm that described in this
paper, where three dimensional
sculptured surfaces were designed
using Bezier technique. The
effectiveness of the proposed
strategy for both design and
manufacture was demonstrated by
actual machining using vertical CNC
milling machine.
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Results

1. The proposed rough machining
algorithm reduces the machining time as
compared with contour tool path by
15% for case study two, while it is the
same for case study three. This is due to
the wide distribution of the surface
points along the z-axis values for the
case study three, while the case study
two z value surface is in small range.

2. The proposed rough machining
algorithm reduces the NC file size as
compared with contour tool path, where
it is reduced by small percentage for
case studies one and two but by 52%
for case study three. This is due to the
geometry of case study three, where the
contour-map tool path depends on the
intersection of the surface with the
slices surface along the z axis.

3. The surface parameters (s& t) can be
inputted in term of the required scallop
height and surface's accuracy to
generate the forward and side steps, the
proposed algorithm keep change the
surface parameters and check the
required conditions (scallop height and
surface's accuracy) on the entire surface
until it reach to the required conditions,
but this lead to increase the processing
time of calculating the suitable surface
parameters.

4. The number of intermediate layers in
rough machining proposed algorithm
depends on the minimum surface z
value, the block surface height, and the
maximum depth of cut .

Conclusions

[4]  Hui Li

3. A tool path planning algorithm
generates the optimum cutter
location data with determination of
optimum step length and path
interval.
4. The methodology of this work
indicates that the proposed algorithm
to control the machining and to
generate tool path presents valid
alternative methods of multi axis
machining.
5. Surfaces offset algorithm has been
tested with the surfaces, curves, and
lines, and it gives good results.
References
[1] Hong Liang, "Minimum Error
Tool Path Generation Method And
An Interpolator Design Technique
For Ultra-Precision Multi-Axis
CNC" Machining, 1999, a Ph.D.

thesis submitted to The
Department of Mechanical
Engineering at Concordia
University.

[2] Vera B. Anand, "Computer

Graphics and Geometric Modeling
for Engineers”, John Wiley &
Sons, Inc., 1993.

[3] Andrew Warkentin, "Multi-Point

Machining of Sculptured Surfaces",
1997, a Ph.D. thesis submitted to the
School of Mechanical Engineering at
University of Waterlo.

"Intelligent Rough
Machining of Sculptured Parts",
1996, a Ph.D. thesis submitted to the
School of Mechanical Engineering at
University of Victoria.

1. The NC file can be generated either [5] Weiss V., Andor L., Renner G. &

to the 2-axis machining or to the 3-axis

machining, and it have been tested and
its works probably for both.

2. The DXF file can represent the

sculptured surfaces in mesh

representation. It worked probably after

testing by transferring it to the other

software.

2251

Varady T., "Advanced Surface

Fitting Techniques”, = Computer

Aided Geometric Design, Vol.19,

No.1,pp.19-42, 2002.

[6] Hayong Shin , Su K. Cho,
"Directional offset of a 3D curve",
Proceedings of the seventh ACM
symposium on Solid modeling and



. & Tech. Journal, Vol.29, No.11, 201

Development of Algorithms to Represent
Intermediate lars for Machining
Sculpture Surfaces

applications, June 17-21,pp. 329-335,
2002, Saarbricken, Germany.

[7] Renner G. & Weib V., "Exact and
Approximation Computation of B-
spline  Curves on  Surfaces",
Computer-Aided Design, Vol. 36, pp.
315-362, 2004.

[8] Mishra D., Sundararajan V., and
Wright P., "Zig-zag tool path
generation for sculptured surface
finishing", Accepted for publication
by AMS/ DIMACS Volume on
Computer-Aided Design and
Manufacturing, 2004  (Originally
presented at DIMACS Workshop on
CAD/ CAM., Rutgers University, Oct
7 -9, 2003)

[9] Feng, H. Y., and Teng, Z., "lso-
planar Piecewise Linear NC Tool Path
Generation from Discrete Measured
Data Points", Computer-Aided
Design, Vol. 37, No. 1, pp. 55-64. ,
2005.

ball nose
and mill

00| pass interval
oss-leed)

dosired surtace

Figurel. Scallops left after machining [3].

2252

[10] Young-Keun Choi, and A.
Banerjee, "Tool path generation
and tolerance analysis for free-
form  surfaces"”, International
Journal of Machine Tools &
Manufacture, vol.47, pp. 689—-696,
2007.

[11] Sotiris L. Omirou , and Andreas
C. Nearchou, "A CNC machine
tool interpolator for surfaces of
cross-sectional design”, Robotics
and Computer-Integrated
Manufacturing, v.23 n.2, p.257-
264, April, 2007.

12. Tao Ye, and Cai-Hua Xiong,

"Geometric parameter optimization

in multi-axis machining", Computer-

Aided Design, Volume 40, Issue 8,

Pages 879-890, August 2008.

13. G. Farin, J. Hoschek, and M. S.

Kim,"Handbook of Computer Aided

Geometric Design", Elsevier science

publishing, 2002.



Eng. & Tech. Journal, Vol.29, No.11, 201 Development of Algorithms to Represent
Intermediate ars for Machining
Sculpture Surfaces

Polygon Net of the 1st Sculptured Surface
N

1st Suslptured Surface

d 100 100
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60 Y-axis 40

) 40 X-axis
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Figure 2. (4x4) Polygon net and bi-cubic Bezier stace No.1

Polygon Net of 2nd Sculptured Surface 2nd Sculptured Surdace

Figure 4. (4x4) Polygon net and bi-cubic Bezier stace No.3
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Intermediate Layers of the 1st Sculptured Surface
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Figure 5. Intermediate layers of the 1st sculpturedurface

Intermediate Layers of the 2nd Sculptured Surface
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Z-axis

Figure 6. Intermediate layers of the 1st sculpturecurface
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Intermediate Layers of the 3rd Sculptured Surface
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Figure 7. Intermediate layers of the 1st sculpturedurface

Offset Surface ( semi finishing ) of the 1st sculptured Surface
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Figure 8. Offset layers of the 1st sculptured surfee
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Offset Surface { semi finihing ) of the 2nd Sculptured Surface
: 20

Figure 9. Offset layers of the 2nd sculptured sudce

Offset Surface (semi finishing) of the 3rd Sculptured Surface

-20

Figure 10. Offset layers of the 3rd sculptured sdace
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Tool Path Of the 1st Sculptured Surface
inY-Direction

100
Y-axis 40

Figure 11. Tool path of the 1st sculptured surfae
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Figure 12.Tool path of the 2nd sculptured surface

Tool Path of the 3rd Sculptured Surface
in Y-Direction

F-axis

Figure 13. Tool path of the 3rd sculptured surface
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Figure 13.Various machining stages of the 3rd sculpred surface
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